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BIERMANN INTERPOLATION OF BIRKHOFF TYPE

MARIUS BIROU

Abstract. If P0, P1, ..., Pr and Q0, Q1, ..., Qr are Birkhoff univariate projectors
which form the chains

P0 ≤ P1 ≤ · · · ≤ Pr, Q0 ≤ Q1 ≤ · · · ≤ Qr,

we can define the Biermann operator of Birkhoff type
BB

r = P ′0Q′′r ⊕ P ′1Q′′r−1 ⊕ · · · ⊕ P ′rQ′′0 ,

where P ′1, . . . , P ′r, Q′′1 , . . . , Q′′r are the parametric extension.
We give the representations of Biermann interpolant of Birkhoff type for two

particular cases (Abel-Goncharov and Lidstone projectors) and we calculate the
approximation order of Biermann interpolant in these cases.
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1. PRELIMINARIES

Let X,Y be the linear space on R or C. The linear operator P defined on
space X is called projector if P 2 = P . The operator P c = I − P , where I is
identity operator, is called the remainder projector of P . If P is projector on
space X then the range space of projector P is denoted by

(1) R(P ) = {Pf | f ∈ X}.

The set of interpolation points of projector P is denoted by P(P ).

Proposition 1. If P,Q are comutative projectors then

(2) R(P ⊕Q) = R(P ) +R(Q),
P(P ⊕Q) = P(P ) ∪ P(Q).

If P1 and P2 are projectors on space X, we define relation “≤” by

P1 ≤ P2 ⇔ P1P2 = P1.

Let f ∈ C(X × Y ) and x ∈ X. We define fx ∈ C(Y ) by

fx(t) = f(x, t), t ∈ Y.

For y ∈ Y we define yf ∈ C(X) by
yf(s) = f(s, y), s ∈ X.
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Let P be a linear and bounded operator on C(X). The parametric extension
P ′ of P is defined by
(3) (P ′f)(x, y) = (P yf)(x).
If P is a linear and bounded operator on C(Y ) then the parametric extension
Q′′ of Q is defined by
(4) (Q′′f)(x, y) = (Qfx)(y).

Proposition 2. Let r ∈ N, P0, P1, . . . , Pr be univariate interpolation pro-
jectors on C(X) and Q0, Q1, . . . , Qr univariate interpolation projectors on
C(Y ). Let P ′0, . . . , P ′r, Q′′0, . . . , Q′′r be the corresponding parametric extension.
We assume that
(5) P0 ≤ P1 ≤ · · · ≤ Pr, Q0 ≤ Q1 ≤ · · · ≤ Qr.
Then
(6) Br = P ′0Q

′′
r ⊕ P ′1Q′′r−1 ⊕ · · · ⊕ P ′rQ′′0

is projector and it has representation

(7) Br =
r∑

m=0
P ′mQ

′′
r−m −

r−1∑
m=0

P ′mQ
′′
r−m−1.

Moreover, we have
(8) Bc

r = P
′c
r + P

′c
r−1Q

′′c
0 + · · ·+ P

′c
0 Q

′′c
r−1 +Q

′′c
r − (P ′cr Q

′′c
0 + · · ·+ P

′c
0 Q

′′c
r ),

where P c = I − P , I the identity operator.

For the proof of Proposition 2 one can see [6].

Remark 3. If Pi, i = 0, r, and Qj , j = 0, r, are Lagrange interpolation
projectors which form the chains with respect to relation “≤”, the projector
Br is called Biermann interpolation projector (see [6]). In [10] we instead the
Lagrange projectors by Hermite projectors. In this article, our objective is to
construct chains of Birkhoff interpolation projectors and, with their aid, the
Biermann interpolant of Birkhoff type.

2. MAIN RESULT

Let be the univariate projectors of Birkhoff interpolation
P0, . . . , Pr, Q0, . . . , Qr

given by relations

(Pmf)(x) =
km∑
i=0

∑
p∈Ii,m

f (p)(xi)bmip(x), 0 ≤ m ≤ r,(9)

(Qng)(y) =
ln∑
j=0

∑
q∈Jj,n

g(q)(yj)b̃njq(y), 0 ≤ n ≤ r.
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Assume that
{x0, . . . , xkr} ⊆ [a, b], {y0, . . . , ylr} ⊆ [c, d]

with
(10) 0 ≤ k0 ≤ k1 ≤ · · · ≤ kr, 0 ≤ l0 ≤ l1 ≤ · · · ≤ lr
and

Ii,m ⊆ Ii,m+1, i = 0, km, m = 0, r − 1,(11)
Jj,n ⊆ Jj,n+1, j = 0, ln, n = 0, r − 1.

The cardinal functions bmip, m = 0, r, and b̃njq, n = 0, r, satisfy{
b
m (j)
ip (xν) = 0, ν 6= i, j ∈ Iν,m
b
m (j)
ip (xi) = δjp, j ∈ Ii,m

for p ∈ Ii,m, ν, i = 0, km and, respectively,{
b̃
n (i)
jq (yν) = 0, ν 6= j, i ∈ Jν,n
b̃
n (i)
jq (yj) = δiq, i ∈ Jj,n

for q ∈ Jj,n, ν, j = 0, ln.

Theorem 4. The parametric extensions
P ′0, . . . , P

′
r, Q′′0, . . . , Q

′′
r

are bivariate interpolation projectors which form the chains
P ′0 ≤ · · · ≤ P ′r, Q′′0 ≤ · · · ≤ Q′′r .

Proof. Let be 0 ≤ m1 ≤ m2 ≤ r. Then
km1 ≤ km2 ,(12)
Ii,m1 ⊆ Ii,m2 , i ≤ km1 ,

We have that
(P ′m1P

′
m2f)(x, y) =(13)

=
km1∑
i1=0

∑
p1∈Ii1,m1

km2∑
i2=0

∑
p2∈Ii2m2

f (p2,0)(xi2 , y)bm2 (p1)
i2p2

(xi1)

 bm1
i1p1

(x).

But
(14) b

m2 (p1)
i2p2

(xi1) = δi1i2δp1p2 .

From (12), (13) and (14) we have

(P ′m1P
′
m2f)(x, y) =

km1∑
i1=0

∑
p1∈Ii1,m1

f (p1,0)(xi1 , y)bm1
i1p1

(x) = (P ′m1f)(x, y),
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i.e.,

P ′m1 ≤ P
′
m2 .

Thus P ′0, P ′1, ..., P ′r form a chain. Analogous Q′′0, Q′′1, ..., Q′′r are projectors which
form a chain. �

Moreover, we have

P ′mQ
′′
n = Q′′nP

′
m, 0 ≤ m,n ≤ r.

The tensor product projector P ′mQ′′n of bivariate interpolation has represen-
tation

(P ′mQ′′nf)(x, y) =
km∑
i=0

∑
p∈Ii,m

ln∑
j=0

∑
q∈Jj,n

f (p,q)(xi, yj)hmip(x)h̃njq(y)

and it has the interpolation properties

(P ′mQ′′nf)(p,q)(xi, yj) = f (p,q)(xi, yj), 0 ≤ i ≤ km, 0 ≤ j ≤ ln,
p ∈ Ii,m, q ∈ Jj,n.

The projectors P ′0, . . . , P ′r, Q′′0, . . . , Q′′r generate a distributive lattice ξ of
projectors on C([a, b]× [c, d]). A special element in this lattice is

BB
r = P ′0Q

′′
r ⊕ P ′1Q′′r−1 ⊕ · · · ⊕ P ′rQ′′0, r ∈ N,

called Biermann projector of Birkhoff type and which has the interpolation
properties

(BB
r f)(p,q)(xi, yj) = f (p,q)(xi, yj), 0 ≤ i ≤ km, 0 ≤ j ≤ lr−m, 0 ≤ m ≤ r,

(15)

p ∈ Ii,m\Ii,m−1, q ∈ Jj,r−m

with Ii,s = ∅, ks < i ≤ ks+1, s = −1, r − 1 with k−1 = −1.
Let αi = |I0,i| + · · · + |Iki,i|, βi = |J0,i| + · · · + |Jli,i|, 0 ≤ i ≤ r. The range

space of projector BB
r is

(16) R(BH
r ) = Πα0−1 ⊗Πβr−1 + · · ·+ Παr−1 ⊗Πβ0−1.

The properties (15) and (16) result using Proposition 1.
Let be h = b − a = d − c and q = min{αr−m−1 + βm, −1 ≤ m ≤ r} with

α−1 = 0, β−1 = 0. From (8) we have

(17) f(x, y)− (BB
r f)(x, y) = O(hq), h→ 0.
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3. PARTICULAR CASES

3.1. Biermann interpolation of Abel-Goncharov type. Let be the uni-
variate Abel-Goncharov interpolation projectors

(Pmf)(x) =
m∑
i=0

gi,m(x)f (i)(xi), m = 0, r,

(Qnf)(y) =
n∑
j=0

g̃j,n(y)f (j)(yj), n = 0, r,

i.e.,

km = m, m = 0, r,
ln = n, n = 0, r,
Ij,i = {j}, j = 0, r, i = j, r,

Ji,j = {i}, i = 0, r, j = i, r.

According to [5], the cardinal functions gi,m, i = 0,m, are given by recur-
rence relations

g0,m(x) = 1,
g1,m(x) = 1− x0,

gi,m(x) = 1
i!

(
xi −

i−1∑
j=0

gi,m(x)
(i
j

)
xi−jj

)
, i = 2,m,

for m = 0, r.
One remark that the cardinal functions gi,m depend only the nodes x0, x1,

. . . , xi−1. It follows that the functions gi,m, i = 0, r, are the same for m = i, r.
One denotes

gi(x) := gi,m(x), i = 0, r, m = i, r.

We have analogous relations for the cardinal functions g̃j,n and we denote

g̃j(x) := g̃j,m(x), j = 0, r, m = j, r.

The indices sets of derivatives satisfy the chains of equalities

Ij,j = Ij,j+1 = . . . = Ij,r, j = 0, r,

Ji,i = Ji,i+1 = . . . = Ji,r, i = 0, r.

It follows that relations (11) hold.
We can define the Biermann operator of Abel-Goncharov type

(18) BAG
r = P ′0Q

′′
r ⊕ P ′1Q′′r−1 ⊕ . . .⊕ P ′rQ′′0,

where P ′i , i = 0, r, and Q′′j , j = 0, r, are the parametric extensions.
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Taking into account (7) we obtain the following representation for Biermann
interpolant BAG

r

(BAG
r f)(x, y) =

r∑
m=0

(P ′m(Q′′r−m −Q′′r−m−1)f)(x, y)(19)

=
r∑

m=0

m∑
i=0

gi(x)g̃r−m(y)f (i,r−m)(xi, yr−m),

where Q′′−1 = 0.
Using Proposition 1, the Biermann interpolant BAG

r has the interpolation
properties

(20) (BAG
r f)(i,r−j)(xi, yr−j) = f (i,r−j)(xi, yr−j), i = 0, r, j = 0, i.

Remark 5. The set of nodes form a triungular grid
(x0, yr)
(x0, yr−1), (x1, yr−1)
. . .
(x0, y1), (x1, y1), . . . (xr−1, y1)
(x0, y0), (x1, y0), . . . (xr−1, y0), (xr, y0) �

Let h = b− a = d− c. According to

‖f(x)− Pmf(x)‖ = O(hm+1), if f ∈ Cm+1[a, b],
‖f(y)−Qnf(x)‖ = O(hn+1), if f ∈ Cn+1[c, d],

and relation (8), the approximation order of Biermann interpolant of Abel-
Goncharov type is r + 1, i.e.,

(21)
∥∥∥f(x, y)−BAG

r f(x, y)
∥∥∥ = O(hr+1), if f ∈ Cr+1([a, b]× [c, d]).

Remark 6. The approximation order of Biermann operator BAG
r is the

same with the approximation order of tensor product operator P ′rQ′′r . If P is
an interpolation projector we denote by IP (f) the set of data about f (values
of function f and/or certain of its partial derivatives at nodes). We have

|IBAG
r

(f)| = (r+1)(r+2)
2 ,

|IP ′rQ′′r (f)| = (r + 1)2,

and
IBAG

r
(f) ⊂ IP ′rQ′′r (f).

It follows that the Biermann operator BAG
r is more efficient than tensor prod-

uct operator P ′rQ′′r . �
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3.2. Biermann interpolation of Lidstone type. Let be the univariate Lid-
stone interpolation projectors

(Pmf)(x) =
m∑
i=0

[lm0,i(x)f (2i)(x0) + lm1,i(x)f (2i)(x1)], m = 0, r,

(Qng)(y) =
n∑
j=0

[l̃n0,j(y)f (2j)(y0) + l̃n1,j(y)f (2j)(y1)], n = 0, r,

i.e.,

k0 = k1 = . . . = kr = 1,
l0 = l1 = . . . = lr = 1,
I0,i = I1,i = {0, 2, . . . , 2i}, i = 0, r,
J0,j = J1,j = {0, 2, . . . , 2j}, j = 0, r.

If we denote h = x1−x0 = y1−y0, from [1] we can obtain cardinal functions
by relations

lm0,i(x) = ∆i(x1−x
h )h2i,

lm1,i(x) = ∆i(x−x0
h )h2i,

m = 0, r, i = 0,m, where the functions ∆i, i = 0, r, are given by recurrence
relations

∆0(x) = x,

∆n(x) =
∫ 1

0
gn(x, s)sds, n ≥ 1,

with

g1(x, s) =
{

(x− 1)s, s ≤ x,
(s− 1)x, x ≤ s,

gn(x, s) =
∫ 1

0
g1(x, t)gn−1(t, s)dt, n ≥ 2.

One remark that the cardinal function lm0,i and lm1,i don’t depend of m. We
can make notation

l0,i(x) := lm0,i(x), i = 0, r, m = i, r,

l1,i(x) := lm1,i(x), i = 0, r, m = i, r.

We have analogous relations for cardinal functions l̃n0,j , l̃n1,j and we denote

l̃0,j(y) := l̃n0,j(y), j = 0, r, n = j, r,

l̃1,j(y) := l̃n1,j(y), j = 0, r, n = j, r.
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The indices sets of derivatives verify relations (11) because

Ij,i = {0, 2, . . . , 2i} ⊂ {0, 2, . . . , 2i, 2i+ 2} = Ij,i+1, j = 0, 1, i = 0, r − 1,
Ji,j = {0, 2, . . . , 2j} ⊂ {0, 2, . . . , 2j, 2j + 2} = Ii,j+1, i = 0, 1, j = 0, r − 1.

We can define the Biermann operator of Lidstone type

(22) BL
r = P ′0Q

′′
r ⊕ P ′1Q′′r−1 ⊕ . . .⊕ P ′rQ′′0,

where P ′i , i = 0, r, and Q′′j , j = 0, r, are the parametric extensions.
From (7), we obtain the following representation for Biermann operator BL

r

(BL
r f)(x, y) =

(23)

=
r∑

m=0
(P ′m(Q′′r−m −Q′′r−m−1)f)(x, y)

=
r∑

m=0

m∑
i=0

l0,i(x)[l̃0,2r−2m(y)f (2i,2r−2m)(x0, y0) + l̃1,2r−2m(y)f (2i,2r−2m)(x0, y1)]

+
r∑

m=0

m∑
i=0

l1,i(x)[l̃0,2r−2m(y)f (2i,2r−2m)(x1, y0) + l̃1,2r−2m(y)f (2i,2r−2m)(x1, y1)],

where Q′′−1 = 0.
Using Proposition 1, it folows that the Biermann projector BL

r has the
interpolations properties
(24)
(BL

r f)(2i,2(r−j))(xk, yl) = f (2i,2(r−j))(xk, yl), i = 0, r, j = 0, i, k, l ∈ {0, 1} .

From [1] we have

‖f(x)− Pmf(x)‖ = O(h2m), if f ∈ C2m[a, b],
‖g(y)−Qng(y)‖ = O(h2n), if g ∈ C2n[c, d].

Taking into account (8), the approximation order of Biermann operator BL
r is

2r, i.e.

(25)
∥∥∥f(x, y)−BL

r f(x, y)
∥∥∥ = O(h2r), if f ∈ C2r([a, b]× [c, d]).

Remark 7. The approximation order of Biermann operator BL
r is the same

with the approximation order of tensor product operator P ′rQ′′r . We have

|IBL
r

(f)| = 2(r + 1)(r + 2),
|IP ′rQ′′r (f)| = 4(r + 1)2

and
IBL

r
(f) ⊂ IP ′rQ′′r (f),
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where IP (f) is the set of data about f used by interpolation projector P . It
follows that the Biermann operator BB

r is more efficient than tensor product
operator P ′rQ′′r . �
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