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ON THE BOUNDENESS OF THE ASSOCIATED SEQUENCE OF
MANN ITERATION FOR SEVERAL OPERATOR CLASSES WITH
APPLICATIONS*

STEFAN M. SOLTUZ'

Abstract. We prove that the associated sequence of Mann iteration is decreas-
ing and hence bounded provided that the operator satisfy minimal assumptions.
In particular we obtain for a nonexpansive operator that the associated sequence
of Ishikawa iteration is decreasing for a nonexpansive operator. Applications to
the convergence of Mann iteration are given.
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1. PRELIMINARIES

Let X be a real Hilbert space, let B C X be a nonempty, convex set. Let
T : B — B beamap. Let 1 € B, be an arbitrary fixed point. We consider
the iteration

(1) Tnt1 = (1 —ap)zy + anTxy,.

The sequence (ay,), satisfies:
[e.9]

(2) (an)n C (0,1), z:lan = 00, nh_)rgo apn = 0.
n=

Iteration is known as Mann iteration, see [2]. Supposing that 7" has
a unique fixed point z*, we can associated for ((1)), a nonnegative sequence
(llzn, — *||)n, named the associated Mann sequence. Ishikawa iteration is given
by, see [1]:

(3) Un+1 = (1 — ap)up + anToyp,
Up = (1 - 6n)un + BnTunp.
The sequences (ap,)n, (Bn)n are in (0,1). Supposing again that 7" has a unique

fixed point x*, we can associated for Ishikawa iteration, a nonnegative sequence
(|, — 2*||)n. We will name this sequence the associated Ishikawa sequence.
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When T is a nonexpansive map, the associated Ishikawa and Mann sequences
are decreasing.

PROPOSITION 1. Let X be a Banach space, let B C X be a nonempty, con-
vex set. LetT : B — B be a nonexpansive map (i.e.|Tx — Ty|| < ||z — y||,Vz,y €
B), then the associated Ishikawa sequence is decreasing.

Proof. Let x* = Tz*. For all x,y € B we have
[
=11 = o) (un — &%) + o (T, — Ta™)|
< (1= ap) |lun — "] + ap || Ty, — T2™||
< (1= ap) [Jun — || + an [lo, — 7
— (1= an) Jun = @[ + @ | (1 = Bo)(ttn — 2*) + BT — T
(1= an) ln — | + an (1 = Ba) llum — °]| + Ba Tt — T
( )
( )

IA A

1— o) [[un — 2% + an (1 = Bn) lun — ™| + B llun — 27|)
= (1= an) lup — 27| + an [lun — 27

[un — 7| O

Setting 5, = 0,Vn € N we get a similar result for Mann iteration.

PROPOSITION 2. Let X be a Banach space, let B C X be a nonempty, con-
vex set. Let T : B — B be a nonexpansive map (i.e., ||Tz — Ty|| < ||z —y||,
Vx,y € B), then the associated Mann sequence (||x, — x*||)y is decreasing.

We need the following definition:

DEFINITION 3. The map T : B — B is called strongly pseudocontractive if
there ezists k € (0,1) such that

@) NTe=Tyl* <z =yl + &I - T)z = (I = T)yl*, Va,yeB.

In a real Hilbert space we have equivalently the following definition: T is
strongly pseudocontractive map if there exists k € (0,1) such that

(5) <T95—Tya$—y>Sk‘|x—yH2>VﬂfayEB-
If kK =1 then T is a pseudocontractive map. Denote by I the identity map.

REMARK 1. A map S is (strongly) accretive if and only if I — S is (strongly)
pseudocontractive. O

The aim of this note is to prove that this sequence converges decreasing
to zero when T is a strongly pseudocontraction. Also similar results hold for
an accretive map and a strongly accretive map. This property will be a good
tool, in order to prove the convergence of Mann iteration when the operator
is with unbounded range.

The following result is proved in [I].
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LEMMA 4. [1] Let X be a real Hilbert space, the following relation is true
for all z,y € X, and for all A € (0,1):

6) (1= Na+ Ayl = (1= M) l® + Ayl = A1 = A) [l = y]|*.

We need the following inequality.

LEMMA 5. If X is a real Hilbert space, then the following relation is true
(7) lz+yl* < [l«]® +2(y,x +y), Yo,y € X.

Proof. For all x,y € Xwe have

lz +yl* = ll2l® + lyl* + 2 (y,2) < ||® +2 (v, 9) + 2 (y,2)
<z +2(y,x +y). O
Also we need the convergence of a sequence supplied by an inequality.

LEMMA 6. [4] Let (an)n be a nonnegative sequence which satisfies the fol-
lowing inequality

(8) ant1 < (1 - An)an + on,
where A, € (0,1), Vn € N, 3°0° A\, = 00, and 0, = o(A\y). Then limy,_o0 ayn =
0.

2. MAIN RESULTS

THEOREM 7. Let X be a real Hilbert space and let B C X be a nonempty
convez set, and T : B — B a strongly pseudocontractive operator with constant
k. Then the associated Mann sequence (||x, — x*||), is decreasing.

Proof. Strongly pseudocontractivity assures the uniqueness of the fixed point.
Thus the sequence (||z, — z*|),, is well defined. Using (), we have
|21 = 2| = (1 = an) (@ — %) + an(Tan — Ta)||?
= (1 - an) ||z — 2*|* + | Ty — 2"

— an(1 — o) || Tzn — zn|?-

If there exists the number kg such that ||xg, —2*|| = 0, then ||z, — z*| =
0,Vn > ko.
If ||zy, — x*|| # 0,Yn € N, then we have
lentr—2*I* _ (1 _ | Ton—a*|? _ — oY Tzn—zn|?
fon—are — (17 ) Fan Gt — an(l—an) fEiet <

The last inequality is equivalent to

12 2
—1+ Tzn—z*|" _ (1 _ an)”Twn_anH <0&

s lln—a*|?
Txp—z*| | Tzn—zn|?
9 ITzn—2"]| <1+ (1-q,)——2L.
) fenerpe = 1 (L an) T
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The proof is complete if we are able to prove @ From strongly pseudocon-
tractivity we have

[Ten=a*? < | 4 p; | Toa=eu|?
fen—a ] = fen—o" | "

Because lim,,_.o o, = 0, there exists ng such that for all n > ng we have
an < 1— k. Thus, we get

14+ k,HTxnfanQ <14 (1 _ an) HTznf:JanQ.

[ llen—a*[|*

Hence @D is true. ]
Consider the following equation
Sz = f,

where S is a strongly accretive map and f is a given point in X. Consider the
map Tz = f+ (I — S)z, Vx € X. A fixed point for T will be a solution for
the equation Sz = f. Remark [I] and Theorem [7]lead to the following result.

COROLLARY 8. Let X be a real Hilbert space and S : X — X a strongly ac-
cretive operator with constant k.  Then the associated Mann sequence
(lxn — 2*|]),, is decreasing, where (xy,)y is given by

Tnt1 = (1 = an)an + on (f + (I = 5)) n,
with (au)n satisfying , where x* is a solution for Sx = f.
Consider the following equation
x+ St = f,

where S is an accretive map and f is a given point. Consider the map Tx =
f—Sz, Yz € X. A fixed point for T will be a solution for the equation Sx = f.

REMARK 2. [3] If S is accretive map then T' = f — S is strongly pseudocon-
tractive map. O

Remark [2] and Theorem [7]lead to the following result.

COROLLARY 9. Let X be a real Hilbert space and S : X — X an accre-
tive operator. Then the associated Mann sequence (||z, — x*||),, is decreasing,
where (xy)n is given by

Tpy1 = (1 — an)n +an (f — 5) Tn,

with (o), satisfying .
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3. APPLICATIONS TO THE CONVERGENCE OF MANN ITERATION

THEOREM 10. Let X be a real Hilbert space and B C X a nonempty convex
closed set. Let T : B — B be a completely continuous and strongly pseudo-
contractive map with fized points. Then (x), given by strongly converges
to the fized point of T namely x*.

Proof. Strongly pseudocontractivity assures the uniqueness of the fixed point.
Inequalities and lead us to,

ni1 — 2| =
= |[(1 = an) (@ — &%) + an(Tw, — 2*)|?
< (1 —a)?||lzn — 2| + 20 (T2 — 2%, 2y yq — )
< (1= an)?||zn — 2*|* + 20 (T2 — 2%, 2 — %)
+ 20, (Txpy, — 2%, (Tp1 — %) — (T — 7))
< (1= o) |an — 2¥|* + 200k |2, — 2*|?
+ 20 (Txy — 2", Tpg1 — Tn)
< (1=201 = K)an + a3 ) am = 2" + 200 [ Tn — 2" | lonss = 2
< (1-200 = K)o +a7) llam — 27> 4 200 (| Tal| + 127 ) cvn | T — ]
< (1=2(1 = K)an + ) [lz — 2*|* + 202 (| Twnl| + 2" ]) (I T2all + [l2al) -

The map T is strongly pseudocontractive. Theorem|7]assures that (||z,, — z*||),,
is decreasing, hence it is bounded, i.e. (zy), is bounded. The map T is com-
pletely continuous and (), is bounded, so (||T'zy||), is bounded. Thus, there
exists a strict positive M > 0 such that

|21 = 2*|* < (1= 201 = K)o + a2 ) [z — 2*[* + a2 M.

Condition lim,,_.s o, = 0 assures the existence of a rank ng such that for all
n > ng, we have (1 — k) > a,,, thus

|#n1 = 2*|* < (1= 21 = k)ow + a2) on — 2*|* + a2 M
<(1=2(1=k)an + (1 = k)ag) e, — "> + o M
= (1= (1 = k)an) [lzn — 2*||* + ol M.
Denote by
an = ||xn — $*||2,
An = (1 —k)ay, € (0,1),
on = a2 M.

Remark that o, = o()\,) and inequality is satisfied. From Lemma [6] we
get lim,, o a, = 0, that is lim,, o x, = x*. O
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Corollary [§] and Theorem [10] lead to the following result.

COROLLARY 11. Let X be a real Hilbert space and B C X a monempty
convex closed set. Let T : B — B be a completely continuous and strongly
accretive map with fized points. Then (x), given by

Tny1 = (L —ap)zp +an (f+ (I = S)) zp,
with (ay)n satisfying , strongly converges to the solution of Sx = f.
Corollary [0] and Theorem [I0]lead to the following result.

COROLLARY 12. Let X be a real Hilbert space and B C X a nonempty
convex closed set. Let T : B — B be a completely continuous and accretive
map with fized points. Then (x), given by

Tp+l = (1 — Oén)xn + oy, (f - S) T,
with (aw)n satisfying , strongly converges to the solution of x + Sx = f.

REMARK 3. Usually, for the convergence of Mann iteration, either the set
B or the sequence (||Txy||)n is bounded. From the above results one can see
that in a Hilbert space both assumptions are redundant. O
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