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A SEMILOCAL CONVERGENCE ANALYSIS
FOR THE METHOD OF TANGENT PARABOLAS

IOANNIS K. ARGYROS*

Abstract. We present a semilocal convergence analysis for the method of tan-
gent parabolas (Euler—Chebyshev) using a combination of Lipschitz and center
Lipschitz conditions on the Fréchet derivatives involved. This way we produce a
majorizing sequence which converges under weaker conditions than before. The
error bounds obtained are more precise and the information of the location of
the solution better than in earlier results.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally
unique solution x* of equation

(1) F(z) =0,

where F' is a twice-Fréchet differentiable operator on an open convex subset
D of a Banach space X with values in a Banach space Y.
The method of tangent parabolas (Euler—Chebyshev)
(2)
Tpi1 = Tn — {I T %I‘nF”(mn)FnF(xn)} TWF(2,), Tn = F'(z,)™" (n>0)

is one of the best known cubically convergent iterative procedures for solving
nonlinear equations like (I)). Here F'(z,,) € L(X,Y), F"(z,) € L(X, L(X,Y))
denote the first and second Fréchet derivatives of operator F' evaluated at
r =z, (n>0) [3], [7].

Semilocal convergence results under Lipschitz conditions on the second
Fréchet-derivative have been given by Necepurenko [9], Mertvecova [8], Safiev
[10], Schwetlick [11], Kanno [6], Yamamoto [12], Argyros [1]-[3], Gutiérrez et
al. [4], [5]. Discretized versions of this method have been considered in [2], [3].

Here we provide a semilocal convergence analysis based on Lipschitz and
center-Lipschitz conditions on the first and second Fréchet-derivatives of F.
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This way existing convergence conditions are finer and the information on the
location of the solution more precise than before.

2. CONVERGENCE ANALYSIS
We need the following results on majorizing sequences.

THEOREM 1. Let n, ¢;, i = 0,1,...,4 be non-negative parameters. Define
scalar sequence {t,} (n >0) by

to = 0, t1=(1+%5077)77:"707

lo+Lsty n
(3) theo —tpy1 = [1 + %(lc’_élin+ﬁ2 77n+1] detl

1—l1tny1’

where

_ 1 [t (Lottsty)? Lo+43t 7 1 3
TIn+1 = D) { 4 (1—€1tn)6 7777 + 62 (I—thnT)l‘l + 3 (1—f1tn)3 777)7

and parameter o by

@) o = [ e o + i+ st 6
Assume:

ton < 2,

20imp < 1,
and

a < min{l, ap},
where ag is the positive solution of quadratic equation
(5) TS ot + e — 1= 0.
Then, sequence {t,} (n > 0) is non-decreasing, bounded above by
™ = 2no,
and converges to t* such that
(6) 0<t" <t

Moreover, the following error bounds hold for all n > 0:

n+1
0 <tnyo —tng1 < 5(tng1 — tn) < (%) 70-

Proof. Using induction on k we show:

(7) Me+1 < %Wk,
(8) thp1 —te > 0,
and

(9) 1— litpeq > 0.

For k=0 f@ hold by the initial conditions. By we then get
ty —t1 < §(t1 — to) < 5(t1 —to).
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Let us assume f@ hold for all ¥ < n + 1. We can easily obtain from
that

1 k+1

1— k+1
b1 < — 2110 = 2 [1 - (%) } no <t
2
Moreover we have,
k+1
k+1 Lo+2¢

tk+2 - tk—i—l S o + |:1 + %(10——261?72())27)00[} 1_21£1n0 (%) To S <%

by the choice of o and «g (see and (f)).
Furthermore we have

k42
ty2 < 2[1—(5) ]nost**,

Uitrype < 200 < 1,

)Hl o

A

and

tgy2 — tgy1 > 0.
The induction for (7)—(9) is now complete. Hence, sequence {t,} (n > 0)
is bounded above by t**, non-decreasing and as such it converges to some t*
satisfying (@ That completes the proof of Theorem O

Similarly we show the next two theorems:

THEOREM 2. Let n, £y, {3, {4 be non-negative parameters. Define scalar
sequence {sp} (n >0) by

so = 0, 51=<1+%f077)77:7707

. _ 1 (Lo+£35n+1)Mn+1 Mn+1
Sn+2 Sn+l = |:]- + 5 (1—f05n+1—€35i+1)2 1—608n+1—£35i+1 )
where
_ 1)1 (fo+e3sn)? L3 (bo+Lssn)ny Ly 1 3
h+1 = 3 {2 (172()3”7%35%)4 + % (1—£osn—0352)° T3 (1—£osn—0352)3 ]

and parameter o by

a=141 (Lo+2£3m0)* + 4 (£o+2€3m0)m0 + Ly 2
2 (1—2£9no—2€3n3)* 6 (1—20omo—203n2)> ' 3(1—2Lomo—203n3)3 "o

Assume:

(10) 2(€o + £3m0)n0 < 1,
and

(11) a < min{l, ap},

where ag is the positive solution of quadratic equation

1 Lo+243m0 t2 t —1=0
4 (1-20gno—2£3n})? ot” + 1—20gno—203n3 ’

Then, sequence {s,} (n > 0) is non-decreasing, bounded above by

8** — 2770’
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and converges to s* such that
0 < s* < g™,

Moreover, the following error bounds hold for alln >0

n+1
0 < Snt2 — Snt1 < 5(Sna1— Sp) < (%) 70-

THEOREM 3. Let n, £y, {1, {3, {4 be non-negative parameters. Define scalar
sequence {vp} (n > 0) by

v = 0, U1=<1+%€077)77:7707

_ _ 1 (Lo+£3Vn41)Nnt1 Mnt1
Un4+2 — Un41 = [1 + 2 (1—L1vnt1)? T—l1vnir’

where

_ 1 1 (bo+L3v,)? 03 (Lo+L3vp)nn 04 3
M+l = 3 {5 O—Gom® T 6 (=tiony T 30=t1on)® §

and parameter o by

Lo+203m0)2 Lo+20
a:{;(0+ 370) +Q(o+ 37]0)75]0+3(1 N }772

2 (1—20ino)T " 6 (1—2l1mo) —261imo)® J 710
Assume:
lon <2,
20mp < 1,
and

a < min{l, ap},
where g 1s the positive solution of quadratic equation

1 Lo+203m0 2 t 1 —
4 (172[1770)3 770t + 1—-241mo 1=0.

Then, sequence {v,} (n > 0) is non-decreasing, bounded above by
0™ = 2,
and converges to v* such that
0 <" <™.

Moreover, the following error bounds hold for alln > 0

n+1
(12) 0 < Un+2 — Un+1 < %('Un—i-l - vn) < (%) To-

We can show the main semilocal convergence theorem for method .
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THEOREM 4. Let F: D C X — Y be a twice Fréchet-differentiable operator.
Assume: there exist a point g € D and non-negative parameters n, £;, i =
0,1,...,4 such that

(13) F’(xo)*l € L(Y,X),

(14) IF' (o) " F(zo)| < n,

(15) |F' (zo) " F (z0)|| < Yo,

(16) |F' (o) [F'(x) — F'(mo)]l < &llz— o],

(17) |F (o) ' [F'(z) = F'()]ll < tallz—yll,

(18) IF' (z0) "' [F" (x) = F"(o)]ll < 3]l — o,

and

(19) IF' (z0) "' [F"(x) = F" ()| < lalle —yl|  for all z,y € D.

Moreover, hypotheses of Theorem [I] hold, and
U(zo,t*) ={z € X | ||z — x| <t*} C D.

Then the method of tangent parabolas {xn} (n > 0) generated by is
well defined, remains in U(xg,t*) for all n > 0 and converges to a solution

x* € U(xo,t*) of equation F(x) = 0. Moreover, the following error bounds
hold for all n > 0:

”xn+1 - xn” < tnt+1 — tn,
and
|y — ™| <% —t,.
Furthermore, if there exists R > t* such that
U('T(]a R) cD
and
(20) OH(t"+R)<2

the solution x* is unique in U(zg, R).

Proof. We prove:

(21) k1 — @l < trgr — ti
and
(22) U(xpyr,t* —tip1) C U(zp, t* —t5) hold for all k > 0.
For every z € U(xq,t* —t1)
12 = zoll < [lz = 21l = [lzr — woll <7 —t1 + 11 =7 — 1o

implies z € U(zg,t* — ty). Note also that
1+ 2 F (o)™ B (@o) || [ F (o) ™ F (o) || I1F" (o) F (o)

< (1 + %50"7) n = 1no-

IN

lz1 — ol

AN
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Since also

lzy = @oll = | F'(x0) " Fwo)ll <n <1 (by (@)

(21)) and hold for k£ = 0. Given they hold for n =0,1,...,k, then

n+1 k1
@1 — @oll < Y [lws — @i |l <D (ti — tim1) = tre1 — to = tppa
i=1 i=1

and
|2k + O(zp41 — k) — ol <t + O(tpr1 —t) <t 0 €[0,1].
It follows from
(23)
1F' (20) " [F (pg1) = F' (20)]|| < L1l|pgr —woll < litpsr < 200m0 < 1 (by (7)),

and the Banach Lemma on invertible operators [7] that the inverse F' (x4 1)~ !
exists and

IF' (k1) F' (o)l < [1 = bllagrs — 2ol < (1= batgrn) ™

Set
(24) yr = x, — F'(x) " F ().
Then we get from
(25) That = Yo — 5 (xe) T F (@) (g — ).
Using , and as in [3] we get the approximation

! / /

F(wgy1) :/0 [F'(yk + 0(@h1 — 1)) — F (yi)) (21 — ye)dt
+ (F'(yr) — F'(x1)) (@541 — yr)
1

(26) + /0 [F" (i + 0y — @) — F" ()] (1 — £)dt (s — ).
By composing both sides of by F'(z0)~! and setting

T = [F' (o) " F(ap)| (k21), 7o =m0
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we get in turn

Tpr1 < 52/01t S[F (x) ™ F (o) [F' (o)~ (F" (xx) — F"(w0) + F" (0)]

2

AL () T F (20) [ (20) T F ()]} it

+ G () F (20)][F (20) ™' F ()]

3 (i) F (o) [ (wo) T [F" () — F"(0) + F'(wo)]

ALF () T F (20)][F (o)~ F ()]}
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+ GF ()~ F (o)) [F (o)~ F ()]

< L [(fo-i-fs\\rk—xoll)Q} 7t 4+ L2 totbllze—zoll &3 CaTly
= % [@-alze—=ol)® | Tk T 3 T-fller—=zol)"Tk T 6(T—t1]ler—zol)?
0o [ (Lo+lsts)? Lo Lo+Lsty Cany
(27) < 8 [(1—eltk)6 k+ 2 (1— —lrtp)* ] k+ 6(1—L1tg)3 -

Hence, we obtain from , f and

lzkte — zpt1]] <

< |14 HIP @) P @0l 1 (a0) (F ) = F(w0) + ()|

N F (@) T (o) || - I1F (o) T (@) || I1F (1) ™ F (o)

| F (o) T F () |

[1+ 1 _fo+es]|®ry1—2ol 7 } Mhet1
2 (1—li[zgr1—wol)? TR+1] 1— €1||zk+1 ol

1 fLo+Ls3t
(28) < [1 +3 (10g1(3t::11)2 77k+1} = glthrl = tpt2 — tht1,
which together with (21)) show (16) for all n > 0.
Thus for every z € U(xk+2, t* — tk+2) we have
2 = 2ps1ll < 2= zprall + | Thr2 — Tpga | < —thpo + o —terr =7 — gy
That is,
(29) PSS U(azkH, tt — tk+1).

Estimates and (29 imply that and hold for n = k+ 1. By
induction the proof of (21]) and is completed.

Theorem |1 implies {t,} (n > 0) is a Cauchy sequence. From and
{zn} (n > 0) becomes a Cauchy sequence too, and as such it converges to
some x* € U(zo,t*) (since U(zo,t*) is a closed set) such that

(30) |z — 2| <t° — 1.

The combination of and yields F(z*) = 0. Finally to show uniqueness
let y* be a solution of equation F'(z) = 0 in U(z, R). It follows from the
estimate

Flao) ™ [ 1+ 0" =) - el a0 <

1
< [y + 0" =) — w49

1
< 0 [ " — ol + (1= O)lly” — woll]d8 < G+ B) < 1, (by @),

and the Banach Lemma on invertible operators that linear operator

1
L= / F'(y* + 0(z* — y*))do
0
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is invertible.
Using the identity
0=F(") = F(y") = L(@" —y)
we deduce
xt=y".
That completes the proof of the theorem. O

THEOREM 5. Let F: D C X — Y be a twice Fréchet-differentiable operator.
Assume: there exist a point xo € D and non-negative parameters n, £y, {3, £y
such that

Fl(zo)™' € L(Y,X),
|/ (o) F (o) <
|F (o) F" (o) < o,
|F (o) H[F" () = F"(zo)]ll < €3]]z — o]

and
1F" (o) M [F"(x) = F"()]|| < Lallz =yl for all 2,y € D.
Moreover, hypotheses of Theorem [2] hold, and

U(zo,s™) C D.
Then the method of tangent parabolas {z,} (n > 0) generated by is well
defined, remains in U(xg,s*) for all n > 0 and converges to a solution x* €
Ul(zo,s*) of equation F(x) = 0.

Moreover, the following error bounds hold for all n > 0:
”xn—i-l - $n|| < Sn+1 — Sny
and
|xn — ™| < 8" — sp.

Furthermore, if there exists Ry > s* such that

U(.Z‘(], Rl) - D,

and
v =13l + 4 (R + )] € 0,1],
the solution z* is unique in U(xzg, Ry).
Proof. Tt follows along the lines of Theorem [4| but instead of we use
|F (o) " [F (x0) = F'(wnt1)]l <

/01 |F" (o) " {F" [0 + 8(xps1 — m0)] — F"(20) (w11 — w0) |

+ |F' (z0) T F" (o) (zh41 — m0)]|
303l zrs1 — oll® + Lollwess — zoll < G5ty + Loskta
203m5 + 26on < 1 by (10),

IN

IAIN
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SO

F g < [1-¢ — x|l — L2 PSTE
| F' (2x+1) (wo)|| < ollzr+1 — ol — 3€3l|Th11 — o]

—1

< (1 — losk+1 — %’Siﬂ)

Moreover, instead of we use
! /
Flaen) = [ /(e +tons =) = Flon)lonn — )
1
[ b = @) = @)1= 0dt( - a.)?

1,1
- /0 /0 F'"zg + 0t(y — z) )t (ye — 2)dO(xps1 — yi)dt

+ /l[F"(mk +t(ye — zx) — F(2p)](1 — t)dt (g — z1)?,
0

which as in leads to

IN

1 (0o + s|wp — ol )| F' (wr) " F (@) |11 F () " F" () |
+ 15 lsl| F () T F () [P F () T F (i) |+ L F () T F ()|
(o+L3||me—oll)* 7} ls (Lo+£3l|lme—ol)T3

0 4 12 ¢ 5
[1—to|zy,—aoll - ok —20]12] (1—tollex—zol|— 2 oy —=0|12)

Mhet1

IN

—3
4 Mk

6 ¢ 3
(1—tollzk—zoll— % |lzk—zol|?)

+

The rest follows as in Theorem [4] until the uniqueness part.
Let y* be a solution of equation F(xz) = 0 in U(xzg, R1). For z € U(x, Ry)
we have

1F" (o) T [ (2) = F' (o)l =

_ “Fr($0)—1 /01 F" (o + 01 (2 — 20)) (= — @0)d6;

<[ [ o+ a6z o)) — P o)

’ déy ||z — zo|



11 A semilocal convergence analysis for the method of tangent parabolas 13

+ (| (o) " F" (o) | - ||z — ol

1
<ty [z = 20l61d0r + o]z o]
< &)z — ol + boll= — o]

Set L = fol F'(y* + 6(z* — y*))df. Then we have for z = y* + 0(z* — y*),
6 €10,1]:
lz—zol] < (1-0)|ly* —zo||+0||z* —x0|| < (1—0)R1+60v" < (1—-0)R1+0R; = R;.

Hence, we get
1
1P/ o) L= Faoll < [ [$2 = w0l + tollz = ao]]| a0

< BRI 40P+ LR +0) =v€0,1]
By the above and the Banach Lemma on invertible operators L is invertible.
Using the identity
F(z") = F(y") = L(z" —y"),
we get
xt=y*.
That completes the proof of Theorem [} O

THEOREM 6. Let F': D C X — Y be a twice Fréchet-differentiable operator.
Assume: there exist a point xg € D and non-negative parameters n, £y, £1, {3,
{4 such that

F’(aso)‘1 e L(V,X),
|F' (z0) " F(zo)ll <
|F' (o) T F"(zo)| < o,
|1F (zo) "' [F'(x) — F'(z0)]l| < f1llz — o],
IF' (o) "' [F"(x) — F"(o)]ll < 3]l — o

and
IF' (z0) ' [F"(x) = F" ()| < lalle —yl|  for all z,y € D.
Moreover, hypotheses of Theorem (1| hold, and
U(zo,v") C D.

Then the method of tangent parabolas {xn} (n > 0) generated by is well
defined, remains in U(xg,v*) for all n > 0 and converges to a solution x* €
Ul(zo,v*) of equation F(z) = 0. Moreover the following error bounds hold for
alln > 0:
Hmn—l-l - an < Upg1 — Up,
and
|z — %] < 0" — vy.
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12

Furthermore, if there exists Ry > v* such that
U(zo, R2) € D,

and
El(v* + Rz) S 2,

the solution x* is unique in U(zg, R2).

Proof. Use instead of . The rest follows as in Theorem |5 until the
uniqueness part. Moreover the uniqueness part follows as in Theorem [4

That completes the proof of Theorem [6]

0

REMARK 1. In order for us to compare our results with earlier ones in [1],

[6], [12] define sequences {0y}, {M,}, {Nn}, {Bn} by

and function

(40) f(t) = 204t + L0ot® — t + 1.
Assume:
oMy < 2,
do(po) < 1,
ke <1,
U(zo,7) C D, rzl_i%,

0P0
or equation

15)=0

has one negative and two positive roots w*, w** such that w*

U(z,w*) C D or, equivalently,

Gaty—lor/ 02420y 1 _
(41) s 304 (Lo++/ 2 +203) a7 0 (fon < 5 for £y =0)
and

(42) U(zg,w*) C D.

(32) do = m, My=4_ly, No=1y,
(33) hn = Mndna Tn = 1+ %hm /Bn = Tn(sna Pn = Mnﬂnv
(34)  en = 3B, alp) =p+ zEnp’,
(35) & = (Reami 3+ Eha) /(1= gulpn)),
(36) ki = dhlpn)eahin/(1—¢nlpn)),
(37) Opt1 = C%hiém My = Mn(ﬁ%(ﬂn)/(l — én(pn)),;
_ Ny
(38) Npy1 = Ton(on)’
(39) wyg = 0, wpi1=wy— {1 4+ 1 2(?(‘1)1}];(;12}")} J{,((i’;)) (n>0),

*k

IN
S

and
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Then, the method of tangent parabolas {z,} (n > 0) generated by is
well defined, remains in U(zg, w*) for all n > 0 and converges to a solution

x* € U(xp, w*) of equation F(z) = 0. Moreover the following error bounds
hold for all n > 0:

”xn—i—l - xn” < Wp+1 — Wn
and
|zn — ¥ < w* — wy,.

Furthermore, if: w* < w** the solution is unique in U(zg, w**) otherwise the
solution is unique in U(zg, w*).
In general we have:

(43) U3 < {y.

If strict inequality holds in (43)) using induction on n we can easily show under
the hypotheses of Theorem 5[ and 7, , 7, and
Sntl — Sp < Wpt1 —wp (R >1)
Sp < w, (n>1)
and
s < w*.
That is, our Theorem [5| provides more precise error bounds and a better in-

formation on the location of the solution z*. In the case of /3 = ¢4, Theorem
[Bl reduces to earlier ones mentioned in this remark. ]

We complete this study with two simple examples:

ExamMpPLE 1. Let §g = ¢3 =0, n =1 and ¢4 = 1. Then, is violated
since

2
n:1>§.

Hence the results in [12] cannot be used. However all hypotheses of Theorems

are satisfied, since a9 = 1, and and hold. O

In the next example we show that % may be arbitrarily large.

ExaMpPLE 2. Let X =Y =R, 29 = 0 and define function ' on R by

(44) Fz) = / G(t)dt,
0
where
(45) G(t) = cot 4+ ¢1 + cosin e“st,

where ¢;, 1 = 0,1, 2,3 are given parameters. Using and we can easily
see that for c3 large and ¢y sufficiently small, % may be arbitrarily large. That
is holds as strict inequality and may be violated whereas hypotheses
of Theorem [5| may hold (see also Example . O
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