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RATE OF CONVERGENCE OF STANCU BETA OPERATORS
FOR FUNCTIONS OF BOUNDED VARIATION
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Abstract. In this paper we study beta operators of second kind recently intro-
duced by Prof. D. D. Stancu. We obtain an estimate on the rate of convergence
for functions of bounded variation by means of the decomposition technique.

MSC 2000. 41A36, 41A25, 41A30, 26A45.

Keywords. Approximation by positive operators, rate of convergence, degree
of approximation, functions of bounded variation, total variation.

1. INTRODUCTION

In order to approximate Lebesgue integrable functions on the interval I =
(0,00), in 1995 D. D. Stancu [4] defined beta operators L, of second kind
given by

(1) (Luf) (@) = pr || rpgeteerf (8) dt

and investigated their approximation properties. Obviously the operators L,
are positive linear operators on the space of locally integrable functions on I
of polynomial growth as ¢t — oo, provided that n is sufficiently large. The
fact that the operators preserve linear functions is advantageous for their
approximation properties. Recently Abel [I] derived the complete asymptotic
expansion for the sequence of these operators.

In the present paper we study the rate of convergence of the operators L,
by deriving an estimate of | (L, f) (z) — & {f (z+) + f (z—)}| for functions f
of bounded variation (see Theorem [1).

For the sake of a convenient notation in the proofs we rewrite the operators

(1) as

@ (Luf) @) = [ Kula) £(0)
where the kernel function K, is given by
(3) Ky (,t) = 52

B(na:,n-l—l) (1+t)nx+n+1 .
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Throughout this note, for fixed = € I, we use the auxiliary function f,, which
is defined by

(4) fa: (t): O, t=ux,
f@)=f(z+), z<t<oo.

The following theorem is our main result.

THEOREM 1. Letr > 0 and let f be a function of bounded variation on each
finite subinterval of I satisfying f (t) = O (t"), as t — oo. Fizx a point x € I.
Then for each € > 0 there exists an integer n (g), such that for all n > n (¢)
there holds

L (f,2) = 5 {f (@4) + f (z—)}| <

1+e+2z 243z n wta/VE M(fz,r)
S |f($+) - f($_)| 3\/27mz(1+x) + (n—1z kz_:l xi;//\/% (fx) + T pr

where M (f,xz,7) is a constant independent of n and \/Z (fz) denotes the total
variation of fy on [a,b].

The proof of Theorem [I] is contained in Section 3, while the next section
contains some auxiliary results used in the proof.

2. AUXILIARY RESULTS

In this section we give several results, which are necessary to prove Theo-
rem [

For fixed x € R, define the function ¢, by 1, (t) = t — x. The first central
moments for the operators L,, are given by

6)  (Lavd) (@) =1, (Lav}) (@) =0, (Lav?)(2)="E)
(see [I, Proposition 2]). In general we have the following result:

LEMMA 2. [1l Proposition 2] Let fized x € I be fized. For s =0,1,2,... and
n € N, the central moments for the operators L, satisfy

(Lnyz) (z) = O(Tf“sﬂ)m), as n — 00.

LEMMA 3. Let z € I and K, (x,t) be defined by Eq. . Then for n > 2,
we have

(i) A (2 ):/yK (z,t)dt < —2dFo) 0<y<uz
n 'Y 0 n ) — (n—l)(m—y)Q’ ) )

and

(ii) 1—/\n(x,z):/ K}Aw,t)dtﬁ%, r < z < o0.



3 Stancu Beta operators 5

Proof. First, we prove (i). In view of Eq. (f]), we have
Y Y 2
(z—t) _9 2 z(1+x)
< < — < —— .
/0 K, (2,£)dt < /0 = Ko () e < (& = y) 2 L (92,) < 20l

The proof of (ii) is similar. O

LEMMA 4. For each x > 0, we have

1 tne 1 dt o
B(nx,nJrl) 0 (1+t)nz+n+1 =

_ 1 1422 _ (1+21)(71+23z+23x2) 5
2 + 3\/27m:1:(1+a:) 540\/%(7150(1-1-@)3/2 + 0O (n

), as n — oQ.

Proof. Let x > 0, and put
z nx—1

L) = [ et

By a change of variable we obtain
I A * ~1 _nha(t)
where
hy (t) =logt — (1 4+ x)log (1 +1).
Since
Rl (t) = %Htf) <0, t>1/x, and A, (1/x)=0,

h is strictly decreasing on (1/x,00). Furthermore,

—1\2 _
() = U D and B (1) =~ (L a) £ 0

Thus it is well-known (e.g., I, (n) meets the assumptions of [2, Theorem 1,
Kap. 3, §5]), that there holds the complete asymptotic expansion

I, (Tl) ~ 1 nhz (1/z) Za T((k+1)/2)

TnFD/2

<(Hz§1+x)" [;zﬁ; P g BT 0 (n9)]

for n — oo with the coefficients

k+1
_1(/d -1 t—1/z
U = &l <(d ) [(1 +1) ( hz(l/a:)fhz(t)) D‘tzl/x'
By direct calculation we obtain the explicit expressions
= /2 — 20+20) — _ ltota®
W T Vel N7 ) T 5800+

4(1—z)(z+2)(1422) s — _ (tara?)”
B5(112)? YT 08va@ite)

as
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Thus we have

_ fvid n T 1422 VT 1tzta?
I (n) = ((m:)w) {er Sna(i+2) T 12v2 2 (1 b)) 2
2 M —5/2
T 2y T OM )}'

On the other hand, application of Stirling’s formula yields

I'(n(14x
B(mcl,nﬂ) =1+ rgn;)r(ig

\/%? ((1+§21+z)n

/ 1+z+a2 (1+x+m2)2 —-5/2
x [ na(1+2) - 12+/na(14x) T 288n3/2 (z(1+x))>/? T (’)(n / )}

Combination of both asymptotic expressions proves Lemma [4] O

3. PROOF OF THE MAIN THEOREM
We close the paper by giving the proof of the main theorem.
Proof of Theorem[l]. Let x € I. Our starting-point is the inequality
(6) Lo (£,2) = 1 {F (a4) + £ (2} <

< |(Lafs) (@) + 5 |f (2+) = f (2=)] - |(Ln sign,) ()],

where sign,, is defined by sign, (t) = sign (t — x).

In order to prove the theorem we need estimates for (L, f,)(z) and
(L, sign,) (). We first estimate (L, sign,) (x) as follows:

With the notation we obtain

(Lnsignm)(:n):/;Kn(:n,t)dt—/oxKn(m,t)dt:1—2/0xKn(x,t)dt

since
o0
/ K, (2,t)dt —
0

By Lemma |4} for each ¢ > 0 there exists an integer n = n (¢), such that

. 2(1+e422)
(7) | (Lasign,) (@)] < 2220 0> ().

Next we estimate Ly, (fz, x) as follows:

(8)  (Lufa)( /K (2,1) fo (¢

</, +f /1> (0.1) Fo (1)t = By + By + B,

say, where I} = [0,z —x/\/n], I = [z — z/\/n,x + z/y/n] and I3 = [z +
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We first estimate E;. Writing y =z — x/y/n and

M (2, 9) :/OyKn () dt

we have, integrating by parts,
y y
Er= [1 £ 0 On @0) = £o )M ) = [ A (1) (£ 0)
0 0
Since |fz (y)| < Vy, (fz), it follows that
T ) T
1 <V () @) + [ A @) di(=V (1),
y 0 t
By using (i) of Lemma [3] we get

z(14+x) a:(l-i—a: v
|E1| < \/(fx) (n— 1)(1‘ y)2 + / (z— t)2dt \t/(fx))

Integrating by parts the last term we have
e () +2 / Vil dt}

Now replacing the variable y in the last integral by x — x/y/n, we obtain

£ ) L) t73dE < Sy -
/0 (z— t)g Z z/Vk :cht (fo) -2 kz::l :chl//\/ﬁ (fe)

z(14-x)
|E|< n—1

and therefore,

x n-l x n x
O Bl<aEpl V@ +Y Vo] <EERY OV ()
) {0 k=1 z—z/Vk ] b k=1 z—z/vk
Next we estimate Eo. For t € [x — x/y/n,z 4+ x/+/n|, we have
z+z/\/n L n o ztz/VE
z—x/y/n k=1 z—a/Vk
and, since fx+;//\\; d¢ (A (z,t)) < 1, we conclude that
L n o zta/VE
(10) |Ea| < n Z Vo (fa)-
k=1 z—xz/Vk

Finally, we estimate E3. We put

~ Jfe(t),  0<t< 2,
fx(t)_{fx@x), 2r < t < o0,
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and divide F3 = E31 + E39, where

E31 = /oo K, (z,t) fo (t) dt,
eV

B = [~ Kuot) [z ()~ f2 20)]

With y = x + x/y/n the first integral can be written in the form

Bo = Jim { £ () (L= Ao (o)) + o () Do (0 B) — 1]
N AT

By Eq. (ii) of Lemma [3| we conclude, for sufﬁciently large n,

z(1+x) . \/y ‘fz / }
< ziTz)
Bl < Rgrfoo{@ 2+ Gl (V(7.)
_ z(l+z !
_ nl{w \z/fx))}.
Using the similar method as above we obtain
2z t —1 ztz/VE
[t Vi) <o Vi - 4o S TV (g
y z k=1 F
which implies the estimate
n o ztaz/VE
(1) Eal<FERY V()

Lastly, we estimate E33. By assumpuon, there exists an integer r, such that
f(t) =0 (t*), as t — co. Thus, for a certain constant C' > 0 depending only
on f, x and r, we have

0.0
| Esa| < C/ K, (z,t)t*" dt.
2x
Obviously, ¢t > 2z implies ¢t < 2 (¢t — ) and it follows

|Esa| < 27 (L") (a).
By Lemma [2] we arrive at

(12) FE3=0(n""), as n — 0o.
Collecting the estimates @7, we have, by Eq. ,
n o ztaz/VE
(13) (L) (@) < (BE2 + 1) 3 VU0 (n").
k=1 z—x

Combining the estimates of @, and completes the proof of the
theorem. g
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