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Abstract. The Voronovskaja theorem for the Bernstein—Schurer bivariate op-
eratos is established.
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1. PRELIMINARIES

For the classical Bernstein operator B,, : C([0,1]) — C([0,1]), defined for
any function f € C([0,1]) by

(1) (B )(@) = > pmi(@) £ (£),
k=0

where

(2) Pk = () 2* (1= 2y F,

Voronovskaja E., proved (see [6]) the result expressed in the following result.

THEOREM 1. Let f € C([0,1]) be a function two times derivable in the point
x € [0,1]. Then, the equality
(3) Tim m{(Bn f)() - f(2)} = 52 ()
holds.

The above result is known as “the Voronovskaja theorem”.

Let p be a non-negative integer. In 1962, Schurer F. (see [5]) introduced and
studied the operatorB,,, : C([0,1 + p]) — C([0,1]), defined for any function
f€C([0,1+p]) by:

m-+p

(4) By £)(@) = > bmsl@) f(£),
k=0

where

(5) Proe() = (T7) k(1 — @)ook,
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In our earlier paper [2] was proved the following Voronovskaja-type theorem
for the operator (4).

THEOREM 2. [2, Th. 2.1]. Let p be a non-negative integer. If the function
f€C([0,14p]) is two times derivable in the point x € [0, 1+ p|, the following
equality

(6)  lim (m+p) {(Bmp £ )@) = f(2)} =p- @)+ 52 f'(a)
holds.

Let p,q be two non-negative integers. Using the method of parametric
extensions in the paper [3] we construct the bivariate operator of Bernstein—
Schurer By, pq @ C([0,1 4+ p] x [0,1 4 ¢]) — C([0,1] x [0,1]), defined for any
function f € C(]0,1+p] x [0,1+ ¢]) by

m~+p n+q

(7) (Bunpa £)@y) =D > bnk(@)Bng(y) f(E, D).

k=0 j=0

We proved (see [3, Th. 2.4]) that the sequence { Bynn.p.q F}omnen
to f, uniformly on [0,1+ p] x [0,1 + ¢], for any f € C([0,1+ p] x [0,1 + q]).
An estimation of the approximation order of f € C([0,1 + p] x [0,1 + ¢])
by Em’mpg f was also gived, using the first order modulus of smoothness for
bivariate functions (see [3, Th. 2.5]).

The aim of the present paper is to establish a Voronovskaja-type theorem
for the bivariate Bernstein—Schurer operators, i.e. to calculate the following
limit

(8) lim {(Bumpa £)@y) = fz.9)},

m—0o0

where f € C%2([0,1 + p] x [0,1 + q]).

converges

2. AUXILLIARY RESULT
We have to give some properties of the Emyp and Em%p,q operators.

LeEMMA 3. [1]. For any fixed point x € [0,1 + p|, there exists a positive
constant My (x,p), depending on x and p, such that
B p((t — )" x) < Mi(z,p)n~>
for all x € N*.
LEMMA 4. [3]. If (z,y) € [0,14p] X [0,14q] and m,n € N* the following
equalities hold
(i) an,pq(BOOax y)=1;
(11) anpq (610,1‘ y) - {1+pm 1}]]
(iil) By (eo132,9) = {1+ qn }y;
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(iv) Bmnpg (e2232,y) = (m+p)m=?{(m +p)a® +x(1 — z)}+
+n+a)nH{(n+oy* +y(1 -y},
where ego(t,7) = 1, e10(t,7) =t, ep1(t,7) =7, exa(t,7) =t +712 are the test
functions.

LEMMA 5. Let (x0,%0) € [0,1+ p] x [0,1 + ¢] be a fized point and let ¢ €
C([0,1+ p] x [0,1+ q]) such that p(zo,yo) = 0. Then

lim Bm 1T,y q(% x07y0) = 0.

n—oo

Proof. By the properties of function ¢, for every € > 0 there exists a positive
constant § = d(e) such that for |t — z9| < 0, |7 — yo| < I the following holds

(9) lp(t, T)] < 2.

On the other hand, because f € C([0,1 + p| x [0,1 + ¢]), there exists a
positive constant C', such that

(10) lo(t, 7) < Ch.

Next, we can write:

m+p m+q
(11) ‘Bmm,pq ©; 0, Y0) ‘ Z mek (xo pm,] Yo ’SD ‘

Let us to divide the set of sum’s indices in the following four classes
Iy = {(k,7) : [k/m — xo| <6 and [j/m —yo| < 6};
Iy = {(k,7) : [k/m — xo| <6 and [j/m —yo| = 6}
13—{( 2J) ¢ 1k/m — w0l > 6 and |j/m —yo| <6} ;
={(k,j) : [k/m — x| = 6 and |j/m —yo| = 0} .

If we denote wg, j (0, Y0) = Pm k(%) Dm.; (Y)|e (%, %)L we can write:

(12) ‘ém,m,p,Q(SO; 330,?/0)‘ < Y wri(mo,yo)+ Y. wky(zo, o)

7

(k.j)en (k.j)€l2
+ Y wei(@o,yo) + D wiy(o, vo)-
(k,j)Els (k,j)€ls

Let Sy, S2, S3, S4 be the sums of the right side of (12). For the sum Si,
we get that there exists a natural number m; = m;(e) such that

m-—+pm-+p
o= > wiklo.y0) < DY Prnp(@0)Pms(w0) |0 (£, L)
(k,j)El> k=0 j=0

ER . €
< $Bmmp.a(€oo; Zo,Y0) < §

for m > my.
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Because \% — Yo| > 0 implies 5_2(% —190)? > 1, for the sum Ss, we get

Sa= Y wjr(zo,y0)

(k,j)El2
<672 Y (= 90)* Bk (0) P, (wo) [ (s, )]
(kfj)€I2

<M - 62 Z (% - yO)Qﬁm,k(xO)ﬁm,j(yO) <
(k.j)€l2
m+pm-+p )

<M - 572 Z Z (% - y0)2ﬁm,k(x0)ﬁm,j(y0)
k=0 j=0

=M - (572§m,m,p,q((7— - y0)2; Zo, 90)7

where M = max {[¢(z,y)] : (z,y) € [0,1 4 p] x [0,1 +ql}.
Taking into account Lemma |3 we get that there exists a positive constant
My(m, q,10) such that

Sy < Ma(m, q,50) yo (1 —yo) -m ™" 6 2.
In the same way, applying Lemma [3] and Lemma [4 we obtain
S3 < Ms(m, q,xo) zo (1 — ) -m~ L 72
and

Sy < My(m, p,q,70,Y0) To Yo (1 — z0)(1 —yo) -m 2 5~

It follows that for given positive numbers ¢, §, M; (i = 1,2, 3) and (zo,yo) €
[0,14 p] x [0,1+ ¢] there exists the natural numbers mg, ms, my such that

Sa < Ma(m, q,y0) yo (1 —yo) -m ™' 672 <2, for m > may,
S5 < Ms(m, q,z0) w0 (1 —mg) -m ™' 672 <2, for m > ms,
Sy < M4(m7p7 q, X0, yO) L0 Yo (1 - ZL‘O)(l - yO) ’ ’I?’L_2 6_4 < %7 for m >my.

Therefore, there exists the natural number N = max{m1, ma, ms, m4} such
that for all natural numbers n > N we have S1 + S2 + 53 + 54 <e.
We can conclude that liﬁm Binm.p.q(¢; 0, y0) = 0, and the proof ends. O
oo

m

3. THE MAIN RESULT

Using the auxiliary results from section 2, we can now prove the Voronovska-
ja type theorem for the bivariate operators of Bernstein—Schurer.

Let us to denote by C*2([0,1 + p] x [0,1 + q]) the space of all functions
feC(0,1+p] x[0,1+ q]) with partial derivatives of first and second order
belonging to the space C ([0,1 + p] x [0,1 + ¢]).
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THEOREM 6. Let f € C%2([0,1+ p] x [0,1 + q]). Then, for all (z,y) €
(0,14 p] x [0,1+ ¢q] we have

lim m {Em’m’p7q(f; z,y) — flz,y)} =

(13) =p fole,y) +a fo(zy) + +5{z( — ) fa(z,y) +y(1 =) 2 (2, )}

Proof. Let (x9,y0) € [0,1+ p] x [0,1+ ¢] be a fixed point. By making use
of the Taylor formula for (t,7) € [0,1+ p| x [0, 1+ ¢] with the Peano’s form of
the remainder term, we have

£t m) =F (w0,90) + (£ — 2) - £ 0, 90) + (7 — ) £ (0,90)
+ 3{(t — 20)* f12(0, yo) + 2(t — 20) (T — yo) f1r, (0, yo)+
+ (7 = y0)2 1 (20, y0) } + (t, 73 00, yo)\ ( — 20)* + (7 — o),
where ¢(o, *; z9,y0) € C([0,1+ p] x [0,1+ ¢]) and . lim (¢, 7;20,90) = 0.

—x0,T—Y0

Taking into account Lemma [3] we get

émm,p,q(f(ta 7);20,%0) — f(z0,%0) =
=p-m~ ' fi(x0,y0) + gm 'y fy(x0,90)
+ 3{@*m 2 + (m + p)m~220(1 — 20)) 12 (w0, o)
+ 2pqm ™ *xoyo f1, (2o, yo) + @°m 2 yg
+ (m+a)m2yo(1 = o)) f12 (w0, o) |

(14) + Bimmpa (@(t, T Zo, yo)\/(t = m0)* + (T — y0)*; o, y) :

By Cauchy’s inequality, it follows

Binmpa <80(7577; évo’yo)\/(t —20)* + (7 — y0)* ;$0,y0)‘ <

< { Brmpa@* (675 20,90)) }* { Brampa (¢ = 20)* + (7 = o) 520,30 ) |

From Lemma [l it follows

NI

(15) W By mpa (928, T3 20, 90); 20, Y0) = 0

m—ro0

and from Lemma 4] we get

Emmp,q ((t - I0)4 + (7' - 3/0)4; Zo, yo) =

= By p((t = 20)*; 20) + Bin,g((T — %0)* 90)
(16) < {Mi(z0,p) + Ma(yo,q)}m 2,

where M (zg,p) and Ma(yo,q) are positive constants. Taking into account

and , by we arrive to the desired result. O
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