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THE ERROR ESTIMATION IN TERMS OF THE FIRST DERIVATIVE
IN A NUMERICAL METHOD FOR THE SOLUTION OF A DELAY
INTEGRAL EQUATION FROM BIOMATHEMATICS
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Abstract. The positive, bounded and smooth solution of a delay integral equa-
tion, which arise in epidemics spread, can be found in an approximative manner
using numerical methods achieved by the sequence of successive approximations
and quadrature rules classified after the properties of the function f, such as
Lipschitzian or in the C'! smoothness case.
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1. INTRODUCTION

The aim of this paper is to present some numerical methods for the approx-
imation of the solution of the delay integral equation:
¢

(1) ot) = | flsa(s))ds, tER,
-7

where f € C(R x Ry).

This equation is a mathematical model for the spread of certain infectious
diseases with a contact rate that varies seasonaly. Here, z(t) represents the
proportion of the infectivities in the population size at the time ¢, 7 is the
length of time in which an individual remains infectious and f(¢,x(t)) is the
proportion of new infectivities on unit time.

Some important results about the existence and the uniqueness of the so-
lution of the equation ([1)) were given in [3], [5], [6], [7] and [8]. In [8] I.A. Rus
give sufficient conditions for the existence and the uniqueness of a periodic
continuous nonnegative solution. In [5] R. Precup obtains the existence of a
positive solution using the Schauder’s fixed point theorem, and the existence
and the uniqueness of a positive solution using the Banach’s fixed point the-
orem. In [6] and [7] R. Precup obtains existence result for a positive periodic
solution using the Leray-Schauder’s continuation principle, and the existence
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and uniqueness of a positive solution using the monotone iterative technique.
Supposing the conditions which involve the existence of an unique positive
bounded solution of the equation to be satisfied, C. Iancu obtains in [4]
a numerical method for the approximation of this solution using the trape-
zoidal quadrature formula when the function f is in the C? smoothness class,
and give an algorithm for effective computation on the knots of this solution,
together the error estimation bound.

In the Section 2 of this paper we present a theorem for the existence of an
unique positive bounded solution of the equation . In the Section3 we obtain
a trapezoid quadrature rule for functions with the first derivative Lipschitzian.
Afterwards, in the Section 4, we present the error estimation in the numerical
method from [4], in the case that the function f is only Lipschitzian. In
the last section we present the error estimation in the assumption that f €
CY([~7,T] x R}) and when % and % are Lipschitzian in each argument.

2. THE EXISTENCE AND THE UNIQUENESS OF THE POSITIVE, BOUNDED, AND
SMOOTH SOLUTION

For the equation we consider the initial condition z(t) = ®(t), Vt €
[—7, 0], which means that the proportion ®(¢) of infectives in population is
known for ¢ € [—7,0]. Let T > 0 be a fixed real number. We have the initial
value problem:

2) z(t) = [I_ f(s,x(s))ds, ¥t € [0, T
z(t) = ®(t), Vt € [-7,0],

where ® € C[—7,0] and satisfy the condition:

(3) o) =b= [ f(s,0(s))ds.

—T

Since f € C ([—7,T] x R), using the Leibnitz’s formula of derivation into an
integral with parameters, we can see that the initial value problem leads
to a Cauchy’s problem for a delay differential equation:

()= f(t,z(t)) — f(t —1,2(t — 7)), Vt € [0,T
(4) {:r(t)-CI)((t),Vt))e 7. 0] ok e

and and are equivalent.
To obtain the existence of an unique positive, bounded solution we list these

assumptions:
(i) 3M > 0,35 > a > 0 such that ® is continuous on [—7,0] and 0 < a <
®(t) < B, vt € [-T,0];
(ii) f have the properties:
feC(-nT]xa,B), f(t,x) 20, Vie[-7,T], Vx>0,
f(tau)éMa Vte[_TaTL Vu € [aaﬁ];
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(iii) ® satisfies the condition (3), ® € C'[~7,0] and
#(0) = £(0,8) — f(—r,B(~7));
(iv) M7 < 8 and there exists an integrable function g(¢) such that
f(t,x) >g(t), Vte[-7,T], Vz>a
with .
/t g(s)ds > a, Vte[0,T7];

-7
(v) 3Ly > 0 such that |f(t,z) — f(t,y)| < L1 |z —y| for all t € [—7,T] and
z,y € [a, +00).

THEOREM 1. If the condition and the above conditions (i)—(v) are sat-
isfied, then the equation has a unique continuous on [—7,T| solution x(t),
with a < z(t) < B, VYt € [—7,T], such that x(t) = ®(t) for t € [-7,0]. More-
over,

max {|z,(t) —x(t)| : t € [0,T]} — 0
as n — oo, where xy(t) = ®(t) for t € [-7,0], n € N, zo(t) = b and
zn(t) = [1_ f(s,2n-1(s))ds for t € [0,T], n € N*. The solution x belongs
to C[—r,T].

Proof. As in [5] under the conditions (i), (ii), (iv), (v) follow the existence
of an unique positive continuous on [—7, 7] solution for such that z(t) >
a,vt € [—7,T] and x(t) = ®(t) for t € [—7,0]. Using Theorem 2 from [5] we
infer that

max {|zp(t) —z(t)|: t €[0,T]} — 0 as n — oo.

From (iv) we see that

t t

x(t) = f(s,z(s))ds < Mds=Mr<p, Vtel0,T].
t—T1 t—1
Because a < ®(t) < §,Vt € [-7,0] and z(t) = ®(t) for ¢t € [—7,0] we infer

that a < x(t) < 8,Vt € [—7,T], and the solution is bounded. We know that z
is solution for and we have x(t) = [' _ f(s,z(s))ds, for all ¢t € [0,T], and
because f € C([—7,T] x [a, 8]) we infer that = is derivable on [0, 7], and z’ is
continuous on [0,7]. From the condition (iii) follow that x is derivable with
z’ continuous on [—7,0] (including the continuity in the point ¢ = 0). Then
x € C'[—7,T)] and this concludes the proof. O

REMARK 1. In the hypotheses of Theorem [1| the initial value problem
has an unique positive, bounded and smooth solution on the interval [—7,T].
As in [8], this solution depends continuously by f. O

Consider the functions F, : [-7,T] — R, F,(t) = f(t,zn(t)), Ym € N.
Suppose that 3Ly > 0 such that

(5) |f(t1,l’)—f(t2,$)| SLQ‘tl_t2|7 Vt17t26 [_T,T],\V/SCE [(17/3].
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PROPOSITION 2. If the conditions (i)—(v) and holds, then the all func-
tions F,,m € N, are Lipschitzian with the Lipschitz constant L = Lo+2MyL1.

Proof. From the condition (v) we have,
[f(t2m(t) = F( ym ()] < Li [em(t) —ym @), VE € [=7,T].
Let
My = max{|®'||, M}.

We can see that

t1 to
fomltr) =zt = | [ fosmma(o)ds = [ floszma(s))ds
to—T 11
= 17 f(s,zm—1(s))ds + - f(s,zm—1(s))ds
t1 to
-] f(s,zm—1(s))ds — t f(s,xm—1(s))ds
to—T to
< [ ma@)lds + [ 15w (s)ds
§2M0-‘t1*t2|, th,tQE[*T,T].
Then
[Fim(t1) = Fin(t2)| = [f(t1, 2m (1)) — f(t2, Tm(t2))|
< |f(t am(ta)) — f(t2, 2m(t1))]
+ | f(t2, zm (1)) — f(t2, zm(t2))]
< (L2+2M0L1)|t1—t2‘, Vi, ty € [—T,T],
and so F}, is Lipschitzian, Vm € N. ([l

3. A TRAPEZOID QUADRATURE RULE FOR FUNCTIONS WITH THE FIRST
DERIVATIVE LIPSCHITZIAN

For Lipschitzian functions and for smooth functions ( in the class C' ) the
trapezoid quadrature rules are presented in [1] and [2]. Here we obtain a new
quadrature rule for functions f ¢ C?[a,b], but with f’ Lipschitzian.

LEMMA 3. For a derivable function f : [a,b] — R having Lipschitzian de-

rivative with a Lipschitz’s constant L > 0, the following quadrature formula
holds:

[ st = 152150 + 10+ RO,

and
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Proof. We compute by parts the following integral,
b b
[ =20 - rehla = [ -2)roa
b
= fO) (=2 2 - [ s
b
= 58 @) + 1O - | F@ar,
since X ,
[ = eirea = pest [ - eghar=o
Then, we have
b
| [Fa) + FO)] = [ (6= =) - £/
= &9 f(a) + £(b)] + R(S),
with
R() == [ (= =)0 - regar
For the remainder estimation we have,
b
R =] [ e - et
b
< [le=s o - e a
<L/b]t—“2+b]2dt
:LUGQ ath _ 2dt+/ 2dt}
L(b—a)3
12 :
O

COROLLARY 4. In the conditions of the previous lemma, considering a par-

tition of the interval [a,b],
a=ty<t1 <..<tph_1<t,=0,

we have the quadrature rule

n—1

[ s =5 X (11 = 6/ (6) = asa)] + Rl ),

with the remainder estzmatwn,

|
_

n

| Ru(f) IS 35 D (tigr — ta)°

i

Il
o
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Proof. On the each interval [t;,t;11], i = 0,n — 1, we have

[ et = 3 s = 0I5 — £ + R

i

Then
b n=l i n—1 n—1
[ rwar=% [ rde= 5 Yt = )50 — ftsn)] + 3 RS
a i=0 Yt =0 1=0
and
n—1 n—1
| Ru(f) 1< D I Ri(f) I< 5 ) (tis — ta)
i=0 i=0

O

REMARK 2. If the partition of [a, b] is uniform, then ¢; = a+i~b_7“, Vi=0,n
and t;41 —t; = b_Ta, Vi = 0,n — 1. In this case, the quadrature rule is:

b n—1
(6) /f®&=%¢WMQZﬂm+ﬂ®+&U%
a i=1
with the remainder estimation:
(7) | Ra(f) |< Mboel, O

4. THE ERROR ESTIMATION IN THE LIPSCHITZIAN CASE

Let ¢ be the solution of , which, by virtue of Theorem |1} can be obtained
by the successive approximations method.
So, we have ¢(t) = pn,(t) = ®(t), Vm € N*, for t € [—7,0] and,

po(t) = @(0) = b= 2 f(s,®(s))ds

p1(t) = [ f(s.00(s))ds
® o ¥meN, viteloT].

To obtain the sequence of successive approximations , it is necessary to
calculate the integrals which appear in the right-hand side, but this problem
can be solved only approximatively. In this purpose can be use quadrature
formulae rules. This rules will be adapted in correlation with the properties
of the function f.

First, we consider functions f Lipschitzian, with a constant L > 0. We can
apply the following quadrature formula:

b
Lfmmz%wmwﬂw+mn

with the remainder estimation
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and the generalized quadrature rule obtained using an uniform partition of
the interval [a, b] (see [1] and [2]).

Considering an equidistant division, a = x¢g < 21 < ... < &, = b, n € N¥,
the quadrature rule becomes

b n—1
(9) | ) = G50 [f(a)+f(b)+22f(fci) + Ru(f),
@ i=1

where the remainder R, (f) satisfies the inequality:

b—a)2-L
Ry (f)] < La®L,

To compute the integrals from we consider instead the function f, the
functions F,,, which by virtue of Proposition [2] are Lipschitzian.
We consider an uniform partition of the interval [—7,0] by the points:

—T=t <t <..<tlp_1<t,=0,
where t; —t;_y = h, h=Z,Vi =1,n, n € N*. Supposing that T'=I7, [ € N*

n
we construct a uniform partition of [0,7], with g =n+1-n,

Oztn<tn+1<...<tq71<tq:T,

witht; —t; 1 =h =T,Vi=n+1,q. We can see that t;, — 7 =ty _,, Yk = 1, q.
Using the quadrature rule @ to compute ¢, (t) from for t = tg, k =
n + 1, q, we have:

173

pm(tr) = f(s, pm-1(s))ds

t—T

= £t = Toma (6= ) + St o (10)

n—1

+ 2 Z f(tk+i -7, @m—l(tk+i - T)) + rm,k(f)') Ym S N*a
i=1

where for the remainder 7, ;(f) we have the estimation

(10) ()] < T, Vh=n+1,q, ¥YmeN".

— 4n >

In [4] C. Iancu presents the following algorithm:

1(te) = 9 [f (tk — 7, 0(tk — 7)) + f (tr, po(tr))
n—1

+ 23 fltigs — 7 po(ties — 7)) 4+ r1k(f)
=1
= o= [f (tk—n> w0 (tk—n)) + f (tr, po(tr)) +
n—1

+ 2 Z f(tk+i_n, SOO(tkz—&—i—n))] + Tl,k(f)

=1
= p1(ty) +rip(f), Ye=n+1,q,
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and

watr) = g [f (b — 7,01 (tk — 7) + 11 p—n(f)) + f(tr, 01(te) +r1e(f))
n—1

+ 2> fthpi — 701 (i — ) + T1ption ()] + r2(f)
=1
25 L (tk=ns @1 (tk—n)) + [ (tk, 01 ()

n—1

=23 Fltksionr, Biltisin)] + 75k ()

i=1

= Ga(ty) + 12 (f), Vk=n+1.q.

By induction, for m > 3, it follows:

em(ti) = F=1f (b= 7. Pm 1tk = 7)) + f (b P (t1))
n—1
+2 Z ftk+l - T, 76‘7;_—/1(tk+i - T))] + @(f)
i=1

= Z[f (tk,n,@j(tk,n)) +f (tk,@i(tk))

n—1
+ 2 Z ftk+i—n7 m(tk+i—n))] + Tm(f)
i=1
(11) = em(te) + rmp(f), VE=n+14q

To estimate the remainder, he use the classic quadrature rule (for functions
f € C?). For the error estimation of the remainders, 7y, x(f), we obtain in
this case the estimations:

n—1

|72 (f) | < g La | rie—n(f) |42 L [ Pprion(f) | +
=1

+ Ly [ rie(f) [+ [ roe(f) |

L 2L 2 2 2
< Gl +20n - V)T + R+
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= GE(Li+1), Vk=nT1g,
and for m > 3, by induction, we obtain:
__ _ 2 _ _
Pt ()] = lom (te) — Pm ()| < 2™ L+ L+ 7Ly 4+ 1),

Vk=n+1,q, Ym € N*.
If 7L, < 1, we have

— 2L (1=TmLP 27,
(12) k(A < T - (D) < miz

and we get the sequence (¢, (tx))men+> ¥ = 1+ 1, ¢ which approximates the
sequence of successive approximations on the knots tx, k = n+ 1, ¢, with
the error

— 2
(13) om (tk) — Pm(te)] < W];Ll)

THEOREM 5. Consider the initial value problem under the conditions
1)-(v), @), and TLy < 1. If the exact solution ¢ is approximated by the
sequence (Om(tk))men<» K = n+1,q, on the knots ty,k = n+1,q, by the
successive approximations method combined with the quadrature rule @D,
then the error estimation is:

— 72 —
(14)  Jom(tn) = Pmte)] < 1o [+ 772 L7 o — @1l opor

vmeN* k=n+1,q.
Proof. By the Banach’s principle and Picard’s theorem (Theorem 1.4.4,

page 33, from [9]) we have the following estimation:

mym

o(tk) = em(ti)| < 1=25 - llpo — @1llcpor -

Then, by virtue of the estimation we have:

lp(tr) — Pm(te)] < lo(te) — om (i) + lemte) — Om(ts)]
< =1, " lvo —eillcor + ma=y

2 -2
= on [E+ 2 L o - orlopy) - O

We can approximate also, the values of the derivative of the solution on the
knots. Indeed, from we have
t
om(t) = f(s,om—1(s))ds, Vt€[0,T], ¥m €N

t—1

By differentiation we obtain:

(15) (p;n(t) = f(t790m—1(t)) - f(t - T, @m—l(t - T))7 Vt € [OvT]7 Vm € N*‘
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For t = t;,k =n+ 1, q, we have

O (te) = [tk Pt (te) + T 16() = Fte = 7 @m_1(tk = 7) + P 1 k()
= [tk m-1(t)) = [ (then> Pm1(ti—n)) + Tmi(f)

(16)
= ol (t1) + wmi(f), YmeN', k=n+1q.

For the remainder w,, »(f) we have the estimation
— 2 " -
(17) | @mi(f) | 2L - ‘rm_l,k(f) < miry, YmeN, k=n+17g.

Since ¢'(tx) = f(tk, o(tr)) — f(tr — T, 9(tk — 7)), Vk =n+1,q, by we
get

| ¢/ (tr) — om(te) 1< Li(le(te) — @m—1(ti)] + ot — 7) — om—1(tr — T)]);
Ym € N*, k=n—+1,q. We can see that

TmLm
lp(te) — Pm—1(tk)| < =17 llpo — 901||C[0,T]
and
TmLT

9t — ) — mot e — )] < ToH g0 = o1l oo
Vm € N*, k =n+ 1, q, where

t
f(s,b)ds — b’ <b+ Mr.

leo — e1llepo,r) = max
t—T1

t€[0,T]
For this reason,
| ' (tk) — @ () | < @' (tk) — om(te) | + | @ (tr) — @ (tn) |

T LM (b+MT T2 [
(18) <2Ly- 11_(TL1 ) 4 43(%171;1) , VmeN* k=n+1,q.

REMARK 3. From these above, we see that it is possible to compute the val-
ues P, (tx) given in and ¢! (tx) given in on the knots tx, k =n + 1, ¢,

approximating the solution and his derivative with the error estimations as in

(13) and (18]), respectively. O
5. THE ERROR ESTIMATION USING THE FIRST DERIVATIVE

Suppose that f € C! ([-7,T] x [a, f]), and consequently there exists Mo >
0, Mo1 > 0 such that

My = max{ aa—{(t,x(t)) :te[-1,T1},
Mo = max{|2L(t,z(t))| : t € [-7,T]}.
Since
7, 2] = 2 (6 (0)) + 5L (1, 2(0)) -/ (0)
and

2'(t) = f(t,2(t)) - f(t =7 x(t = 7)),
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then
| Ep (1) = |7, xm(t))]’\ < Mg +2Moy - M, Vt € [-7,T], Ym € N.
Therefore
(19) || F, ||= max{| F,(¢) |: t € [-7,T]} < Mo+ 2Mp - M, Vm € N.
We can use the following trapezoid quadrature formula (as in [1] and [2]),

when f € Cl[a,b]:

b n—1 ]
(20) / f(z)dz = b2 [f(a) + () +2) fla+ @) + Ru(f)
@ i=1

with the error estimation

21) Ra(£)] < S22 |1 £)]

Considering the algorithm adapted at quadrature rule with the
remainder estimation we obtain the following result:

THEOREM 6. Consider the initial value problem under the conditions
()—(v) and f € C* ([-7,T] x [a,B]) . If the ezact solution ¢ is approzimated
by the sequence (Om(tk))mens & = n+1,q, on the knots ty,k = n+1,q, by
the successive approximations method combined with the quadrature rule
and the remainder estimation , then the error estimation is:

—_— 2 . _
lo(tr) = Pm(t)] < 75py - [FROFRREM + 7772 LT [lpo — g l],
Vk=n-+1,q, m € N*.

Proof. We have, analogous with the proof of the Theorem [f] and according
to the above quadrature rule, the following:

lp(te) — om(te)] < le(te) — em(te)| + [em(te) — Om(te)]

< T o — | + URoER Mol
2 . —
= gy (MM 1 2 L g —al]. O

In the case f € C? ([-7,T] x [a, 8]), using the classic trapezoidal formula,
C. Iancu obtains in [4] the result:

THEOREM 7 ([4, Th. 5.1]). Consider the initial value problem under
the conditions (1)—(v) and f € C?([-7,T] x [a,]). If the ezact solution ¢
is approvimated by the sequence (Pm(tr))mens K = n+1,q, on the knots
tr,k = n+1,q, by the successive approximations method , combined with
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the trapezoidal rule which give on the knots the values,
emlty) = 21f (tk Tpmoi(t = 7)) + f (e om (1)
+2Zf iy Pm— 1( )]"‘ka(f)

= @m(tk) +rmi(f), Vk=n+1,q,m e N,

then the following error estimation holds:

— 3 -3 M*
[oltk) = @mlt)] < Tz [T I - o = erllcroum + ]
Vk=n+1,q, m € N*, where M, = My + 37'M12 + TQMf’ and
0
M,y :max{|%| la| <2,5€0,T],u € [a, ﬁ]}
We apply now, the quadrature rule @f to compute the integrals from
the successive approximations , in the case that F) are Lipschitzian, using

the algorithm (11).

PROPOSITION 8. Suppose that the following conditions holds:

a) f € CH[-7,T] x [a, 8]), ® € C?*[-1,0];

b) 3L11 > 0, L1p > 0 such that
%5 (t1,2) = G (2, 2)| < Lu |t —ta] , ¥, 1 € [-7,T), V2 € [a, ],
‘%(t,zl) - %(f,ﬂ?g)‘ < Lil|z1 —xz2|, Vte|-7,T],Vr1229 € [a,];
c) Lo > 0, Lag > 0 such that
8(tr,@) = h(ta, )| < Loa [t — |, V1,5 € [-7,7),Va € [a, 4],
%(t x1) — d—f(t a:g)‘ < Log |z — 2], Vt€[-7,T],Vr129 € [0, ]

Then the functions F), are Lipschitzian on [—7,T].
Proof. We have,
[Fr(t1) — ()| =
= L (t1, 2 (t1)) + 2 (b1, 2 (t1)) - 2y (1) —
- %(h,ﬂ?m(tz)) 8f L(t1, T (t2)) - ' (t2) |
< L1 [t1 — t2| + Lo |$(t1) —a(ta)|+ || 8L || - |l (t1) — ), (22))]

+ [l (t2)] - [| G (s m (1)) = G (b, (1))
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0 )
15 (b, @ (01)) = G (22, @ (82))]
< L[ty — to| +2M - Lyg [ty — to| + || G || -(2La + AL1 M) - [t — to]

T

+ || 2y || (Loa [t1 = ta| + Lao [zm(t1) — zm(t2)])
< [Li1 4+ 2M - Lig + 2M (Loy + 2M Log) + Mo1 (2L + 4L M)] - |t1 — tof ,
Vi1, ty € [—7,T], that is,
|}, (t1) — Fy,(ta)| < L' [t1 —to| ,  Viti,te € [-7,T).
On the other hand, sincef € C'([—7,T] x [a, 8]), we have
2'(t) = f(t,z(t)) — f(t — T, 2(t — 7)), Vte|-7,T).
| =, ||< 2M and
|2, (t1) — 23, (B2)| < [f(t1, @1 (t1)) — flt2, 2m—1(t1))]
+ | f(t2, m—1(t)) — f(t2, Tm—1(t2))|
+ [ fltr =T zmo(ts — 7)) — f(t2 — T2 (1 — 7)) |

+ | flta =T xmai(ti — 7)) — f(ta = T, xm—1(ta — 7)) |
§(2L2+4L1M)"t1—t2’, Vi, to € [—T,T], Vm € N*,

The Lipschitz constant is
L' = [L11 +2M - Lo + 2M(L21 + 2ML20) + My (2L2 + 4L1M)]. O

THEOREM 9. In the conditions of Theorem [5| and Proposition |8|, the exact
solution of the initial value problem , p, is approrimated on the knots ty, k =
n+1,q, by the sequence (pm(tx)), m € N, given by , with the error:

— 3 _ ’
[o(tk) = @m(te)| < T 7" L™ - lleo = @illopr + 1),
vm e N* Vk=n-+1,q.
Proof. Follows from Remark [2] Proposition [§] and Theorem [f O

ExampPLE 10. To illustrate the method we consider the following numerical
example: Let 7=2,1=3,T=6,n=4, ¢ =16, w = 0.39745735,

p(t) = w- 255
and
flt,a)=1%- arctan®(t + z).
We use the following stop criterion: for chosen € > 0 find the smallest m € N*
such that
Gnlti) ~ i ()| <&, VR=nFLa.

For ¢ = 107 we found m = 6 and in the bellow table there are p,,(t;) and
@n\—/l(tk) for k=0,q— 1.
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Table 1. Numerical results

te | m(tr) om—1(tr) te | m(tr) om—1(tr)

to | 0.07949147 0.07949147 ts 0.16369548 | 0.16369544
t1 | 0.10598863 0.10598863 tg 0.24161442 | 0.24161434
ta | 0.1192372 0.1192372 t10 | 0.30979356 | 0.30979345
t3 | 0.12718635 0.12718635 t11 | 0.36226913 | 0.36226901
tq | 0.13248578 0.13248578 t12 | 0.40083609 | 0.40083597
ts | 0.078338039 | 0.078338038 | t13 | 0.42922205 | 0.42922195
te | 0.063332751 | 0.063332746 | t14 | 0.4506688 0.45066872
t7 | 0.095814042 | 0.095814023 | t15 | 0.46742765 | 0.4674276.
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