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HERMITE BICUBIC SPLINE COLLOCATION METHOD
FOR POISSON’S EQUATIONS
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Abstract. In this paper is presented a bicubic spline collocation method for the
numerical approximation of the solution of Dirichlet problem for the Poisson’s
equation. The approximating solution is effectively determined in a bicubic
Hermite spline functions space by using a suitable basis constructed as a tensorial
product of univariate spline spaces.
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1. INTRODUCTION
Let consider the Dirichlet problem for the Poisson’s equation on  C R?

(1) —Au = f in Q,
u = g on 09,

where Q :=10,1[ x ]0,1[ and 952 is the boundary of €.

Various methods have been developed for solving the Dirichlet problem
numerically. A number of works using finite difference methods shows the
efficiency of such methods, but their order of accuracy are very low (see [3],
[7], [10]). Higher order accuracy can be achieved using finite element methods
(see [3], [7], [L1]). There are many finite element approaches which use iterative
methods, such as [3], [4].

In this paper we shall present a direct bicubic spline collocation method
for solving numerically the Dirichlet problem for the Poisson’s equations .
Such methods have been developed in many papers in the last decades (see
[, 2, 51, 8], [12], [13], [14]).

2. SPACE OF HERMITE CUBIC SPLINES

Let N be a positive integer and let A : 0 =ty < t; <tg9--- <ty =1bea
uniform partition of [0, 1], such that ¢, =n-h,n =0,1,..., N, where h = 1/N
is the stepsize.

*Fundatia Universitara AISTEDA, B-dul Transilvaniei 1B, Alba Iulia 510210, Romania,
e-mail: mihaelapuscas@yahoo.com.


www.ictp.acad.ro/jnaat

88 Mihaela Pugcag 2

Let, Sp, be the space of Hermite cubic splines on [0, 1], defined by
(2) S, = {v € CM[0,1]: vl ] € Poy n=0,1,., N — 1},
where P3 denotes the set of polynomials of degree < 3 and let define:
(3) SP:={veS,:v(0)=uv(l)=0}.

G. Fairweather [2] constructed a useful bases for Sy, in the following manner.
One defines the functions, v,, s, € Sy, n = 0,1,..., N, associated with the
point ¢, as follows:

vp (tm) = Omm, V), (tm) =0, n,m=0,1,...,N,
$n(tm) = 0, 8, (tm) =h  6mmn, n,m =0,1,..., N,

where 6, ,, is Kronecker symbol.
In order write explicit formulae for v, and s,, we define the functions:

ay (t) = =262 + 362, ap (t) =13 — 12

and the linear mapping «, (t) := (¢t — t,) /h from the interval [t,,t,+1] onto
[0,1]. Then we construct the following functions:

v (t) o a1 (]' — Qo (t)) , te [t()atl]
’ . 0, otherwise

oy () =14 (an—1(t)), t€tn_1,tN]
N 0, otherwise

a1 (an-1(t), tE€ [tn1,tn],
vy =qa1 (1l —a,(t), teltntnyi], n=1,..,N—-1
0, otherwise

and

) a2 (1 — Q) (t)) , t€ [t(), tl]
s0 (t) = .
0, otherwise

sy (t) = {a2 (an-1(t), t€[tn-1,tN]

0, otherwise
ag (an—l (t)) ) te [tn—la tn}

sn(t) =49 —as (1 —an (t)), tE€[tntnt1], n=1,2,...N—1
0, otherwise.

By ordering v, and s, we get two sets of basis functions {@n}ffi ar ! and

{\I/n}fgar ! for the spline space Sp:
{®g, P1, ..., Pon, Pony1} :={10,v1, ..., UN_1, 50, 51, -, SN }
{Wo, U1, ..., ¥oni1} :={v0, 50,01, 51, ..., UN, SN }
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and two sets of basis functions for 52
{(1)17 ceey (P2N7 } = {/Ula oy UN—1580, 51 -5 SN} 3
{1, ..., ¥on} :={50,v1, 51, .., UN=1, SN—1, SN } -

Let Sy, ® Sy, be the space of Hermite bicubic splines on €2, that is, the set of
all functions on €2 which are finite linear combinations of the functions of the
form u (z)v (y) where u,v € Sj,. Identically, we define the tensorial product
space Sp®SY on Q. Since the dimension of S} is 2V, the dimension of Sy ® S}
is 4N2.

Let {5m}12n]i1 the Gauss points in |0, 1[ given by:

52n+1 = tn+h376\/§7 §2n+2 = tn+h%7 n:O717"'7N_1
and let
(4) Gi={(z,y) 2y € {&ntily }

be the set of the Gauss points in 2.
It is known that each v € S) is uniquely defined by its values at the Gauss

points {§m}%\i 1- Therefore, in what follows, 52 is regarded as a Hilbert space
with the inner product (-,-) defined by:

2N
) (0,0 = & S wlém)v (En), wv e S0
m=1

3. HERMITE BICUBIC SPLINE COLLOCATION METHOD

First we consider the homogeneous Dirichlet problem for Poisson’s equation
on {2

(6) —Au=f, in Q,
u=0, on 01,

where  :=]0,1[ x ]0,1[ and 89 is the boundary of Q. Let {®,}2Y, and
{@n}iﬁl be the two bases for S above constructed. The piecewise Hermite
bicubic spline collocation approximation

2N 2N
(7) up (z,y) = > Y u i (x) V) (y) € 5 @S],

i=1j=1
to the solution u of @ is obtained by requiring that:

(8) —Aup (§) = f(§), £€G,

where G is defined in ().
The existence and uniqueness of bicubic spline wy, is proved in [12].
By introducing the vectors:

_ T
U = [U1,1,U1,2, ... U1,2N, U2N, 15 ---, U2N,2N]
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and

Fo=[fi1, fros o frans oo fongs o fonan] ' Fam = f (6ns&m)

the system can be written as the system of linear equations

(9) (Ap ® By + Bo ® Ag)u = f,
where the matrices Ag and Bg, respectively Ay and By are defined by:
As = (@mp)ppey s Gman = =Py (6n),
Ay = (@mp)impey s g = =V (€n),
= (bmn)onnets  bmn = @ (€n),
(10) By = (bmn)mnet s bman = W (6m)

and in @D ® denotes the matrix tensor product.

It follows from and from construction of the bases of Sg ® 52 that Ay
and By are 2N x 2N almost block diagonal matrices with the first and last
2 x 3 matrix and the others 2 x 4 blocks in Ay and By given by:

_ 2| a1 a2 —a1 a3 _ [ b1 b2 b3 —bs
Av =h [_al —az @ —a2}’ By = [bs by b1 —bo
respectively, where:
ar =2V3, ay =143, a3 =v3-1,

9+4 3 9-4 3
by —iv b —27%[7 b3 18f by = 32{'

The first 2 x 3 block in each matrix is obtained by removing the first column
from the 2 x 4 block of the corresponding matrix, and the last 2 x 3 block is
obtained by removing the third column from 2 x 4 block of the corresponding
matrix.

Because of the special structure of the matrix Bg, there are at most four
nonzero elements in each its column, and therefore the system @D can be
solved effectively, getting the approximating bicubic spline solution for the
problem @

Now, we consider the nonhomogeneous Dirichlet problem for the Poisson’s
equation on :

—Au=f, in ,
(11) u=g, on 0,
where ¢ is a given function.

The bicubic spline approximating solution uy € 52 ® 5’2 for (11)) is defined
in the following way:

2N+12 N+1

(12) up (@) = Y D wi®ij (2) Uy (y),

i=0 ;=0
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where the bases {®; }?V 1 and {¥;}?V ! of the spline space Sp® S are defined
in the previous section.
First we rewrite uy (z,y) in the form

(13) Up, (x7y) = Up (iL',y) + up (iL',y),
where
2N 2N
(14) ap (z,y) = Z Z u; ;@i () ¥ (y)
i=1j=1

corresponds to the bicubic spline collocation solution of the homogeneous
Dirichlet problem @ and

2N+1 2N+1
i (z,y) = Y uoPo () Ui (y)+ D uani1,;Pani1 (2) W5 (y) +
- =
2N 2N
(15) +> uio®i () Vo (y) + > tian+1®Pi () any1 (y)
] =1

corresponds to the nonhomogeneous boundary condition in (11f).

The coefficients of uy in can be determined independently therefore
the existence and uniqueness of the bicubic spline approximate solution to the
nonhomogeneous Dirichlet problem for Poisson’s equation follows directly
from that of the homogeneous Dirichlet problem.

Following Bialecki and Cai [I] we present two approach to determine the
coefficients uy, in which we refer to as the boundary coefficients of uy,.

In the first approach we approximate the boundary condition u = g using
the Hermite cubic spline interpolant of g on each side of 9. On the left and
right hand sides of 02 we require:

(16) (up, — g) (0,t,) =0, a—( —-9)(0,t,) =0, n=0,1,..,N,
(17) (un =) (1,tn) =0, & (up—g) (1,t2) =0, n=0,1,...,N
Substituting l ) and 17 for the coefficients {uoj}2N+1 of

corresponding to t e left and 31de of 0 we obtain:
uO,Zn :g(o7tn)7 u0,2n+1 :haizgl (Oatn)7 n:0717'”7N_17
uoan = hgE (0,tn), wuoani1 =g(0,tx),
and for the coefficients {uani1, }32£J Lof corresponding to the right hand

side of 02, we have:

0
usnt12n = G(Ltn), UaNt12n41 = hafz (1,tp), n=0,1,..., N — 1,

0
UIN4+12N = hafi (1,tn), uant12nv+1 = g (1, tN) .
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On the bottom and top sides of 92 we require that
(Uh—g) (tn,O):O, nzlv"'aN_lv %(un_g)(tnao)zoa nZO?"'aNa
(unh —9) (tn, 1) =0, n=1,..N—1, 2 (up—g)(t,,1) =0, n=0,...,N.

Substituting into above relations we obtain explicitly the coefficients
{ui70}?ivl of corresponding to the bottom side of 9€2:

Uno =9 (tn,0), n=1,..,.N—1, unyno= h% (tn,0), mn=0,..,N
and the coefficients {u; 2 N+1}?ivl of corresponding to the top side of 92:

Un2N+1 = G (tna ]-) , = ]-7 7N_17 UN+n2N+1 = h% (tTH ]-) , = 07 7N

In the second approach we approximate u = g on 9f2 using the cubic spline
interpolant at the boundary Gauss points. Thus, on the left and right hand
sides of 0f), we require

(Uh—g) (070) :07 (Uh—g) (ngm) :Oa mzl?'-'v2N; (Uh—g) (0’1) =0
and
(Uh—g) (1’0)20’ (Uh—g) (Lgm) =0, m=1,..,2N; (Uh—g) (1?1) =0,

respectively. By substituting in the first above relation we obtain the
following relationships among the coefﬁments {up, ]}QNH of corresponding
to the left hand side of 9€:

2N+1
ugp = g(0,0), Zuog (&m) = 9(0,&n), m=1,...,2N;

(18) up2n+1 = 9 (0, 1) .
If we set:

o T,
ug = (10,0, U0,15 -, U0,2N; UO,2N+1)

g0 ‘= {g (O’O) g (0751) e g (07£2N) ) (07 1)}T

then can be written as the (2N +2) x (2N +2) almost block linear system,
of the form

X X =
X X O
X X X X
X X X X
X
X

X X
X X

= X X
o X X
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with the same 2 x4 blocks. Thus the coefficients {ug ; }jf()* ! can be obtained by

solving the system . By substituting (12| into the second above boundary
relation, the coefficients {uan 1 ; }55&“ Lof 1} corresponding to the right hand
side of 92 can be obtained in a similar way.

On the bottom and top sides of 02 we require:
(un —9)(0,0) =0, (un —g) (§m,0) =0, m =1,2N; (u, —g)(1,0) =0

and

(uh - g) (Ov 1) =0, (uh - g) (fma 1) =0, m=1,...,2N, (uh - g) (17 1) = 0.

The first and last above equations give:

ug,0 = g(0,0), uant10=9(1,0); uoan+1 =g (0,1); uany12nv+1 =9g(1,1).
2
i=1>
the coefficients {ui,o}?ivl and {u; 2 N+1}?ivl of corresponding to the bottom
and top sides of 0€) can also be determined by solving an almost block diagonal
system of the form . Consequently, uy of is determined.

Now we have only to obtain the coefficients of uy, in .This can be done
by requiring that:

(20) — Ay (&) = Aup (§) + (), §€G,

where the right hand side is known. The functions #; can be obtained by em-
ploying the same algorithm for solving the homogeneous Dirichlet problem @

Note that if g = 0, then, in both approaches, all of the coefficients in wup,
are zero. But if g # 0, then, in general, the approximations obtained will be
different.

Converting to the estimation of the error and convergence of the given
bicubic spline collocation method, Bialecki and Cai [I] have proved that, on
nonuniform partitions, the H'-norm error bounds for the first and second
approach are O(h3) provided that the exact solution u belongs to H® (2) and
H5 () N C*(Q), respectively.

Dillery [5] improved and extended these results. In particular, it was shown
that the H'-norm error bound for the second approach is O (h2) under the

assumption that u € H% (Q), then the L?-norm of the error for each approach
is O (h°).

Using the reordering basis functions {@i}fzﬁs the basis functions {¥;}
(15)

REFERENCES

[1] BiaLeckI, B. and CarL X. C., H'-norm error bounds for piecewise Hermite bicubic or-
thogonal spline collocation method for elliptic boundary value problems, STAM J. Numer.
Anal., 31, pp. 1128-1146, 1994.

[2] BIALECKI, B., FAIRWEATHER, G. and BENNETT, K. R., Fast direct solvers for piecewise
Hermite bicubic orthogonal spline collocation equations, STAM J. Numer. Anal., 29,
pp. 156-173, 1992.

[3] CiaRLET, P. G., The finite element method for elliptic problems, North Holland Publ.
Comp., Amsterdam, 1978.



94 Mihaela Pugcag 8
[4] CiarLET, P. G. and GLOWINSKI, R., Dual iterative techniques for solving a finite ele-
ment approximation for the biharmonic equation, Comp. Maths. Appl. Mech. Eng., 5,
pp. 277-295, 1975.
[5] DILLERY, D. S., High order orthogonal spline collocation schemes for elliptic and para-
bolic problems, Ph. D. Thesis, Univerity of Kentucky, Lexington, 1994.
[6] DoucLas, J. and DuponT, T., Collocation methods for parabolic equations in a single
space variable, Lect. Notes in Maths., Springer-Verlag, 1974.
[7] HackBUsCH, W., Elliptic differential equations. Theory and numerical treatments,
Springer-Verlag, 1992.
[8] HoLLiG, K., REIF, U. and WIPPER, J., Wieghted extended B-spline approzimation of
Dirichlet problems, SIAM J. Numer. Anal., 39, pp. 442-462, 2001.
[9] Houstis, E. N., VavaLis, E. A. and RIcE, J. R., Convergence of O(h*) cubic spline
collocation methods for elliptic partial differential equations, SIAM J. Numer. Anal., 25,
pp- 54-74, 1988.
[10] M1cuLA, G., Functii spline si aplicatii, Editura Tehnica, Bucuresti, 1978.
[11] MicuLa, G. and MICULA, S., Handbook of splines, Kluwer Acad. Publ. Boston-London,
1999.
[12] PERCELL, P. and WHEELER, M. F., A C1 finite collocation method for elliptic equations,
SIAM J. Numer. Anal., 17, pp. 605-622, 1980.
[13] PRENTER, P. M. and RUSSEL, R. D., Orthogonal collocation for elliptic partial differ-
ential equations, SIAM J. Numer. Anal., 13, pp. 923-939, 1976.
[14] ZHUO-MING Lou, Orthogonal spline collocation for biharmonic problems, Ph. D. Thesis,

University of Kentucky, Lexington, 1996.

Received by the editors: November 19, 2003.



	1. Introduction
	2.  Space of Hermite cubic splines
	3. Hermite bicubic spline collocation method
	References

