REVUE D’ANALYSE NUMERIQUE ET DE THEORIE DE L’APPROXIMATION

Rev. Anal. Numér. Théor. Approx., vol. 33 (2004) no. 1, pp. 73-78
ictp.acad.ro/jnaat

COMBINED SHEPARD OPERATORS
WITH CHEBYSHEV NODES

CRISTINA O. OSAN* and RADU T. TRIMBITAS'

Abstract. In this paper we study combined Shepard-Lagrange univariate inter-
polation operator

n+1
Do 1T = yn e (L ) (@, Ynk)
Lm . _ qoLm _ k=0
Sn,u (Y,f,l') T Sn,u (fa l') - n+1 )
DONEES "N iNe
k=0
where (yn,r) are the interpolation nodes and (L f)(z;yn,k) is the Lagrange
interpolation polynomial with nodes yn &, Yn,k+1, Yn,k+2;- - - » Yn,k+m, When the
interpolation nodes (yn,x),_1 are the zeros of first kind Chebyshev polynomial
completed with y,0 = —1 and yn,ny1 = 1. We give a direct proof for error

estimation and some numerical examples.
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1. INTRODUCTION

Let Y = {yn; € [-1,1]; i =0,n+ 1; n € N} be an infinite matrix where
each row is a set of distinct points in [—1,1]. For f € C™([—1, 1]) the Shepard-
Lagrange operator is defined by
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I I kzo ’1‘ - yn,k’_u (me)(l', yn,k)
(1) SEM(Ysfoa) = Shm(foa) = — ,

Z |$ - yn,k|_u
k=0

where m € N, m < n is prescribed.
The Shepard-Lagrange operator was treated in [I] and [6]. Its most impor-
tant properties are: it preserves polynomials of degree m, i.e.,

St (ejix) = ¢j(z), j=0,m,

where GJ(ZC) = mi‘ Also’
SEm(fiyun) = Fynr),  k=Tn
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In this paper we give an error estimation analogous to that given in [6], but
the present proof is direct and exploits the properties of Cebyshev nodes and
Lagrange interpolation polynomials with such nodes.

2. ERROR ESTIMATION

If f € CP(la, b)), p e N, p<m, and (Ly,,f) is the m-th degree Lagrange

interpolation polynomial with nodes xg, x1, ..., z,, € [a, b], the following
error estimation holds (see [3])

(2) 1f = Linflloo < Cplb = a)? Sa7w(FP; 25).

where C), > 0.

Let (Yn,k)—gmat be the set of the roots of first kind n-th degree Chebyshev

polynomial, completed with y,0 = —1 and yppnt1 = 1. For k = I, n, ypp =
08 Oy, ;, where 0y, = (2k — 1)7/(2n).

REMARK 1. We have
|9n,k - 9n,k+1| = % U
The following theorem holds:

THEOREM 1. If f € CP([-1,1]) and > p+ 1, we have

Proof. Let y, q be the closest point to . We share the nod set (y, ) into
three classes: k: =0, d myk=d—m+1,dk=d+1,n+1.
Equations (1) and (2) imply
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We also have
(4) & — Yol <TVI— a2,
(5) & — gkl >Z |k — d| V1 — 22,
(6) |2 — Ynktrm| < |2 — ynpl + 70

We shall also use the following properties for modulus of continuity

(7) d2 251$%§$2)§%@,
(8) W(fiA8) <L+ Nw(f:6) if A € Ry,
(9) 01 <02 = w(f;d1) < w(f;62),
(10) w(f;d1 + d2) <w(f;61) +w(f;02).
Now, it follows the estimations for S, S, and S3.
i = df 2t P — gy P (f0); (el
k=0

From (7)) for 01 := % [k — d| V1 — 22 and 03 := |z — y, x| we have

w(f(”);|ﬂc*yn,k|)< 2n(r+1)
‘x—yn,k‘ = 7lk—d|V1—22"

We obtain

n

d—m
S < Cl(\/lfﬁ)P, Z W w(f(p);\kn;dlﬁ/l — 2?)
k=0

with
— 9D 1
d

So= >

k=d—m+1
Since [Yn k+m — Ynk| < BEV/1 — 22 we have

w(f@);w) < (14 L) (mm + D (f®); VI=22)
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For S3 we remark that

)P

p
= Z (ﬁ) ‘x - yn,k‘p_r ’yn,k+m - yn,k‘r .
r=0

’.CE - yn,ker‘p S (‘x - yn,k‘ + ‘yn,ker - yn,k

Now, we have
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= (I4+55)7P (m+ 1P (M22)P 3 W WP & = Yo grml)-
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We remark that for g —p > 1, Y741 | |k — dP™* is bounded by M.
From this observation and , we obtain
wW(fP ]2~ yagrml) <
< M(mm + Dw(f®; =22 4 o(r + 1w (fP; —lk;‘ﬂ V1—x2).
In conclusion, we obtain for S3 the following inequality
n+1

w(fw) lk=dl A2
S5 < (V)P equ(fP); =2y ey Y & h—d? )

k=d+1
with the constants
¢z =7 (m+1)PM(mm + 1) (1 + -5,
cg = 2P (m + 1P (m + 1)1+ 5).

Since

w(f(’p).\/W) < 1 /1 w(f(P);tm)dt

-1 th—P

and

S1+ 59+ 53 <

- n n

< (\/@)p{c(c%%) Cw (@ @) +Cler,eq) - w(fP; @,/1 _ xz)}

follows.
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3. EXAMPLES AND GRAPHS
Let us consider the function f:[—1,1] — R,
f(x) =sinmz.

Its graph appears in figure [I] together with the Shepard-Lagrange approxima-
tion functions for p € {2,4}, n =16 and m € {1, 2}.
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(a) Graph of f.
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(b) Shepard-Lagrange, n = 16, (c) Shepard-Lagrange, n = 16,
w=2 m=1. =2 m=2.
(d) Shepard-Lagrange, n = 16, (e) Shepard-Lagrange, n = 16,
p=4, m=1. pw=4, m=2.

Fig. 1. Graph of f and various Shepard-Lagrange interpolants.
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