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EXTENSIONS OF CERTAIN RELATIONS
OF THE CLASSICAL ANALYSIS
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Abstract. In this work we deal with certain integrals which are convergent for
a set of values of a parameter but which become divergent for other values. We
extend some relations involving such integrals, replacing them by neutralized
ones.
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1. TWO USEFUL NEUTRICES

We consider the functions ¢ +— ¢~ P sin st, t — ¢t~ P cos st defined for ¢t €
10, o[, where s, p €]0, 0o[ and the following well known relations:

o _ p—1

(1) /0 t~Pcos Stdt:”(ﬂ—p;Tp%, 0<p<l,
®—p msP!

(2) /0 t~ Psin Stdtzw, 0<p<2

The integral of (1) becomes divergent if p > 1 and the integral of (2) becomes
divergent if p > 2, so that for these values of parameter p the relations (1)
and (2) lose their meaning. To deliver these relations from the restrictions
concerning the parameter p, we replace the integrals by neutralized ones, using
the neutrices Ny and Ny, defined as follows.

Nyy is the set constituted by all the linear combinations of the functions
defined for £ €]0,00[, £ — €79, ¢ > 0, & — C+1In £ and 094+ (1), whose
coefficients are arbitrary functions of s €]0,00[. We have denoted by o0p (1)
a function which tends to 0, when & — 0, & > 0 and by C, the constant of
Euler.

Ny is the set constituted by all the linear combinations of the functions
defined for n €]0, 00, n +— n%cos sn, n — nisin sn, ¢ > 0, n — In n cos sn,
n +— In n sin sy and 0, (1), whose coefficients are arbitrary functions of
s €]0, 0o[. We have denoted by 0o(1) a function which tends to 0, as n — oc.

ProproSITION 1. The set Noi considered above is a normal neutriz.
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Proof. A function of Ny, has the expression
(3) p(s,€) =Y Pi(s) €% + Po(s) (C+1n &)+ R(s) 004 (1),
k=1

where 0 < g1 < -+ < @gm, Pr(s), k € {1,---,m} and R(s) are arbitrary
functions of s €]0, oo and P, is not identically zero.

The set Ny4 is obviously an additive group. To verify the neutrix condition,
we suppose that u € Np; and for any & €]0, 00|, the relation

(4) p(s,§) = (s)
holds, where v(s) is independent of £&. We must show that for each s €]0, oo,
~(s) = 0.

Because P, is not identically zero, then sg €]0, oo exists so that P,,(so) #
0. The relation (3) implies

(5) él_iglﬁq’" (50, &) = Pm(s0)

and the supposition (4) implies

1 qm . qm _
(6) (Jm &5 pifso, €) = Jim £975(s0) = 0.

Relations (5) and (6) imply P,,,(sp) = 0, which is a contradiction. Therefore

for each s €]0,00[, Pp(s) = 0, that is, P, = 0. In the same way we obtain
P,_1=0,---,P; =0. It results that for each s €]0, 0],

(s, 8) = Fo(s) (C+1In &) + R(s)oo(1).

If Py were not identically zero, then sg €]0, oo[ would exist so that Py(sg) #
0. In this case, the limit of (s, ), when & — 0, £ > 0 would be not finite and,
according to (4), v(sp) would be not finite, which is a contradiction. Therefore
Py =0. From (4) it remains ~y(s) = R(s)op+(1) and hence y(s) = 0.

The neutrix Ny contains all the functions having the limit zero when & — 0,
& > 0 and if it contains a function p, then it contains also the functions a,
for any number a. Therefore Nyy is a normal neutrix. 0

PROPOSITION 2. The set N considered above is also a normal neutriz.

Proof. A function of Ny has the expression
m
(7) v(s,m) =Y _( Pi(s) cos sn+Qx(s) sin sn) n%
k=0

+ (P(s) cos sn+ Q(s) sin sn) In n+ R(s)osc(1)
where 0 < go <q1 <-- < (@gm and Pk:(s)’ Qk(s)a ke {07 te 7m}7 P(S)a Q(5)7
R(s) are arbitrary functions of s €]0, co|.
The set N is obviously an additive group. To verify the neutrix condition,
we suppose that v € N, and for any n €]0, oo[, relation

(8) v(s,m) =(s)
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holds, where v(s) is independent of 7. We must show that for each s €]0, oof,
7(s) =0.

We suppose that v(s,n) has the expression (7), with m > 1, where at least
one of the functions P, and @,,, is not identically 0. Relation (7) implies

9) nli_)ng@ (n~= % v(s,n)) = nli_{go (Pn(s) cos sn+ Qp(s) sin sn)
and relation (8) implies

1 —qm —
(10) Jim (g™ v(s,m) = 0.

From (9) and (10) it results that the limit of the right member of (9) is 0. Let

s €]0, o[ be an arbitrary but fixed number. The sequences (1),),,cn«» Ty = “2%

and (1)) ,enes T = w tend to oo and
(1) Tt (Pu(s) cos stfy+ @u(s) sin 1) = Pu(s),
(12) Tim_ (Po(s) cos sy, + Qu(s) sin sn,) = Qu(s):

It results that P, (s) = Qm(s) = 0. Because the number s €0, co[ was
arbitrarily chosen, it results P, = 0, @, = 0. In the same way, we obtain
P,1=0,---,PA=0 and Q,,,-1 =0,---, Q1 =0.

Relation (7) becomes

v(s,n) = (13(3) cos 377+C~2(3) sin sn) In 7
+ Py(s) cos sn+ Qo(s) sin s+ R(s) 0so(1).
Replacing, according to (8), in this relation v(s,n) by (s) and dividing the
obtained relation by In 7 we obtain

~

lim (P(s) cos s77+€2(s) sin sn) = 0.

n—00

For an arbitrary fixed s using again the sequences (1},), cn-, and (0 ) nen+ we
obtain P =0 and Q = 0.
Relation (7) becomes
v(s,n) = Po(s) cos sn+ Qo(s) sin sn+ R(s)0so(1).

Besides the above sequences (7, )pen+ and (7, )nen+ we consider also the se-

quences (U;l)neN*, n;;/ = @, and (N2 )pen+, N0 = +72 which all tend
to 0o. We obtain

(13) Jim (Po(s) cos smy, + Qo(s) sin sny,) = Po(s),

(14) nlglgo (Po(s cos sm. + Qo(s) sin snn) = Qo(s),

(15) Jim (Pg(s) cos sm,. 4+ Qo(s) sin snn) = — Py(s),

(16) nh_)ngo (P()(S) cos snl + Qo(s) sin sy ”) —Qo(s).
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According to (8), for any s €]0, o[, the function n — v(s,n) has the finite
limit ~y(s), when 17 — oo. From the relations (13) and (15) it results Py(s) = 0.
From the relations (14) and (16) it results Qo(s) = 0. Because s €]0, oo was
arbitrarily chosen, it results Py =0, Qg = 0.

For any s €]0,00[ and n €]0,00[ v(s,n) = R(s)0x(1), therefore v(s) =
R(s) 000(1). This equality may be true only if for each s €]0, oo[, y(s) = 0.

The neutrix N contains all the functions having the limit zero when & — oo
and if it contains a function v, then it contains also the functions av, for any
number «. Therefore N, is a normal neutrix. O

2. EXTENSION OF RELATIONS (1) AND (2)

For any r € ]0,00[ and s €]0, co[ we consider the neutralized integrals

Noo Noo
17 I(s) = / 7 cos stdf,  Jy(s) = / 7 sin st dt.

No+ No+

PROPOSITION 3. For any positive real number r, which differs from an odd
integer, relation (1) can be prolonged by I,(s), i.e.,
r—1

(18) L:(s) = 510 cos 7T
and for any positive real number r, which differs from an even integer, the
relation (2) can be prolonged by J,(s), i.e.,
(19) Jr(s) =3

Srfl
2T(r) sin r3°

Proof. First, we consider the integrals I, and J,., where r = p+n, p €]0,1]
and n € N*. To obtain recurrence relations between these neutralized integrals,
we will use the neutralized formula of integration by parts:

1 —p—n+1 Noo s
(20) Iyin(s) = [—p+n_1 t cos st} N, Pl Jpn—1(5),
o ) Noo
(21) Jpn(s) = {—p+711_1 =+l gy st} Now + oo Ipin—1(s).
Because

Noolim 7P "l cos sp =0, Noglim &P " lcos s& =0,
Nyolim n7 P " lsin sn =0, Noylim &P " lsin s& =0,

relations (20) and (21) become

(22) Ipin(s) = — Iﬁ Jptn—1(8); Jp4n(s) = ﬁ Ipyn—1(s).
Starting from relations (1) and (2) and using (22), we obtain
Sp+n71

_x .
Ip+n(8) = 3 Tmm) cos i m) T

o sp+n71
JP"F”(S) ~ 2T(p+n) sin(p+n) 5"

These relations can be easily verified by induction.
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To find the expressions of Iox(s), k € N*, and of Jor41(s), k € N, we use
the recurrence relations

Dy(s) = — 521 Jok—1, Jorr1(s) = o5 Lok
and the relation J1(s) = 5. We obtain
k 2k—1 2k—1
(23) IQk(S) = (_1) g(;kfl)! = %F(Qk)s cos 2k7’
k 2k 2k
(24) Jor+1(8) = (1) 3 5y = 2 TORFD) om @D T
which completes the proof. O

Now we calculate the values of the neutralized integrals I,.(s) and J,(s) for
the values of r excepted in Proposition 3.

PRrROPOSITION 4. For any n € N*, the following relations hold

(25) Iopt1(s) = = <Zk — In 5>,

2n—1
(26) Jon(s) = (=1)"" 1(;721 ) <Z r — In s).

Proof. First we calculate the neutralized integral I;(s).

Noo Noo
Ii(s) :/ t=1 cos st dt:/ t7! cos st dt
N0+ N(H—

o oo
= Not lim/ t=% cos st dt = Ny lim/ z~ ! cos x du.
3 8§

To evaluate the last Ny limit, we will use the well know property of the func-
tion “cosine integral”

(27) Ci(z) = /Z 2! cos z dz, hn(f)l (Ci(z) —In 2) =C.

[e.o]

where C' denotes the Euler’s constant. Relations (27) imply
Ci(z2) =C+1n z+ o094+(1),

/ z7lcos xdr=—Ci(s€)=—C—1n & —1In s+ 04 (1),
s€

o0
No+ lim/ z7! cos xdz=—1In s,
8§

(28) Li(s)=—In s

Using the neutralized formula of integration by parts for Is,11(s) and Joy(s),
n € N*, we obtain the following recurrence relations:

—1)" 2n
(29) Dpya(s) = 55 (% -5 J2n(3)) )

( 1)71,71 2n—1

(30) Jon(s) = gy (S — = 8 Lna(s))-
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From (28), (29) and (30) the relations (25) and (26) result. O

3. APPLICATIONS

REMARK 1. Formulas (18), (19), (25), (26) give us the values of I,(s) and
of J.(s) for each r €]0,00[ and s €]0,00[. Further, for each r €]0, c0[ and
a, b €]0,00[, we can easily find the values of the following Froullani-type
integrals

Noo
F,(a,b) :/ t~ " (cos bt — cos at) dt,

No+
Noo
G.(a,b) :/ t~ " (sin bt —sin at) dt

Not

using the additivity of neutralized integrals. As example,
T —1 —1 .

(31) Fr(a,b) = W (bT —ar ) 5 lf 7"#2”“—1, TLGN,
(32)  Gr(ad) = grpyamr T (bt — a" Y, if r#2n, neN

(33) Fi(a,b)=In a—1n b.

Formula (33) is true also if instead of the neutralized integral we have a
classical one. Similarly, for r = 2, the relation

Fy(a,b) = 5(a —b)

is also true if we use the classical integral. But these relations can’t be obtained
using the additivity of classical integrals because the integrals

o0
/ t~ "cos stdt
0

are divergent, for r = 1 and r = 2. That illustrate one of the advantages of
using neutralized integrals. O
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