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SOME REMARKS ON HILBERT’S INTEGRAL INEQUALITY

LJ. MARANGUNIC* and J. PECARIC!

Abstract. A generalization of the well-known Hilbert’s inequality is given. Sev-
eral other results of this type obtained in recent years follow as a special case of
our result.
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1. INTRODUCTION
First, let us recall the well known Hilbert’s integral inequality:

THEOREM A. If f, g € L*(0,00), then the following inequality holds:
1
3

(1.1) //%ﬂf”dmdygw /f2(x) dx/gQ(az)dx ,
0 0 0 0

where m 1s the best constant.

In the recent years a lot of results with generalization of this type of in-
equality were obtained. Let us mention two of them which take our attention.

THEOREM B. (Gavrea, [1]) i) Let a be a real number such that a > 1. If
f, geL? (%,a), then:

2
a a a

(1.2) / @) 4y < K, () /xlf/\fQ(x)dm/xlf)\gQ(x)dx |

1 1 1
a a a

where:

T a2
Ka()\):/%dx, 2> 0.
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ii) Let 0 < a <b. If f, g € L?(a,b), then:

(1.3) // Y dzdy < K\/:()\) (/b 22 () dx/bxl)‘QQ(x) dx) § .

a a

THEOREM C (Brneti¢ and Pecari¢, [2]). If f, g are real functions and
Aop,g>0, %—l—% =1, then the following inequalities hold and are equivalent:
(1.4)

1 1

] o o » [ 00 L a q

/ xli/(y) dzdy < B(% %) (/mp 1 %fp(x) dl’) (/;pq 1-Z g‘l(SU) d:L‘)
0

0

and
00 0o p 00
s y( {éi);if) dy < B’ (3.3) [ Py a
0

where B is a beta-function.

In this paper we generalize inequalities (1.2) and (1.3). As a special case of
our results we obtain Theorem C.
In the rest of our paper we suppose that all integrals converge.

2. MAIN RESULTS

A generalization of inequalities (1.2) and (1.3) is given in the following
theorem:

THEOREM 1. Let 0 < a < b. If f, g are real functions and p, ¢ > 0,
1,1 _ .
5 —+ 6 = 17 th@n
(2. 1)

// f(xx_zg(y) dzdy < K\/g()\) (;xplp;fp ) (/b *q? dac) ‘ )

a

where
b
Vi s
K s = / EIsdr,  AER.

a

b

Proof. Our proof consists of two steps. In the first step we prove the fol-
lowing lemma:
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LEMMA 1. Let a be a real number such that a > 1. If f, g are real functions
and p, ¢ >0, %%— % =1, then:

(2.2)
1 1
a a a P a 4
A A
// f(;a:lg()y) drdy < Ku()) /xp_l_%fp(x) dz /mq_l_q?gq(:c) dz|
11 1 1
where
>\—2
K,(\) = / (1+x))‘ dz, A€ RT.
1
Proof. We start with the following equality:
2-)
2p
9(W) =
(2.3) //f;jz‘:(y) da:dy—// z - —= 2 dgdy.
19 74 (@ry)?P (z+y) @
By Holder’s inequality and (2.3), we have:
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/N
<

.

Q

/ (2— /\Q)(q p) /a g) d d
P — adx
91 (y)y @+ Yy

(2 A)(p a) / (2=XN)(a—p)
/ e Lido| | [gw™ 10y

Q=

A—2

a ﬁ a
where we denote I“:/l (%) Y (x+y) My, y:/ (5) C(w+y) e

Using the Change of variables y=xt, dy = xdt we have for I

a
A—2

T tT
dt = H/ dt =z'*h
/ (z + xt)? CEL v J (1+t)* v (z)

azr ax

and similarly: I, = y*~*h(y).
S e

Since z € ( a) we conclude that h(x) = /1 t 2 (14+t)""dt >0, and for
A > 0 h strictly increasing on (%, 1) and strictly decreasing on (1, a) (see also
[1]). Hence:

a tﬁ
2

2.5 h(x) <h(l)= | ——dt = K,(\).
(25) () < h(1) 1/<1+t>k )

a

Using this inequality, (2.4) can be rewritten as:

[ [ 010, <

Q=
Q=

1 1
P a q
(2 A)( ) (2=N)(g=p)
/ (O TS I i K TR
1
1 1
a P a
A A
/fp(m):vp’l’% da /gq(y)yq’l’% dy
1 1
and the Lemma is proved. ]

REMARK 1. Inequality (2.2) is a generalization of Theorem B i). We obtain
(1.2) by putting p = ¢ =2 in (2.2). O
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We continue proving our Theorem 1 by rearranging (2.2). We put \/g
instead a, b > a, and obtain:

\/:f (z1)g1(y1)

z1 + 1)

[u—

o

=
S—
S—

Now we transform X;0Y; — XOY by putting = = z1vab, y = y1Vab.

% Iy 1
Taking into account % {%’1 = “/(‘)7 \/7\/ ab = a, \/>\/ ab = b,
we obtain:
//fl(ab)gl(m) dzdy
A P
x Yy ab
o (5t )
1
b pA P
xP~173 dx
<K 5(A / P (£
= )< sz () @) :
1
b g q
zi~ =7 dx
2.7 X /— T2 ) —= .
=0 ( (ab)é(w?)gl( ) \/ab)

Replacing f; ( ﬁ) with f(z) and ¢ (ﬁ) with g(y) we rewrite inequality

(2.7):
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S e S
X </$q_1_2gq(:n)( ) dz) .

a

By dividing both sides of the last inequality with
(@t = (@B B b g4
we obtain (2.1), thus completing the proof of Theorem 1. O

REMARK 2. Inequality (2.1) is a generalization of Theorem B ii). We obtain
(1.3) by putting p = ¢ =2 in (2.1). O

A generalization of inequalities (1.4) and (1.5) is given in the following
theorem:

THEOREM 2. Let 0 < a < b. If f is a real function and p > 1, then:

b b p b
CONNN S (/ m) dy < K 50 [ 1% (o) o

a a a

Also, (2.1) and (2.8) are equivalent.

Proof. Let us show that (2.1) and (2.8) are equivalent.
First suppose that inequality (2.1) is valid. Denoting

b p—1
g9(y) = (/ (J;;(i);l;) y? !

a
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b b ( ) (p—1)q q
g—1-9 Apa_, / f(x)dx
x /y 2y ( [CETL dy

a

b P
= K /() (/a:p12fp(a:) dx) x

a

b ( ) p+q—q %
&_1 f xr d$
— d .
8 /y2 (/(x%—y)A) Y
By putting:

/ OIIAY
ap_ r) da

we can write the last inequality in the following form:

b P
A 1
I<K 5()) (/xpl’éfp(x) dx) x Ia,
VET
wherefrom we have (2.8).

Now let us suppose that inequality (2.8) is valid. By applying Holder’s
inequality (in one variable) and (2.8) we have:

/ R Ce-9) / f(z)dx ’ y _a '
S(/y a (/W) dy) (/yq 29q(y)dy)

a a

— (/by?—l (/b (J;(i);)i)p dy) 5 (/byq‘l‘qggq(y) dy)q,

a

wherefrom we have (2.1). Since (2.1) has already been proved, the inequality
(2.8) holds, too. O
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REMARK 3. For a — 0, b — oo we have Kﬁ()\) — B (%, %) and we obtain

Theorem C as a special case of our result. O
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