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LOCAL CONVERGENCE
OF GENERAL STEFFENSEN TYPE METHODS*

ION PAVALOIU?

Abstract. We study the local convergence of a generalized Steffensen method.
We show that this method substantially improves the convergence order of the
classical Steffensen method. The convergence order of our method is greater or
equal to the number of the controlled nodes used in the Lagrange-type inverse
interpolation, which, in its turn, is substantial higher than the convergence orders
of the Lagrange type inverse interpolation with uncontrolled nodes (since their
convergence order is at most 2).
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1. INTRODUCTION

In this paper we study the local convergence of some general methods of
Aitken-Steffensen type, which are based on inverse interpolation of Lagrange
type.

Let f : [a,b] = R, a,b € R, a < b be a function and x;, i = 0,n, n + 1
distinct points in [a, b], which we call interpolation nodes. Denote y; = f (z;),
i = 0,n, and suppose that y; # y; for ¢ # j. Assume in the beginning that
f:1I— f(I), I = [a,b] is one-to-one, i.e., there exists f~% : f(I) — I.
Consider the Lagrange polynomial with the interpolation nodes y;, i = 0,n
and the values of f~! on these nodes z; = f~! (y;), i = 0, n. This is the inverse
interpolation polynomial, which we denote by L (yo,y1, ..., Yn; f | ), and it
can be represented in the Lagrange form

(D) L(yoytmtmi f 7 y) =D g, w@) =1 —w)

=0 i=0

and in the Newton form:
(2)
L (yo, 91,0 9ns £ ) =20 + [0, 91 7] (¥ = o)
+ [yo v s £ (0= w0) (y = 1) + -+
+ |:y07 Yis -y Yn; f_1i| (y - yO) (y - 3/1) U (y - yn—l) )
*This work has been supported by the Romanian Academy under grant GAR 16/2004.

t«T. Popoviciu” Institute of Numerical Analysis, O.P. 1, C.P. 68, Cluj-Napoca, Romania,
e-mail: pavaloiu@ictp.acad.ro.


www.ictp.acad.ro/jnaat

80 Ton Pavaloiu 2

where [yo, ..., Yi; f _1] ,© = 1,n denotes the i-th order divided difference of the
function f~! on the nodes o, ..., ;.

Assuming that f admits derivatives up to the order n 4+ 1 on the interval
[a, b], then

_1 (n+1)
(3) £ @) =L (yo,y1, o3 £ Iy) +%w ()

where £ is a point belonging to the smallest interval containing y, yo, ..., Yn-

Denote )
- G
R, [f 1;?4 :%W(Q)-

Consider now the equation

(4) f(x) =0.

If it has a solution T € [a, b], then obviously
(5) z=f"1(0).

An approximation of the solution T can be obtained from fory =0, i.e.,
(6) 7 =L (0,91, F710) + R [£7550]
whence, by neglecting the remainder R, [f~1,0] we get
(7) Tn+1 :L(y(]vylu"'ayn;f_l’()) )
and the error
(8) T —ani1 = Ry [£750].

Denoting M = sup ‘[f_l (y)](nﬂ)), then

yef()
(9) 1T — 21l < Gy lwol [yl - lynl

Assuming that z,41 € [a,b] and denoting y,+1 = f(zp4+1), then we can
obtain a new approximation z,2 given by relation

(10) Tpyo =1L (yuyz, ooy Uns Ynt1; f‘l\O) ;

where, as it can be seen, the node xy has been neglected and instead we
consider y,+1. The above procedure may continue indefinitely: assuming that
we have obtained the approximations xy, Zg41, ..., Tx+n € [a,b] then the next
approximation is given by

(]-]-) Tntk+1 = L (ykayk—‘rla vy Untks f_1|0) ) k= Ov 1’ ey

where yr; = f (xgsi), © = 0,n. If all the iterates are contained in [a, b], then
the procedure may continue indefinitely.
In the same way as for @, we get the following error bound:

(12) T — Tnyrr1| < % 1Ykl [Yt1] - |Yhanl s k=0,1,..,
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Assume that f'(x) # 0,Vz € [a,b], and denote
m = sup |f' (z)].
zel

Obviously
oy

m

(13) T — x| >

By and
(14) | @] < G885 I @O (@)1 f (@ran)| s k=0,1,00

1
Multiplying relations by ( (771’;1\{[)!)% and denoting

1
pi = ((ﬁ\f)!)n |f (z)|, i=0,1,..
leads to

(15) Prtk+1 < PePht1--Phin, k=0,1,..

Suppose now that p; < d%, with 0 < d < 1and o; € R, a; > 0,7 = 0,n.
Then

(16) Py < dovFerttan  qans,
where
(17) Qpt1 = ap +ap_1+ -+ a1+ ag.
In general, from it follows
(18) Prvktr < dOmHEEL
where
(19) Opiktl = Quik + Qi1+ F g1 +ag, n=0,1,...

Let now tg > 0 be the unique positive solution of equation

(20) gl g gl 1 =0.
Assume that the values of f obey
(21) pi <d, i=0n,

for a certain constant a > 0, i.e., a; = at). Then one can show by induction

using that
n+k+1

(22) Prghel < d0 T k=0,1,...

In [7] it is shown that ¢¢ verifies 2(777:21) < tp < 2. It is clear that the
convergence order of the sequence given in is less than 2.
In order to increase the convergence order of the sequence we proceed as

follows. Consider the following equation, equivalent to :
(23) z—g(z)=0.
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We shall choose the interpolation nodes in (11]) using g, generalizing in this
way the Steffensen method.

2. GENERAL METHODS OF STEFFENSEN TYPE

Assume in the beginning that for all x € [a, b], it follows that ¢ (x) € [a, b].
Let ug € [a, b] be an initial approximation of the solution Z of equation .
We shall use the following notations:

(24) To = ug, T1 =g (20), T2 =9 (1),--+, Tn = g(Tn-1),
which, by lead to a new approximation for T
(25) Ui :L<Z/O,y17---7yn;f_1‘0) 3

where y; = f (z;),7 = 0,n, z; being given by .

From @ we get:

(26) [T — | < G 1 @)l |f (@)l -+ 1f ()l
whence, by we get
(27) 7 — | < HmSr 17— 2ol [F— 21| [T — wal.

Assume that g obeys the Lipschitz condition on [a, b], i.e. there exists [ > 0
such that
lg (@) —g W) <llz—yl, Va,yecla,b].
Under this hypothesis, taking into account , we are lead to
n(n+1)

_ mntl. —
(28) T — | < M |7 — o

Let now u; be the next approximation for Z; then, analogously to , we
consider in the following values to f~! at the interpolation nodes:

(29) ro=ui, x1=g(@0)..., Tn=g@n-1).

In the same way as above, we obtain the next approximation us for T, which
satisfies
et n(n2+1)
(n+1)!

In general, if uy is an approximation of T and we set

|f—U2‘§M'm |T—U1| .

o = Uk, T1 =49 (1’0) sy p = @ (xn—l) )
then by we obtain the next approximation w1, which satisfies
n(n+1)

_ L. _
(80) [T | < ML k0,1,

1

Denoting 0 = mi™s (%); |T — ugl, then from the above relation we

deduce
5k+1§6]’r€l+17 k:0717"‘7
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which leads to the conclusion that for n > 1, method converges super-
linearly. Moreover, if xg is chosen such that g < 1 then limy_,o 6 = 0 and
therefore limy_, o, up = .

The error at each step is bounded by:

n -1 k
(31) @ —we] <m T () et k=12,
In the following we analyze two particular cases.

(1) Case n = 1. In this case leads to the well known Steffensen
method.
Indeed, by we get
(32) L [ZJO’ylf_l’y} = zo + {yanﬁf—l} (= o),

hence, taking into account the equality

P |
{yo’yl’f } [z, f]”
for y = 0 we obtain the approximation

(33) T2 = 0 — G au

i.e., the first step in the chord method.
Obviously, @ may continue by

(34) T = Tp—9 — [Cra| J(@k—2) k=2,3,...

Tp_o,Tp—1;f]’

Denoting in (33) xo = up and x1 = g (ug), we get

_ f(uo)
U1 =10 Tug,g(uo)if]
and in general
(35) g = U — 1 f(ug—1)

Uk—1,9(uk—1);f]’
which is precisely the Steffensen method.
In this case, the elements of the sequence (dx);>( have the form

(r )

o= B sl k=01 M= sp
yef()

Spp1 <02, k=0,1,...
If 99 < 1, then obviously
lim 5k =0

k—o00

and hence lim x = T, with the error

= 2 g2k
|$k—1)’§m60, k:1,2,...,

whence converges quadratically.
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(36)

(39)

(41)

2. Casen =2

It can be easily seen that the second order divided difference
[v0, 91, y2; f '] can be expressed as

—[z0,%1,72;f]

Lpe—1
[?JO’ Y2 f } [zo,21: 1 [wo,@; [ [x1,22: 1]
By we get

L [y07yl7y2§ fﬁlly} =r0 + [yo,yu fﬁl] (¥ — vo)

+ [yanlayZ; f_l} (Y —vo) (y—uy1)-

Setting y = 0 and taking into account and the corresponding
formula for the first order divided difference, we are lead to

o _fxo)  _[mo,x1,@o;f]f (o) f(21)
T3 =To [wo,w?;f] [10,21;}}[;1,wz;fﬁxl,x;;f]’

i.e., to a method correcting the chord method.
In general, a method of type has the form

f(zn) _ [n,Tnt1,Znt2;f]
Tn,Tn+1;f] [Tn,Tnt1;f][Tnt1,8n+2;5 fl[Tn, T2 f]°

n=20,1,.... Ifin we control the interpolation nodes as

Tn4+3 = Tn — [

xo = ug, x1 =g (x0), x2 =g (x1) =g (g (o))
we obtain

wy —up — o) [u0,9(u0);9(g(u0));f1f (u0) f (g(u0))
=407 Tug,g(uo)ifT — Tuo,g(uo); fwo,9(g(wo)) /g (uo),9(g(uo))sf1-

In general, if u is an approximation to T, then w1 is given by

_ Fun) g ()9 (9 i) )3 1 () £ )
Uk1 = Uk = Taratunyif] ~ Tang(un): Al g(oCue)i laue) oo (an))if]

Denoting M = sup,e s(py |[f 7' (y)]"”|, then the error satisfies at each
iteration step:

— 3k
o = 7| < Gl

where

3/2 o
50:% VﬁMm\ac—uo|.

Assuming §p < 1, then limy_,,, ur = T, with the convergence order
at least 3.

Suppose in the following that the function g given by has deriva-
tives up to the p-th order, p € N, p > 2, on [a,b] and its derivatives
satisfy

g @ =0,i=T,p—1, ¢% (@) #0.

In this case, if the derivative of p-th order in continuous on [a, b] and

L = sup ‘g ’
z€[a,b)
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then for all = € [a, b] one has
(42) 9 (T) — g (2)| < [T — ="
Using the above relation we get

ntl  pttl_g

— n+1 ! — -
(43) 7w < A (B e,

1
where 0y = (#) P T — gl

We make the following notations:

_prtt—1
9= "7
K . an+1 p! Zi_} X
— (mrD)! \ L ’
_1
g0 = K a-10p;

1
g1 =Ko 1|7 —u.

By , we are lead to

g1 < &g,
We obtain the sequence of approximation (us) $>0 for which, if de-
noting
(44) e =Kot |T—ug, s=1,2..,
we get
(45) gsgags, s=1,2,....

Obviously, in this case too, if ¢y < 1, then by and it follows

lim us = % and the convergence order is q.
§—00
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