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A REMARK CONCERNING THE PAPER “AN EQUIVALENCE
BETWEEN THE CONVERGENCE OF ISHIKAWA, MANN AND
PICARD ITERATIONS”*

STEFAN M. SOLTUZ'

Abstract. In this note we show that a result previously obtained by us [An
Equivalence Between the Convergences of Ishikawa, Mann and Picard Iterations,
Math. Commun., 8, pp. 1522, 2003], holds under weaker assumptions.
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1. INTRODUCTION

Let X be a normed space. Let B be a nonempty, convex subset of X. Let
T : B — B be a contraction with constant L € (0,1). Let z1,u; € B be two
arbitrary points. We consider the following iteration, see [2]

(1) Tnt1 = (1 —ap)zy + anTxy,.

The sequence (o), C (0, 1) satisfies the following conditions

(2) nh_)ngo oy = 0,;_:10471 = 00.

Iteration ([1)) is known as Mann iteration. Also, we consider the Picard iteration
(3) Una1 = Tuy.

We recall the following auxiliary result.

LeEMMA 1. [1]. Let (pn)n be a nonnegative real sequence satisfying
(4) Prr1 < (1= An)pn + o0 + pin,

where (Ap)n C (0,1),3° 1\, = 00, 0y > 0,¥n > 1, 0, = 0(\,), and
Sooo 1 i < 00. Then limy,—yo0 pp, = 0.

In [3] we have obtained the following result.
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THEOREM 2. [3]. Let X be a normed space, and B a nonempty convex
subset of X. Let T : B — B be a contraction with constant L € (0,1).

*

Suppose that there exists x* € B such that Tx* = x*, and let u; = x1 €
B. If the Picard iteration (uy), given by strongly converges to x*, and
|unt1 — unl| = o(an); then the Mann sequence (xy)n, given by (1) strongly
converges to x*. Conversely, if the Mann sequence (xy), given by strongly
converges to x*, then the Picard iteration (uy), given by strongly converges
to x*.

PROPOSITION 3. Theorem[2] holds without asumption |[up+1 — un| = o(an).

Proof. Suppose that Picard iteration converges. Then from [3, p. 17],
we get

(5) |41 — Una]] <
< (1 —oan(1= L)) [[zn — unll + (1 — an) [[nt1 — un| -
Also, we have
(6) [tnt1 = tnll = 1 Tun = Tun 1| < L[Jtn — un—1]]
< LM ug — ua ]
Thus, the inequality becomes
(M) Nonet = il € (1= @n(l = L)) 2 — wall + L luz — ).

Set pn = ||Tn — unl|, An = an(l — L) € (0,1), pn := L™ {jug — uy|| and
on =0, for all n € N, to obtain . It is clear that >.0°, L" ' =1/(1- L) <
0o. The assumptions of Lemma 1 are fulfilled and consequently we have

(8) lim ||z, — u,| = 0.
n—oo
Finally, we obtain

0 <||lwn — || < ||Xn — un|| + |Jun — z*|| = 0, (n — 00).
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