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Abstract. We show the equivalence bewteen the convergences of Mann and
Ishikawa iterations dealing with various classes of non-Lipschitzian operators.
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1. INTRODUCTION

Let X be a real Banach space, B be a nonempty, convex subset of X, and
T : B — B be an operator. Let ug,zg € B. The following iteration is known
as Mann iteration, see [2]:

(1) Unt1 = (1 — ap)up + anTuy,.
The Ishikawa iteration is given by, see [1]:

(2) Tyl = (1 — an)zn + anTyn,
Yn = (1 = Bp)zn + BTy,
The sequences {ay,} C (0,1), {B,} C [0, 1) satisfy

(o)
(3) 71151010 oy = nangO Bn =0, X%Oén = 00.
o

The map J : X — 2% given by Jz == {f € X* : (z, f) = |z|?,||f] =
llz||}, Vo € X, is called the normalized duality mapping. It is easy to see that
we have

(4) (y,5(@)) < llzl[ lyll, Vz,y € X,Vj(z) € J(z).
Denote

U= {¢ | :]0,+00) — [0, +00) is a nondecreasing map such that 1(0) = 0}.
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DEFINITION 1. Let X be a real Banach space. Let B be a nonempty subset
of X. A map T : B — B is called uniformly pseudocontractive if there exist
map Y €V and j(x —y) € J(x —y) such that

(5) (Te =Ty, j(z —y)) < llz — y|* = ¢(lz — yl), Vz,y€B.
The map S : X — X is called uniformly accretive if there exist map ¥ € W
and j(z —y) € J(x —y) such that

(6) <S$—Sy,j($—y>> Zw(Hm_yH)7 Vx,yGX

Taking v (a) := ¢(a) - a,Va € [0, +00), (¢ € ¥), we get the usual definitions
of 1-strongly pseudocontractivity and -strongly accretivity. Taking ¢(a) :=
v-a%y € (0,1), Va € [0,+00), (v € ¥), we get the usual definitions of strong
pseudocontractivity and strong accretivity. If v := 0, then we get the definition
of a pseudocontractive and accretive map.

The following inequality was used in [5]:

7)) Nz +yl? <=l +2 iz +y)), Vo,yeX, Vilx+y) e J(z+y).

We shall give new proofs for the results from [5]. Our technique is new and
does not need inequality . Remark that inequality is used in almost all
recent results concerning Mann or Ishikawa iterations.

LEMMA 2. Let {an} be a nonnegative bounded sequence which satisfies the
following inequality

(8) apt1 < (1 - an)an + anlnt1 — an% + apgn,  Vn = ng,

where ay, € (0,1), €, >0, Vn € N, Y7° o, = 00, and limy,_,oc €, = 0. Then
lim,, oo ap, = 0.

Proof. There exists m > 0 such that a, < M,Vn € N. Denote a :=

liminf a,. We shall prove that a = 0. Else a > 0. Thus, there exists
N7 € N such that

Qn 2> %7 Vn > Nj.
Because lim,, o £, = 0, there exists No € N such that
a
(<2 yn>
Set Ny := max{Ny, No}. Using —> > —an We get,
An41 < (1 - an)an + aplpy1 — an% + apén
w(2 e
< (1 —ap)ap + anapyr — an—gnz) + an—Q(WQL)

v(8)

< (1 - an)an + Qnlnt1 — Ap =5

From which we obtain (1 — ay)an+1 < (1 — ap)a, — ap ¢2(EL), that is:

v(5 v(5
nt1 < ap — 12371 2(,,,21) < an —apn 2(,,,21)7
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Qn

because S < —ay,. Thus, we have an% < an — ap+1, which implies
> ap < 00, in contradiction with Y a, = co. We proved that liminf a,, = 0.
Hence, there exists a subsequence {a,,} C {a,} such that lim; . a,, = 0.

Take ¢ > 0, there exists n3 € N such that

O < i, Vi > ns.
Also, there exists nqy € N such that
ey < v(5)

2m

Vn > ny.

Set ng := max{ng,n4, No}. We have a,, 11 < §,Vk > 0. Else, a5, > 5. The
following inequalities are satisfied.

w(anj+1)
J an;+1

o(E
(1 - anj)anj + QpAn+1 — O, S)f) + Qi

(1= am;)an; + om;an; 41 — an; ¢2(£)
v(5)

2m

anj+1 < (1 - Olnj)anj + Qpn;+1 — Qp + Qi En;

v(§)

2m

IN

IN

IN

€
(1 — anj)Z + Oénjanj+1 — anj

From which we get a,,+1 < § — an, %ﬂi). This leads to the following contra-
diction,
w(E
i S Apyq1 < % — On, 2(731) < %
Therefore Atk < %,Vk € N and hence lim,,_yoo a,, = 0. O

2. MAIN RESULT
Let z* be a fixed point of T

THEOREM 3. [5] Let X be a real Banach space B be a nonempty, convez,
bounded subset of X and let T : B — B be a uniformly continuous and uni-
formly pseudocontractive map. If {an},{Bn} satisfy , and ug = xg € B,
then the following are equivalent:

(i) the Mann iteration converges to T*,

(ii) the Ishikawa iteration converges to x*.

Proof. The uniqueness of the fixed point comes from . Suppose that
lim,, 00 U, = z*. Using

(9) lim ||z, —u,| =0,

n—oo
and
0 <2 = znl| < [lun — 2" + [lzn — unll
we get limy, o0 ,, = x*. Conversely, suppose lim,_,~ ©, = z*, then
0 <[l —unll < [lzn — 2" + [lzn — unl| =0,

leads to lim,,_,o x, = x*. The proof is complete if we prove the relation @ .
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Using , and we get
|41 — un+1H2 =
= (Tn41 — Uny1,J (Tnt1 — Unt1))
= <(1 —an)(Tn — un) + an(Tyn — Tun), j(Tni1 — Un+1)>
= (I — an){((#n — un), j(Zns1 — Ung1)) + 0 (TYn — Tn, j(Tns1 — Unt1))
< (1 —an) lzn — un|l [2n41 — tna |
+ o (Txpy1 — Tung1, j(Tns1 — Unt1))
+ an<Tyn - T$n+1,j($n+1 - “n+1)>
+ an{Tunt1 — Tup, j(Tpt1 — Unt1))
< (1= oan) lzn — un|l [2n41 — tna |
+ an [[Tny1 — un+1H2 — an® ([[ 21 — unyl])
+an [|[Tyn — Txniall [|Tns1 — unya||
+ an [|[Tunt1 — Tun || |Tn41 — i

< #ntr = wnsa [ (1= o) l2n — ual

Y(|lznt1—tns]l)
1741 —unt1]]

+ an [|[Tyn — Txniall + an | Tuns1 — Tunl)).

+ an [|Tng1 — Ung1]| — an

Suppose that ||zp+1 — Unt1|| = 0, then ||z, 1k — uptk| =0, for all & > 1. We
get our conclusion. Suppose now that ||z, — u,| # 0, for all n € N. The
following relation is satisfied.
[#n41 — unta || < (1 = an) [|2n — unll + o [Tns1 — tnsa|
-« %m + ap | Tyn — Txpial|

+ ap |[Tuns1 — Tun|| -
We prove now that

(10) nh_}rgo | Ty, — Txpi1|| =0 and 7L11_>rgo | Tuns1 — Tuyl| = 0.
For it is sufficient to see that

(11) [Znt1 = Ynll = [|=nzn + anTyn + Bpan — BT ||

< an (lzall + 1Tynll) + B (l2nll + 1 T2l])
< (an+Bn)M =0 (n— o0),
<

(12) lunt1 — unll < anllun — Tuy|| = 0 (n— o),

where M = sup,, (||[un|| + | Tunll, ||z |l + | Tynll; |0l + |T2x]|). The sequences
{zn}, {Tzn}, {Tun} and {T'y,} are bounded being in the bounded set B.
Hence, the M > 0, above is finite and holds.
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Observe that limy, o0 || Znt1 — Ynl| = 0, limy, 00 [|Un+1 — upn|| = 0 and the
uniform continuity of 7 lead to (10). Denote by a, := |z, — un|| and use
Lemma [2| to obtain lim,, o @y, = limy, o0 || — uy|| = 0. O

REMARK 1. If B is not bounded then Theorem [3| holds supposing only
{z,,} is bounded. If T'(B) is bounded then {z,} is bounded. O

3. FURTHER RESULTS

Let I denote the identity map.

REMARK 2. The operator T is a (uniformly, strongly) pseudocontractive
map if and only if (I — T') is a (uniformly, strongly) accretive map. O

REMARK 3. (1) Let T,S : X — X, and f € X be given. A fixed point
for the map Tz = f + (I — S)z,Vx € X is a solution for Sz = f.

(2) Let f € X be a given point. If S is an accretive map then T'= f — S

is a strongly pseudocontractive map. O

Consider Mann and Ishikawa iterations with Tx = f + (I — S)a:
(13) Zpp1 = (1= an)wn +on (f + (I = S)yn) ,
yn = (1 = Bu)an + Bn (f + (I = S)zn) ,
and
(14) Unt1 = (1 — an)up + o (f + (1 = S)up) .
Remarks [2] and [3] and Theorem [3] lead to the following results.

COROLLARY 4. [B] Let X be a real Banach space and S : X — X a uni-
formly continuous and uniformly accretive map with (I —S) (X) bounded. If
{an}, {Bn} satisfy @), and ug = zo € X, then the following are equivalent:

(i) the Mann iteration converges to a solution of Sx = f,
(i) the Ishikawa iteration converges to a solution of Sx = f.

Let S be an accretive operator. The operator Tx = f — Sx is strongly
pseudocontractive, for a given f € X. A solution for Tz = x becomes a solution
for x + Sx = f. Consider Mann and Ishikawa iterations with Tz := f — Sx:

(15) Tnt1 = (1 — an)xpn + an (f — Syn),
Yn = (1 - Bn)xn + Bn (f - Sl‘n) ,

and

(16) Unt1 = (1 — ap)up + an (f — Suy) .

Again, using the Remarks [2] and [3] and Theorem [3] we obtain the following
results which generalizes Corollary 3.2 from [3].
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COROLLARY 5. [5] Let X be a real Banach space and B a nonempty, convez,
closed subset of X. Let S : B — B be an uniformly continuous and accretive
operator with (I —S) (X) bounded. Let {a,} and {Bn} satisfy (@3)). Then for

ug = xg € B the following assertions are equivalent:

(i) the Mann iteration converges to the solution of x + Sx = f;
(ii) the Ishikawa iteration converges to the solution of x + Sx = f.

In [4] we deal with the Lipschitzian version of the above results. Thus, in
this paper we also generalized all the results from [4].
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