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ON COMPOUND OPERATORS CONSTRUCTED WITH
BINOMIAL AND SHEFFER SEQUENCES*
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Abstract. In this note we consider a general compound approximation operator
using binomial sequences and we give a representation for its corresponding
remainder term. We also introduce a more general compound approximation
operator using Sheffer sequences. We provide convergence theorems for both
studied operators.
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1. INTRODUCTION

A sequence of polynomials (py, (2)),,> is called a sequence of binomial type
if deg p,, = m, ¥m € N, and satisfies the identities
m
P (@ +y) =D (D)pr () pms (1 — ).
k=0

We will denote by E® the shift operator defined by (E®p) (z) = p(z + a),
for every polynomial p and every real number zx.

A linear operator T is said to be shift invariant if it commutes with the shift
operator E?, for every real number a.

Sequences of binomial type are connected with the notion of theta ope-
rators (J. F. Steffensen [27], [28]) which were called delta operators by F. B.
Hildebrand [7] and G.-C. Rota and his collaborators [15].

A delta operator @ is a shift invariant operator for which Qx = const. # 0.

DEFINITION 1. Let Q be a delta operator. A sequence (pm ()),,~¢ @ @
sequence of basic polynomials for Q (basic sequence, for short) if:
i) po=1,
i) pm (0) =0, if m > 1,
i) Qpm = mpm-1, if m > 1.
For every delta operator there exists a unique basic sequence. A polynomial
sequence is a sequence of binomial type if and only if it is the sequence of basic
polynomials for a delta operator.
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Sequences of binomial type were called poweroids by Steffensen [27], because
the action of any delta operator on the binomial sequence, which is its basic
sequence, is the same as the action of the derivative D on z™.

DEFINITION 2. A sequence of polynomials (sy, (x)),,~q s called a Sheffer
sequence for @ if: a
i) sp = const. # 0,
i) Qsm =msm—1, if m > 1.

It is known [15] that if (s, ()),,,>( is a Sheffer sequence for a delta operator
@ with the basic sequence (p, (7)), then there exists a shift invariant and
invertible operator S such that s,, = S™!'p,,, Vm € N, so every pair (Q,S)
gives us a unique Sheffer sequence.

A Sheffer sequence satisfies the relations

m
(1) Sm(x+y) = Z (D)pk () sp—p (1 — ), VmeN.
k=0

A Sheffer sequence for the usual derivative D is an Appell sequence.

The Umbral Calculus allows a unified and simple study of binomial, Appell
and Sheffer sequences. More details about Umbral Calculus can be found in
[15], [5] and [6].

T. Popoviciu proposed in [I4] the use of binomial sequences in order to
construct a class of approximation operators of the form

2 (1) () = 5y 22 (e )= (),

for every function f € C'[0,1].

This kind of operators and their generalizations were intensively studied.
They interpolate the function f at 0 and 1 and preserve the polynomials of
degree one. The expressions for T%e,, n > 2, were computed by C. Manole
(see [10] and [11]) using the umbral calculus and later by P. Sablonniere using
the generating function for the binomial sequences (see [16]). We mention
that Sablonniere called them Bernstein—Sheffer operators while D. D. Stancu
called them binomial operators of Tiberiu Popoviciu type.

Different results regarding the operator T\% were obtained by several au-
thors: D. D. Stancu and M. R. Occorsio found representations for the re-
mainder in the approximation formula f(z) = (T9f)(z) + (RS f)(x) [24]; V.
Mihegan proved that T,% preserve the Lipschitz constant for a Lipschitz func-
tion [12]; D. D. Stancu and A. Vernescu studied bivariate operators of this
type [26]; O. Agratini considered a generalization of T% in the Kantorovich
sense [I]; L. Lupag and A. Lupag introduced and studied a modified operator
of binomial type replacing = by ma and 1 by m [9], [8]. More details about the
role of the binomial polynomials in the Approximation Theory can be found
in [2], [8] and [24].
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2. COMPOUND POWEROID OPERATORS

Let @ be a delta operator with the basic sequence (py, (2)),,5¢ - If pm (1) #
0, Vm € N, for every function f € C'[0, 1] we consider the general approxima-
tion operator defined by

m—Ssr

(3) ( m,r,s ) Z pm srk: Zps,j k-&g?‘)’

where p (x) = (7)==

satisfying the condition 2sr < m.

If p),, (0) > 0, Vm € N, then pp, (z) > 0, Vz € [0,1], so the operator S, f
is a positive approximation operator.

Different instances of this compound poweroid operator were previously
studied by D. D. Stancu and his collaborators as follows:

, while s and r are two nonnegative integers

1. For Q = D, py (z) = zF, s = 1 the corresponding compound operator
was introduced and studied by D. D. Stancu (see [18]); if s is arbitrary,

the operator Sg rs 18 a special case of the operator Lgﬁ Loy CODSId-
ered by D. D. Stancu in [19] (in fact 57, | is obtained from Lﬁ;ﬁrl

Whena:B:Oandrl:r2:...—rs—r),

2. The case obtained for Q) = éva = 1_5706 Y (x) = zlk—2) was studied
by D. D. Stancu and J. W. Drane in [23];

3. D. D. Stancu and A. C. Simoncelli studied in [25] the compound powe-

roid operator for Q = éE*BVa — é(Efﬁ _Efafﬁ) p,O;B( ) =

2 (z + a+ kB)* 172 They proved that if o = a (m) — 0, mgB (m) —
0, as m — oo, then (S,O,‘Lé, of) converges uniformly to f on the interval
[0, 1] . Using the Peano theorem, the authors also gave a representation

of the remainder R,ﬁ“ﬁ sf for the approximation formula

f (@) = (Sp7af) (@) + (RS ) (=)

D. D. Stancu considered also a class of linear positive compound operators
SB.7:9 f (see [22]) with modified knots defined by the following relation

mrs

m—Ssr

S
(SeB Z P (@) S 2 () f (A,
j=0

where 0 < v < 4.

If s=0orr =0 then ng,r,o and 527078 reduce to the binomial operator of
T. Popoviciu T, defined by .

From the definition of a basic sequence it results that

Q 1, ifk=0 Q 1, ifk=n
Pa (0) {o, k2o M PO=00 ks
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Using these relations we obtain that the polynomial Sm rs/ interpolates f
at both sides of the interval [0, 1], that is, (S, .f)(0) = f(0), (59,..f)(1) =
f().

LEMMA 3. The values of the operator SQ s Jor the test functions are

(821500 (@) = €0 (@),
(4) (8 se1) (@) = €1 (x),
(88,e2) () =22+ 2 (1-2) AL,

(m—sr)ZdQ +r252d%

m—sr
m2

Q _ 1 _ m=1(Q@) *pm_2(1)
and dg =1 (D) .

Proof. From the definition of a sequence of binomial type we have that
> oheo pfgl x () =1, so it follows that

Q —
where Ay, ;. =

(52m0) (0) = 3 s @) 352, (2) = 1 = 0 (o).
k=0 Jj=0
(52 re1) (@) = & mZSTpm e [k >0 (@) + rjiojpgj («) ]
~ 2 mz”pgfs,ﬂ,m [k (T%0) (2) + rs (%) ()]
k=

[(m s7) (T 1) (@) + ars(Ty_e0) (2) ]
[(m — sr)x + rsz]

8 33

Hence the operator S;%m preserves the polynomials of degree one.
Analogously, we obtain that

(5791,7‘,862) (ZL‘) =
=1 {(m — sr)? (Tg,sreg)(:c) +2(m — sr) sra? + r?s? (TSQBQ)(Z)} )

m2
Using the expression found by C. Manole in [I1] for T%es,

(Te2) (@) = 2* + 2 (1= 2) a3,

with d9 =1 — 11 (@) *pm—2(1)

— (D) , we obtain

(88,e2) () =2+ 2 (1-2) AS .

2,Q 2.29Q
m—sr)°d* __ +rescd;
where A% sr = ( ) o . O
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If Q = D then d2 = L andAD = mter(r=1)

m,s,T m
For Q = T we have drr? = &ig% so it follows that
Av?jl _ sr2(1+as)+(m—sr)(1+a(m—sr))
m,s,r — TFa)m? .

From the relations it results that (S,?”S 9)(x) converges to es(x) if

A%ST — 0, as m — oo. But, if d2 — 0, then Amsr — 0, so using the

Bohman-Korokvin criterion of convergence we have the following result.

THEOREM 4. Let @ be a delta operator with the basic sequence (pm (x)),,>0;

pm (1) # 0 and pl, (0) > 0, for every posz’tz’ve integer m. If d3 — 0 then the
sequence of linear and positive operators Smrsf converges to the function f,
uniformly on the interval [0, 1].

Now we establish an estimate for the order of approximation of a func-
tion f € C'[0,1] by means of the operator S% s using the first modulus of
continuity.

Taking into account an inequality proved by O. Shisha and B. Mond (see
[17]), we can write

£(@) = (SLrsf)@)] < [14+ S, ol(t = @)% )] w1 (;0).

Using the expressions obtained for Sm €y for i = 0,1,2, we obtain that

S%r,s(@ —z)%z) = z(1 — 2)AQ , . Taking into account that (1 —z) < 1,

m,s,r*

Vz € [0,1] and replacing ¢ by \/Am,syr, we obtain that

‘f((L‘) ( mrsf)( ) 4w1(f %s,r)-

EXAMPLE 1. If we consider the delta operator T' = In (I + D), its basic
sequence is the sequence of exponential polynomials:

= Z S (m, k) z*
k=1

where S (m,k) = [0,1,...,k;ey] are the Stirling numbers of second kind. In
this case, Manole obtained
T _ 1 om—1(1)
Ay = 5+ D)

and he proved that there exist two positive constants c¢; and ¢y such that

Inm ~ em—1(1) < Czlnm.

Um = Ton(D)

Hence, %m a ()) — 0, as m — oo, which implies d, — 0. Consequently, Sm rsd

defined by

m—sr
k(@) Pm—sr—k(1—T) Z pj( )f(k:Jrjr)
mTS - Pm— .sr 1 m
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converges to the function f, uniformly on the interval [0, 1]. O

3. EVALUATION OF THE REMAINDER

Using Peano’s theorem, the remainder of the approximation formula

(5) (@) = (S9,sf) @) + (R,.f) (@)

for f € C?1]0,1] can be represented as

(6) (RS...f / G2, () f" (1) dt,

where G% rs (t; ) is the Peano kernel defined by
GS s (t2) = (RS 1s2) (1), ea () =(z—1), = Flz—t+|z—t]).

Since the expression

m—sr

k
G?nrs(t;x) $—t Z pm srk: Zps,] Jrrnjr_t)_t,_

is negative, one can apply the mean value theorem to the integral from @
and we obtain that there exists £ € [0, 1] such that

( mrsf = // /Gmrs

Taking f () = 22 in the previous relation, we obtain that

(m—sr)2d9n_sr+r232dg
/ Gmrs tl’ dt = (Rfr)zrs )(w):—%x(l—x) m2 ’

so it follows that, for every function f € C2[0,1], the remainder in formula
is of the following form:

(RS.,of) (@) = ) [(m — sr)?dff ., + 725248 17 (9).

4. COMPOUND SHEFFER OPERATORS

Let @ be a delta operator with the basic sequence (p,,(x)), S a shift invari-
ant and invertible operator and s,, = S”!p,, a Sheffer sequence. We can also
generalize the operator defined in , by considering another compound ap-
proximation operator containing a Sheffer sequence (additionally to the basic
sequence p, ):

m—Ssr

(7) (S95.f) (@) =3 wi S (@) 3w (@) f(EE),
j=0

where w (z) = () =)

When S = I this operator reduces to the operator defined by .
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For s = 0, S%,f,o is in fact the operator that we studied in our paper [3],

(LS f) (z) = 0, wgi (x) f (%) . We remind that for this operator we have
obtained the following expressions for the test functions

L%’Seo = €0
(8) (L8%1) (@) = amer (x)
(L%’Seg) (x) = bz’ + x (am — bm — cm),
where
_ (@) () _ me1 [@)sm 2] (1) _ me1 [(@)7%(57) Pms]
Um = sm(1) ==, b =T sm(D) o Cm = Ty sm(1) :

If p/ (0) > 0 and s, (0 ZO,VnGN,thean’S x) >0, Ve € |0,1] (see |3
n k

n7

and so the operator S;an;i < f is a positive approximation operator.

For the operator @ we have (S92 f)(0) = f(0).

In the following we compute the values of the operator S%;ﬁ ¢ for the test
functions.

From the convolution-type relation satisfied by a Sheffer sequence, it is
obvious that

S95

mmseo = €0.
For e; we have
m—STr S
(895se1) (@) = > wd®,, @) [£ (2850 (@) + 2 (L) (@) ]
k=0
= mesr (1,95 e1)(x) + S22 (LY, ep) (x),

and using the relations we obtain that
(SQ7S 61) (x) — x(m_sr)flmfsr—l-rsas )

m,r,s m

Finally, for e we have

(S8:5se2) (2) = & (m — sr)* (L2752 ()
+2rs(m — s7) (L2 1) (2) (LS er) ()
+ 7252 (LSQ’Seg) (z) }
Using again the relations we can rewrite the last expression as
(895 e2) (2) =

— #{x2 [(m — 8T)2bm_s7,, —+ 28r(m — Sr)asa’m—sr + 82T2bs]

+z[(m — )2 (Am—sr — byn—sr — Cm—sr) + 5272 (ag — by — Cs)]}
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In [3] we proved that if L@ is a positive operator then

 1—bm 2
Ogcmgmln{ 5 ,am—am}.

So, if limy, oo Gy = limyy 00 by = 1, then limy, .o ¢, = 0. Taking into
account the previous relations and applying the Bohman—Korokvin criterion
convergence we can state the following result.

THEOREM 5. If f € C[0,1] and limy,—00 Gy = limy, 00 by, = 1, then the
sequence of compound operators constructed with Sheffer sequences defined by
(M) converges uniformly to f on the interval [0,1].

ExXAMPLES. 1. If we consider the special case when () = D, then in the

expression of S,%:E of, instead of s,,, there appears an Appell sequence A,,.

Because the Pincherle derivative of D is the identity operator I, we have

Am— 1 —1 —1
am = Am(ll()), b = mTamam—l’ Cm = mﬁam (1 - am—l)’
h ition for th f th DS is lim Am=t() —
so the condition for the convergence of the operator .S, is un =aeny = 1.
o m—00 m

2. If we take the Gould delta operator

G = LBy, = L(E - B

T a
and the invertible operator
S=E*"G = L((a+B)I - BE®)
then the corresponding basic sequence and Sheffer sequence are
pm (@) =2z (@+a+mB)m 7 resp. s (2) = (x + mB)M T
so in this case

1—a m—k,—«
w3 (@) = G (e @+ a+ k) L=z + (m -k g)" 7,

We mention that the operator
< G,S
G,S )
(L f) (@) =D wyp (@) f (%)
k=0

was studied by G. Moldovan (see for example [13]).
Ifoz—>0,mﬁ—>0,%’3—>0,asm—>oo,orma—>0,mﬁ—>0,%ﬁ—>c,
as m — 00, then the sequence of operators Lf,’;’s converges uniformly to f on
[0,1].
It can be easily proved that, in the same conditions, the operator Sg:ﬁ R
converges also uniformly to f on [0,1]. O
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