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ON THE MODIFIED BETA APPROXIMATING OPERATORS
OF SECOND KIND

VASILE MIHESAN*

Abstract. We shall define a general linear operator from which we obtain as
particular case the modified beta second kind operator

- uP~1 B(p, a
(Tr.af)(2) = B(zlv,q) / e (B(pﬁg,gla)u x) du.
0

We consider here only the case a = 1.
We obtain several positive linear operators as a particular case of this modified
beta second kind operator.
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1. INTRODUCTION

Euler’s beta function of second kind is defined for p > 0, ¢ > 0, by the
following formula

%) up—1
(1) B(p,q) :/o Trayrradu-
The beta transform of the function f is defined by the following formula [6]
o0 ” 1
(2) Bpof = B(;q) /0 (1+Z)p+q (u)du.
The modified beta operator is defined for > 0 by the following formula
oo u _1
(3) (Bpa.f)(x) = 5, T f (uz)du.
) [, (+u)

We shall define a more general linear operator from which we obtain as a
particular case the modified beta second kind operator.
For a,b € R and = > 0 we define the (a, b)-modified beta operator

4 B(a,b) _ 1 o uP 1 B(p,9) ux d
( ) ( D,q f)(x) = Bp,q) 0 (1+u)p+qf(3(p+a7q+b) : (1+u)a+b) u,
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where B(-,-) is the beta function (1) and f is any real measurable function
defined on (0, c0) such that

(BYD1f) () <

2. THE MODIFIED BETA SECOND KIND OPERATOR. CASE a = 1

Let us denote by M[0,00) the linear space of functions defined for ¢ > 0,
bounded and Lebesgue measurable in each interval [c,d], where 0 < ¢ < d <
00.

For a + b = 0 we obtain from (4) the modified beta second kind operator

6) (TN = BN = mig | ! (aiguta) du

for f € M0, 00) such that (Tp,q lfD(x) < oo

One observes that ngffl) is a positive linear operator and (ngfz) (e1)(z) = .
We consider here only the case a = 1.
If we choose in (5) a = 1 we obtain the modified beta second kind operator

(6) (Tral)e) = ag || etgree (520 du.
REMARK 1. For p = ¢ = n we obtain the operator

(7) (Buh@) = gk || e (252t) e

considered by V. Totik in [7]. O
REMARK 2. For %1 =z or p=(q—1)x, x > 0, we obtain the operator

T)e) = g [ e f@du, g >2

considered by the author in [4]. O

REMARK 3. If we put a = —1 in (5) we obtain the following modified beta

second kind operator
8)  (T5,"N@) = (Tah@) = 55 /0 T r () du
Denote v = 1/u, that is u = 1/v and du = —dv/v?. We obtain
(Toaf)e) = aibg || e ! (B5av) %
— ot | et (B5he) v

_ 1 gyt -1
= Bow /0 o f (B5ve) do

and we observe that 7, , is similar with 7}, ,. O
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ExAMPLE 1. A double sequence of positive linear operators (names beta
operators by Uprety [8], see also [1]) defined as

(Fonf)(@) = 50577 /0 T f () du

or, equivalently,

9) (Fnnf)(z) = B(nlm)/ooo %JC( ) du,
(10) ( mnf mn)/ (1+u)m+nf )du

is similar with (8), and respectively with (6).

THEOREM 1. The moment of order k (1 < k < q) of the operator T, 4 has
the following value

_1\k _
(Tyqer)(@) = (52) Meplicl) 1<k <,

(Tpger) (@) = x;  (Tygeo)(w) = LIV 20 g 5 o

p(q—2)
Tpo((t —2)%2) = BEa?, g >2.

Proof.

o0 wP—1 1\ k
(Tpqer)(7) = B(zlw)/O (1+1;)P+‘1 (qu) uFzhdu

k uPtk—1
B(p q) A d

()

_ (;1)’“B(p+kq k) k
()
)

B(p,q)

—1\* T(p+R(g—k) = T(p+q)
T(p+q) I'(p)I'(q)

p(p+Y)...(p+k—1) k
(g—1)...(¢—k) )

For k = 1,2, we obtain (T}, 4e1)(z) = z,

xk

Tpaen)@) = (151)" (2fpilya® = B0 2

) Tn@2% T pe-2 ¥
and
1)(g—1 _ -1
Tyal(t - as0) = (R - 1) o? = Mopigedpuste 2 — gyt O

Particular case
For ¢ = p+ 1 we obtain the positive linear operator

(11) (T)(@) = pber || et (wa)du

considered by S. M. Mazhar [2] for p = n (see also [3]).
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COROLLARY 2. The moment of order k (1 <k < p—+ 1) of the operator T),
has the following value

(Tyer)(z) = TEQ=Etak 1<k <p+1,

—1)...(p—k+1
(Tpea)(w) = Bipa?, To((t— )% 2) = 2.
Proof. 1t is obtained from Theorem 1 for ¢ = p + 1. O
REMARK 4. For p = n we obtain
T,((t — z)%z) = 22 O
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