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ON THE MODIFIED BETA APPROXIMATING OPERATORS
OF FIRST KIND

VASILE MIHESAN*

Abstract. We define a general linear operator from which we obtain as special
case the modified beta first kind operator

1
_ — B
(Bp’qf)(x):m/o P 1(1—t)q lf(B(p(ﬁf)q)t x) dt.

We consider here only the cases a = 1 and a = —1.
We obtain several positive linear operators as particular cases of this modified

beta first kind operator.
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1. INTRODUCTION

Many authors introduced and studied positive linear operators, using Eu-

ler’s beta function of first kind: [1]-[4].
Euler’s beta function of first kind is defined for p > 0, ¢ > 0, by the following

formula
) Bl = [ 70—
The beta transform of the function f is defined by the following formula
Bpaf = 5o /01 21— )9 f(e)dt
The modified beta operator is defined for x > 0 by the following formula
Braf)e) = gy [ #7000~ g

We shall define a more general linear operator from which we obtain as a
particular case the modified beta first kind operator.
For a,b € R and = > 0, we define the (a,b)-modified beta operator

2) (Bl f)(z) = pq)/ (1 — 1)1 1f(%t“(1—t)bx)dt,
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where B(-,-) is the beta function and f is any real measurable function
defined on (0, c0) such that

By I f)(z) <

2. THE MODIFIED BETA FIRST KIND OPERATORS

If we put in b = 0 we obtain the modified beta first kind operator

1
(3) (B @) = b [ 7 (1= 07 (st at,

where B(-,) is the beta function and f is any real measurable function
defined on [0, c0) such that (B;()aq)|f\)(x) < o0
One observe that B}fg is a positive linear operator and

(B e1)(z) = .

2.1. Case a = 1. If we choose in a = 1 we obtain the modified beta first
kind operator

(1) (Bpaf)w) = B ) = T) [t

REMARK 1. If we choose in p > 0 and ¢ > 0 such that p+q

€ (0,1), then we obtain the operator (2.5) considered by the author in
[4]. O

= x,

LEMMA 1. The moments of order k of the operator By, ; have the following
values

k
(Bp,gex)(x) :(%) (p(i)qk)k a*.

Proof.

k_kT(p+k)T(q) T(p+q)
T(p+g+k) T'(p)T(q)
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For k =1, k = 2 we obtain

(Bpge1)(x) =,
_(pta\2 (p+1) 2 _ (p+g)(ptl) .2
(Bpge2)(z) =(%7) (p+Z)](Dp+q+1)x - Z(pqﬂ}jkl)

Byagl(t — )% a) =(UriE) —1)a?

_p 2+p+pg+q—p®—pg— 120 2
p(p+q+1)
_ q 2
plorar)’

Consequently, we obtain
(Bpge1)(z) =z,

1
(Byges)(a) =EEL - 2402

By((t = )% 2) p(pqurl)

Special cases
A) If we put in p=n—1and ¢ = a, @ > 0 we obtain the positive linear
operator

(5) (B f)(@) = oy / L = )T (e ) de.
COROLLARY 2. The following relation holds:
(o) 2. _ azx?
Bn ((t H?) 7'7") — (n—-D)(n+a)"

Proof. 1t is obtained from Lemma [I|for p=n—1and ¢ = a, a > 0. O

REMARK 2. For o = 1 we obtain

Bu((t — )% ) = 5. O
B) Another operator it is obtained by forp=nx,neN ¢g=a, a>0:
. 1
(6) B D@ = gy | 0 =07 ()

COROLLARY 3.

Egla)((t B l‘)2; x) - n(nmc—y&-xcx—i-l) :
Proof. 1t is obtained from Lemma [I] for p = nz and ¢ = a, a > 0. O

2.2. Case a = —1. If we put a = —1 in we obtain the modified beta first
kind operator

(1) Bpaf)@) = BSLH() = 585 / (L - )T (R 2t

REMARK 3. If we choose in p > 0 and ¢ > 0 such that p;%ll =x,x>1
then we obtain the operator (4.5) considered by the author in [4]. O




70 Vasile Mihegan 4

LEMMA 4. The moments of order k (1 < k < p) of the operator By, , have
the following values

—1)... —k _ k
(Bpgen) (@) =Tip=ieh) (Ll ) ok 1<k <p.

Proof.

1
_ 1 pe1 \kgh
(Bpgen) (@) =gsy | 71— 07 () s

—1 \k_g* ! —k—1 -1
)t 2 /tp (1—t)7dt

(p+q71 Bp.a) [,
= (2=t )kB(pfk,q)mlc
p+a—1/  B(p,9)
=( p—1 )kF(p—k)F(q), L(p+q) .k
p+q—1/ T(p+q—k) T([PT(9)
_(_p=1 \k(pt+q-1)..(p+q—k) k
_(p+q71) p—D(p—k) T =
Consequently, we obtain:
(Bpge1)(z) =2,
(Bpqe2)() :;% : gig:?ﬁ? p > 2,

B,q((t — )% x) mﬁ, p> 2.

Special cases
A) If we put in (7) p=n+1, ¢ = a, @ > 0 we obtain the positive linear
operator

1
(BN = it [, 010 -0 (- Dt

COROLLARY 5.

B ((t - 2)%52) = G=fitray-
Proof. 1t is obtained from Lemma [d for p=n+1, ¢ = a. O
REMARK 4. For @ = 1 we obtain
B, ((t — )% 1) = . O

B) Another operator it is obtained by forp=nrxr+2,neN, qg=a,
a > 0.

& ! nT a— nx x
B (@) = m/@ 1 = )T (i - Pt

COROLLARY 6. One has
E(O‘)((t B $)2; l‘) _ ax?

n nz(natatl)”

Proof. 1t is obtained from Lemma [ for p = nz + 2, ¢ = «. O
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