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BIERMANN INTERPOLATION OF BIRKHOFF TYPE

MARIUS BIROU

Abstract. If Py, Py, ..., P. and Qo, Q1, ..., @, are Birkhoff univariate projectors
which form the chains

<P < <P, Q<@ < <Qr,
we can define the Biermann operator of Birkhoff type
B = RQ! & PlQ!_1 & - ® PQy,
where Py,...,P., QY,...,Q) are the parametric extension.
We give the representations of Biermann interpolant of Birkhoff type for two

particular cases (Abel-Goncharov and Lidstone projectors) and we calculate the
approximation order of Biermann interpolant in these cases.
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1. PRELIMINARIES

Let X,Y be the linear space on R or C. The linear operator P defined on
space X is called projector if P> = P. The operator P¢ = I — P, where I is
identity operator, is called the remainder projector of P. If P is projector on
space X then the range space of projector P is denoted by

(1) R(P)=A{Pf] f € X}.
The set of interpolation points of projector P is denoted by P(P).
PRrorosSITION 1. If P,Q are comutative projectors then

(2) R<P @ Q) = R(P) + R(Q)a
P(P®Q)=PP)UP).

If P, and P; are projectors on space X, we define relation “<” by
P <Py& P P,=P.
Let f € C(X xY) and z € X. We define f* € C(Y) by
o) = fz,t), teY.
For y € Y we define Yf € C(X) by
Yf(s) = f(s,y), seX.
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Let P be a linear and bounded operator on C(X). The parametric extension
P’ of P is defined by

(3) (P'f)(@,y) = (PYf)(x).
If P is a linear and bounded operator on C(Y') then the parametric extension
Q" of @ is defined by

(4) (Q"f)(z,y) = (QF)(Y)-

PROPOSITION 2. Letr € N, Py, Py, ..., P. be univariate interpolation pro-
jectors on C(X) and Qq,Q1,...,Qr univariate interpolation projectors on
C(Y). Let Py,..., P/, Qf,...,QV be the corresponding parametric extension.
We assume that
(5) Ph<P<--<P, Q<@ < <@

Then
(6) B, = PyQ; ® PIQ;_1 @ ---® PQq
is projector and it has representation
T r—1
(7) By=3 P, — Y PoQl_y
m=0 m=0

Moreover, we have
(8) Bi= P+ PQ + +PQ + Q0 — (PQy + -+ P Q)
where P¢ =1 — P, I the identity operator.

For the proof of Proposition [2{ one can see [6].

REMARK 3. If P;, i = 0,7, and @, j = 0,r, are Lagrange interpolation
projectors which form the chains with respect to relation “<”, the projector
B, is called Biermann interpolation projector (see [6]). In [10] we instead the
Lagrange projectors by Hermite projectors. In this article, our objective is to
construct chains of Birkhoff interpolation projectors and, with their aid, the
Biermann interpolant of Birkhoff type.

2. MAIN RESULT

Let be the univariate projectors of Birkhoff interpolation

PO)"'va?QOa"'vQT
given by relations

o
9) (Puf)(x) =3 > fP@)bip(x), 0<m<r,

1=0 pe}i,m

In ~
@) W) =D > gD pbj,(y), 0<n<r

.7:0 quj,n
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Assume that

{zo,..., 2k, } Cla,b], {vo,.--,u.} Clcd]

with
(10) 0<ky <k <<k 0Zpp<h<--ZUy
and
(11) Liy € Iimy1, 0 =0,kp, m=0,r—1,
Jim € Jjnt1, J=0,ln, n=0,r—1.
The cardinal functions b, m = =0,r, and b?q, =0, r, satisfy

{ b V(@) =0, v#i, j€Lym
b0 V(@) = 6jp, J € Lim
for p € I;m, v,i = 0, kyy, and, respectively,
{ b]q(z)( v) =0, v#j i€y
0 D (y) = 6ig, i € Jjm
forge Jjn, v,j= 0,1,.
THEOREM 4. The parametric extensions
Pl P, Ql....Q
are bivariate interpolation projectors which form the chains
pég...gp;j g <Q”
Proof. Let be 0 < mj; < mo < 7. Then
(12) kmy < Ko,
Limy C Limgy @ < kmy,
We have that

(13) (P, Py f)(,) =

3y (z S0 g ><xh>)br;;1<x>

11=0p1€Li;,m; \12=0p2€Liym,

But
(14) bzzz(pl)(xh) - 5i1i26p1p2-
From , and we have
k’nLl
(Pry Proy f) =3 > SO, b (@) = (P, (@, y),

11=0p1€li; ,m,
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ie.,
P, <P
Thus Pj, Py, ..., P/ form a chain. Analogous Qf, @Y, ..., Q! are projectors which

form a chain. OJ

Moreover, we have

PQI=Q!P. . 0<mmn<r.

nsm?

The tensor product projector P/ Q! of bivariate interpolation has represen-
tation

Em In
(PLQMN @) =D > > > fPD (s, yy)hiy (), (y)
1=0 p€l;m j=0q9€Jjn
and it has the interpolation properties
(Pr@u )P0 (@i y;) = FPD (i), 0<i <k, 0<j <1y,
pE I’L’,ma q € Jj,n-

The projectors Py, ..., Pl Qg,...,Q generate a distributive lattice  of
projectors on C([a,b] X [c,d]). A special element in this lattice is

B =PQ! e PlQ!_ ®---®PQ), reN,

called Biermann projector of Birkhoff type and which has the interpolation
properties

(15)
(BEf)PD (27, ;) = fPD(2i,5), 0<i <k, 05 <lispm, 0<m <,
pE Ii,m\li,m—hq € Jj,r—m
with I; s = 0, ks < i < kgy1, s = —1,r — 1 with k_; = —1.

Let a5 = [Toi| + -+ + |Ii,.il, Bi = |Joql + -+ |Ji,i], 0 < ¢ < r. The range
space of projector B is

(16) R(Brl*q) =ag—1 ®1lg, 1 + -+ + o, -1 @ IIg, 1.
The properties and result using Proposition

Let be h=b—a=d—cand ¢ = min{a,_m_1 + Bm, —1 < m < r} with
a_1 =0, -1 =0. From we have

(17) fl@,y) = (BY f)(a,y) = O(h7), h—0.
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3. PARTICULAR CASES

3.1. Biermann interpolation of Abel-Goncharov type. Let be the uni-
variate Abel-Goncharov interpolation projectors

(Puf)(@) =Y gim(@) fD (@), m=0,7,
i=0

QP =3 G FD (), n =TT,
7=0

ie.,

km=m, m=0,r,

ln,=n, n=0,r,
IJ,ZZ{]}? jzoarai:ja’ra
JZ'J‘ = {Z}, = O,T,j = i,?“.

According to [5], the cardinal functions g; ,, i = 0,m, are given by recur-
rence relations

gO,m(x) == 17

gim(z) =1

| N
Gim(@) = 5 (2 = T gim(@)(Da7), i =2m,
Jj=0

— X0,

for m =0, r.
One remark that the cardinal functions g; ,, depend only the nodes xg, x1,
..., xj—1. It follows that the functions g; m, ¢ = 0,7, are the same for m = ¢, 7.

One denotes

gi(z) == gim(z), 1=0,7r, m=1d,r.

We have analogous relations for the cardinal functions g;,, and we denote

9i(@) := gjm(x), Jj=0,r, m=jr.

The indices sets of derivatives satisfy the chains of equalities

Lig=1jjri=-=1Lir, J=0r

Jm‘ = Jz‘,z‘+1 =...= J@T, 1= 0,7“.

It follows that relations hold.
We can define the Biermann operator of Abel-Goncharov type

(18) Bl = Rl & PQ]_ & ...® PlQy,

where P/, i =0,r, and ;-’, j =0, r, are the parametric extensions.
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Taking into account we obtain the following representation for Biermann
interpolant BA¢

r

(19) (BAF)(@,y) = > (Pr(Q) = Q1 ) f) (1)

m=0

= Z Z-g’ gr m f(i’r_m) (xiayrfm)a

m=0i=0

where Q”; = 0.
Using Proposition , the Biermann interpolant BfG has the interpolation
properties

(20) (BAGf> e J)(xﬁy'f’ ]) f(’”” J)(xi7yT—j)7 ’iZO,T’, .]:077'

REMARK 5. The set of nodes form a triungular grid
(3307 yT‘)
(0, Yr-1), (71,%r-1)

(330>y1), (J:luyl)a (Ir—lvyl)
($0>?/0), (‘TluyO)a (Ir—1790)7 (J;'r‘)y()) O

Let h=0—a=d — c. According to

I () = Pnf (@)l = O™ ), i f € C™Fa, b,
Hf(y)— nf(@) =0, if fe " ed],

and relation , the approximation order of Biermann interpolant of Abel-
Goncharov type is r + 1, i.e.,

@) [f@y) =B @y)| = 0w, i f e (ab] x [e,d)).

REMARK 6. The approximation order of Biermann operator B;“G is the
same with the approximation order of tensor product operator P.Q/. If P is
an interpolation projector we denote by Ip(f) the set of data about f (values
of function f and/or certain of its partial derivatives at nodes). We have

Ipac (f)| = T2,

[Tpiqu(f)] = (r+1)%,
and

Igac(f) C Ipigy(f).

It follows that the Biermann operator BA is more efficient than tensor prod-
uct operator P/Q!. O
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3.2. Biermann interpolation of Lidstone type. Let be the univariate Lid-
stone interpolation projectors

(P f)(x) = Y10 (2) f 2D (20) + 17 (2) f ) (1)), m = 0,7,
1=0
(@ng) (W) = D 1) D (o) + T () fD ()], n=0,r,
j=0
ie.,
ko=ki=...=k =1,
h=b=...=1l=1,

IO’Z':II,Z':{O?Q""72Z.}7 Z.:O,"",
Joj=J1;={0,2,...,25}, j=0,r.

If we denote h = x1 —x¢ = y1 — Yo, from [I] we can obtain cardinal functions
by relations

5 (x) = Ai(B75)h*,
Ti(x) = Ai(520)h™,

m = 0,r, i = 0, m, where the functions A;, i = 0,7, are given by recurrence
relations

Ao(z) ==
1
Ay (z) :/ gn(x,s)sds, n>1,
0
with
_J@=1s, s<z
i(w,5) = { (s =1z, x<s,
1
9u@.5) = [ g1(@.Oga(ts)dt, 0> 2.
0

One remark that the cardinal function [f; and [}"; don’t depend of m. We
can make notation

lovi(x) = lg’tz(x% 1= 0,7", m=u1,r,
() := lfi(x)v i=0,7, m=1d,r

We have analogous relations for cardinal functions n

m
0.4+ I ; and we denote

log(y) = 15;(y),

J
Li(y) =05y), =07, n=7jr.

<
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The indices sets of derivatives verify relations because
Li={0,2,...,2i} € {0,2,...,2i,2i+ 2} = [;;41, j=0,1,i=0,r—1,
Jij={0,2,...,2} c{0,2,...,25,2j +2} = Li;11, i=0,1, j=0,r—1.

We can define the Biermann operator of Lidstone type

(22) B} = PyQ} & P{Q/_, @ ... ® PlQf,

where P/, i =0,r, and Q;-’ , j=0,r, are the parametric extensions.

From ({7)), we obtain the following representation for Biermann operator Bf

(23)
(BF f)(@,y) =

= > (PL(Q — Q) ) (2, y)
m=0

=" loi(@)lo2r—2m (@) £ 2 (@0, o) + I 2r—2m () f 22 (20, 1))

m=0 =0
T m
+ 33 hi(@) o 2r—am (W) F 272 (@1, 90) + ar—2m (1) £ 2™ (21, 1))
m=0i=0
where Q" = 0.
Using Proposition it folows that the Biermann projector B has the
interpolations properties
(24)
(BF /)P0 (g, ) = fE2OD @y p), i =0,7, j =04, k,1€{0,1}.

From [I] we have
If (@) = Puf (@) = O(h®™), if f € C*™a,b],
lg() = Qua(w)ll = OR*"),  if g € C*[c,d].

Taking into account , the approximation order of Biermann operator B is
2r, i.e.

(25)  ||f(@,9) = BEf(a,y)|| = O0*), if £ € C*([a.8] x [e,d)).

REMARK 7. The approximation order of Biermann operator B is the same
with the approximation order of tensor product operator P.Q!. We have

(L ()l =2(r+1)(r+2),
[Ipiqu (f)| = 4(r 4 1)?
and
Ipe(f) C Ipiqu(f),
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where Ip(f) is the set of data about f used by interpolation projector P. It
follows that the Biermann operator B2 is more efficient than tensor product
operator P/Q". O

[10]
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