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Abstract. We show that all T-stabilities of Mann-Ishikawa iterations and mod-
ified Mann-Ishikawa iterations are equivalent.
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1. INTRODUCTION

Let X be a normed space and T a selfmap of X. Let zg be a point of
X, and assume that z,11 = f(T,z,) is an iteration procedure, involving
T, which yields a sequence {z,} of point from X. Suppose {z,} converges
to a fixed point z* of T. Let {&,} be an arbitrary sequence in X, and set
€n = ||&ny1 — f(T,&,)| for all n € N.

DEFINITION 1. [2] If ((limp o0 €, = 0) = (limy—00 & = p)), then the it-
eration procedure xny1 = f (T, xy,) is said to be T-stable with respect to T.

REMARK 1. [2] In practice, such a sequence {&,} could arise in the following
way. Let xog be a point in X. Set xp11 = f(T,x,). Let & = x9. Now x1 =
f (T, o). Because of rounding or discretization in the function T, a new value
&1 approzimately equal to x1 might be obtained instead of the true value of
f(T,xz0). Then to approzimate &, the value f (T,&1) is computed to yields &,
an approzimation of f(T,&1). This computation is continued to obtain {&,}
an approximate sequence of {xy}.

Consider ey = sg = to = go = ho, the Mann iteration [3], is defined by
(1) ent1 = (1 —ap)e, + ayTep,
and Ishikawa iteration [I], is defined by
(2) Sn+1 = (1 — an)sn + Ty,
tn = (1 = Bn)sn + BT sn.
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The modified Ishikawa iteration is given by
(3) 9n+1 = (1 - an)gn + o, T" hy,
hy = (1 - ﬁn)gn + BT gn.
Set 5, = 0 for all n € N, to obtain the modified Mann iteration.

The sequence {ay,} is in (0,1) and {f,} C [0,1), moreover {a,} satisfies
additionally

oo
(4) nhﬁ\ngo an =0, Zlozn = 00.
n—=
Recently, the equivalences between the T-stabilities of Mann and Ishikawa
iterations respectively for modified Mann-Ishikawa iterations were shown in
[4]. We shall prove the equivalence between T-stabilities of modified Mann-
Ishikawa and Mann-Ishikawa iterations, unifying all results concerning the

equivalence between T-stabilities for such iterations.

2. THE EQUIVALENCE BETWEEN T-STABILITIES

Let X be a normed space and T : X — X a map. Let {¢,},{wn},{zn},
{un} C X be such that ¢y = wy = xg = ug, and
&n = llent1 — (1 —ap)en — anTen||,
On = |Jwnt1 — (1 — an)wy, — T wy|| -
Consider {z,} and {u,} two given sequences and {e,}, {J,,} defined below
Yn = (1 = Bn)zn + BpT 2y,
vp = (1= Bp)un + BT up,

and
(5) En = ||Tnr1 — (1 — an)zn — @ Tynll,
(6) On = |[tns1 — (1 — an)un — anT"vy|| .

DEFINITION 2. Deﬁnitionfor and @ gives:
(i) The Ishikawa iteration , is said to be T-stable if and only if for all
{an} € (0,1), {Bn} C [0,1) satisfying @), V{zn} C X given, we have

(7) nh_}rgo Ep = nh_)rgo |Tnt1 — (1 — an)zn — anTys|| =0 = nh_)ngo Ty = 2.

The Mann iteration is said to be T-stable if and only if for all {a,} C
(0,1) satisfying (4)) , V{cn} C X given, we have

(8) nh_)ngo &n = nh_)rgo len+1r — (1 — an)en — anTepn| =0 = nh_}rgo ¢, =z~

(ii) The modified Ishikawa iteration , s said to be T-stable if and only
if forall{an} C (0,1), {Bn} C [0,1) satisfying {4)) , V{un} C X given,
we have

(9) lim 0, = lim |Jupt1 — (1 — apn)up — oy T"v,|| = 0= lim u, = z™.
n—oo n—0o0 n—0o0
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The modified Mann iteration is said to be T-stable if and only if for
all {a,} C (0,1) satisfying @), V{w,} C X given, we have

(10) lim 6, = lim ||wp+1 — (1 — ap)w, — oy T"wy || = 0= lim w, = z*.
n—oo n—oo n—oo

THEOREM 3. Let X be a normed space and T : X — X a map with bounded
range. Then the following are equivalent:

(i) for all {an} C (0,1), {Bn} C [0,1) satisfying [4]), the Ishikawa itera-
tion is T'-stable,

(ii) for all {an} C (0,1), satisfying [{), the modified Ishikawa iteration is
T'-stable.

Proof. Let
M = max {sup{rrm)u}, H:cou} .
xeX

Since T has bounded range, one gets M < oo.
We prove that (i) = (i7). Take lim, ,o0 6, = 0 to aim lim, oo u, = z*.
Then,
€n = Hun—i-l - (1 - an)un - anTynH

< g1 — (1 — ap)upn — anT"on || + [|anT™vn — an Tyy ||

<6y +20p,M — 0 as n — oo.
Condition (i) assures that if lim,_,~ &, = 0, then lim,,_o u,, = *. Thus, for
a {u,} satisfying

Jim On = Jim |tunt1 — (1 — an)up — anT"v,|| = 0,

we have shown that lim,,_.. u, = ™.
Conversely, we prove (ii) = (7). Take lim,_,o €, = 0. Eventually, our aim
becomes lim,, .o, z, = x*. Observe that

On = l|[Tn+1 — (1 — an)xn — a Ty ||
< ||37n+1 - (]— - an)xn - O‘nTynH + HanTyn - anTnUnH
<en+20,M — 0as n— oco.

Condition (ii) assures that if lim,_,o 6, = 0, then lim,_, x,, = *. Thus, for
a {x,} satisfying

nlggo En = nlgrolo [Zn+1 — (1 = an)azn — anTynl| =0,
we have shown that lim,,_yo 2, = 2*. O

THEOREM 4. [4] Let X be a normed space and T : X — X a map with
T (X) bounded. Then the following are equivalent:
(i) for all {an} C (0,1), {Bn} C [0,1) satisfying [4]), the Ishikawa itera-
tion is T'-stable,
(ii) for all {an} C (0,1), satisfying (4) , the Mann iteration (1f) is T-stable.
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COROLLARY 5. [4] Let X be a normed space and T : X — X a map with
T (X) bounded. Then the following are equivalent:
(i) forall{an} C (0,1), {B,} C [0,1) satisfying [@) , the modified Ishikawa
iteration is T -stable,
(ii) for all {an} C (0,1), satisfying (@), the modified Mann iteration is
T-stable.

Theorem [3] Theorem [4] and Corollary 5] lead to the following result.

COROLLARY 6. Let X be a normed space and T : X — X a map with T (X)
bounded. Then the following are equivalent:
(i) for all {an} C (0,1), {Bn} C [0,1) satisfying [4]), the Ishikawa itera-
tion is T'-stable,
(") for all {an} C (0,1), satisfying (4), the Mann iteration is T-stable
(ii) for all {on} C (0,1), satisfying , the modified Ishikawa iteration is

T-stable,
(ii") for all {aw,} C (0,1), satisfying (@), the modified Mann iteration is
T'-stable.
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