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APPROXIMATION PROPERTIES OF MODIFIED STANCU BETA
OPERATORS

L. REMPULSKA* and M. SKORUPKA*

Abstract. In this paper we give approximation theorems for modified Stancu
beta operators of differentiable functions. The Stancu beta operators were ex-
amined in [8, 1, 2, 5] and other papers.
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1. INTRODUCTION

1.1. In 1995 D. D. Stancu ([8]) introduced and examined approximation
properties of the following beta operators

o0 nr—1
(11> L?’L(f7$) = B(na:l,n—f—l) /0 (1+i)nz+n+1 (t)dt7

x€I=(0,00),ne N ={1,2,...}, of real-valued functions f bounded on I,
where B is the Euler beta function ([4]) defined by the formula

1 o)
(12)  B(a,b) ;:/ ta—1(1—t)b—1dt;/ )
0 0

14t)atb

In [8] it was proved that if f is continuous and bounded on I, then

(1.3) Ln(fiz) — f(@)] < (1+ w/x(:v—l—l)) w (f: 72A=)

and
(1.4) La(fi2) - F@)] < B +a(a+1) w2 (i 7)),

for all x € I and n > 2, where wi(f;-), k = 1,2, is the modulus of continuity
of the order k of f.

It is known ([I], [8]) that if f is continuous and bounded on I with derivatives
f"and f”, then

(1.5) Tim n (Lo(fiz) = f(2)) = D5 f'(z) atevery zel
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and the order O (%) of approximation of r times differentiable functions f,
r > 3, by Ly, cannot be improved.

1.2. In this paper we shall show that the approximation order of differen-
tiable functions by beta operators can be improved by some modification of
formula ([1.1]). We use the Kirov type method given for Bernstein operators in
[6] (see also [7]).

Similarly to [3] let p € No = N U {0},

(1.6) wo(x) =1, wy(z):=1+2P) if p>1, zel,

and let C), be the set of all real-valued functions f defined on I, for which
wp f is uniformly continuous and bounded on I and the norm

(1.7) £l = sup wp(x) |f ()]

We have C), C Cy if p < g and [|f|, < | f]l, for f € Cp.
In this paper we shall consider the functions class C", r € Ny, of all f € C,
having derivatives f*) € C,_;, 0 < k < r. Clearly C° = Cj.

1.3. Analogously to [§] we denote by

tufl

(18) buﬂ)(t) = W7 t> 0,

for positive parameters u and v, where B is the beta function defined by (|1.2]).
Let » € Ny. For f € C" we define the following modified Stancu beta
operators:

(1.9) Lo (fi) = /O b1 (£) Fy (. £) dt,

x €1 and r <n &N, where

(1.10) F(z,t) ::Z%(w—t)j, xz,tel.
=0

If r =0 and f € C° then by (1.9)), (1.10) and (1.1) we have
(111)  Luo(fi2) = Lo(f: ) :/ brons1(t) () dt for z €I, neN.
0

In Section 2 we shall prove that Ly, r € N, n > 2r, is a linear operator
acting from C" into C,. Moreover we shall prove that L, is a linear positive
operator acting from C, into C). if n > 2r and r € N.

1.4. It is known ([I], [8]) that operators L, (f) given by (1.1) are well
defined for functions fs(z) = 2% x € I, s € N, n > s, and L,(fs) are
algebraic polynomials of the order s. In [I] and [§] it was proved that

(1.12) L,(l;z) = 1, Ly(t;z) = = for x>0, n>1,

(1.13) L, ((t - x)Q;m) = a:(:c_—i—ll)7 x>0, n>2,

n
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and for every s € N there exists a positive constant M;(s) depending only on
s such that

(L14)  wag(@) Lo ((t = 2)*52) < Mi(s)n™ for 2>0, n>2s.

2. LEMMAS

In this paper we shall denote by M;(a, 3), ¢ € N, suitable positive constants
depending only on indicated parameters o and S3.
We shall apply the following inequalities

(2.1) (wy(x))? < wop(x), Lo 4 Wpts(@) g

(wp(x))? = wap(x)’ wp(z)ws(z) —

for x > 0 and p, s € Ny, which can be easily obtained from ([1.6)).
Applying the Holder inequality and ((1.12)), (2.1]) and (1.14)), we immediately

obtain
LEMMA 2.1. For every s € N there exists Ma(s) = const. > 0 such that
S
ws(x) L (|t — z|*;2) < Ma(s)n™2 for x>0, n>2s.

LEMMA 2.2. Let p,s € N. Then there exist positive constants Ms(p) and
My(p, s) such that

(2.2) wp(x) Ly, (wpl(t);x) < Ms(p) for x>0, n>2p,
and
(2.3) wps ) L (G 0) < Ma(p,s)n*/%,

forz >0 andn>2(p+s).
Proof. By (1.6) we have
1 _
m_1+tpgzp(1+xp+\t—xyp), t,xel, peN,
which by (1.1, (1.2) and (1.12) implies that
L, (ﬁ,x) <2°(1+42P + L, (|t — z|";2)) .

Now by (|1.6)) and Lemma [2.1| follows ([2.2]).
Applying the Holder inequality and ((1.14]), (2.1)), (2.2)) and (1.6]), we get

Wpts(x) Ly, (%,x) < 3wp(z) ws(x) Ly, (%,x) <
<6 (wQS(ZE) L, ((t — ZL')2S; x))l/z (wgp(l‘) L, (@, :L‘))UQ
< My(p,s)n™/? for x>0,n>2(p+s),

and we complete the proof. O
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LEMMA 2.3. Let p € N. Then there exists Ms(p) = const. > 0 such that
for every f € Cp we have

(2.4) ILn(DNl, < Ms(p)[[fll, for n=>2p.

If | € Co, then ||Ln(f)llg < || fllo for n > 1.
The formula (1.1) and (2.4]) show that Ly, n > 2p, is a positive linear operator
from the space C), into C),, p € Np.

Proof. By (L), (T.2), (L8) and (L.6) we have for f € Cy, p € Ny,
wp(@) [Ln(f52)| < Ifll, wpl@) In (yiw)  #> 0, n>2p,
which by (2.2)) and (1.7)) yields (2.4]). O

LEMMA 2.4. Letr € N. Then there exists Mg(r) = const. > 0 such that

(2.5) | Lo (F)Il, < Ms(r ZHf

for every f € C" and n > 2r.

The formulas (1.9) and (1.10) and (2.5 show that Ly, n > 2r, is a linear
operator from the space C" into Cy, r € N.

Proof. 1t is obvious that if f E C”" r e N then there exist || f9)||,_; for
0 < j <r. This fact and . and 1.7) imply that

L5 < ,r %Ln(‘f“)(t)‘\t—wlj;w)é

7=0
oy e (B5ti)

i |9
=0

for f € C". Now applying Lemma [2.T] and Lemma [2.2] we obtain

IN

nI?

(&) L (f32)] < Ms(r) Y || )
j=0

for £ > 0 and n > 2r, which by (1.7) yields ({2.5). O

3. THEOREMS

3.1. First we shall give theorems on the order of approximation of function
f by operators L,, and L. We shall use the modulus of continuity wg(f) of
the order k = 1,2 of f € Cp, i.e.

(3.1) wi(f; Cp;t) == sup HAfo()’ )

0<h<t p
where A}l f(x) = Apf(z) = f(z + h) — f(z) and A2 f(z) = Ap(Apf(z)) =
f(z)=2f(z+h)+ f(x+2h) for z > 0 and h > 0.

t>0,
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THEOREM 3.1. Suppose that f € Cp,, p € Ny, is twice differentiable function
on I and f" and f" belong to C), also. Then there exists M7(p) = const. > 0
such that

(3.2) 1Zn(F) = fllp+2 < Mz(p) 1"l 07t
forn > 2p+4.

Proof. For f satisfying our assumptions we have

Ft) = fla) + f'(x t—x+//f” duds,  ta>0.

By elementary calculations we get
t

£ = 1@+ f @) =)+ [ (0=
and next by and we can write
La(ft) = 5@+ Lo ([ (60 @ dus)

o).

and
Lo(f(®) = )] < Lo (| [ - 0" () du

Using the inequality

t
[ < 1, | [ 15 au
S ||f//||p (wp(t) + ’Lupl(;t)> (t — ﬂf)2 fOI' t,.’L‘ > O,

and we get
wy () |Ln(f32) = F@)] < £y (wpra(@) Lo (L2 2)
+ Bws(z) Ln((t - 2)% )
and next by , , and we obtain forn>2p+4. O
Now we shall prove analogue of for f € C,,.

THEOREM 3.2. Let p € Ny. Then there exists Mg(p) = const. > 0 such that
for every f € Cp and n > 2p + 4 we have

(3.3) 1L (F) = Fllpre < Ms@)ws (£3Cpi J=) -
Proof. Similarly to [3] we apply the following Steklov function f, of f € C):
h/2 h)2
frn(z) = %/ / 2f(x+s+t)—2f(zx+2(s+1)))dsdt, x,h>0.
o Jo

It is known ([3]) that f;, and derivatives f;, f} belong to C, if f € C,.
Moreover for h > 0 we have

(3.4) 1f = fullp < wa(f; Cpih),
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(3.5) I£2llp < 9h72 walf; Cpi h).

From the above properties of fj and linearity of L,, we deduce that

[Ln(f(t);2) — f(2)] < [Lo(f() — fa(t);2)]
+ |Ln(fn(t);2) — (:c)| + \fh(x) — f@)],

for x > 0, h > 0 and n > 2p + 2. Applying (2.4]) and ( we get
(3.6) wp(x) [Ln(f(t) = fu(t);z)] < Ms(p )Hf thp < Ms(p) wa(f; Cpi h).
Theorem and (3.5)) imply that
(3.7)  wpra(@) [Ln(fa(t); ) — fulz)] Mz(p) |l Hp
Mz (p)h™2 0" wa(f; Cyps ).
Using (T6), @), (0), G7) and 3, we get
(38)  wpea(w) [Ln(fi2) = f@)] < Mo(p)wa(f; Cyih) (14072071
for x,h > 0 and n > 2p + 4. Putting h = % in (3.8]), we obtain the desired

inequality - by (1.7 . U

Now we shall give an analogue of (1.3)) for operators Ly,

<
<

THEOREM 3.3. Let r € N. Then there exists Mio(r) = const. > 0 such that
for every f € C" we have

(39)  nr () = flloyy < Mio(r)n™2wn (f7C0 %), n>2r+2

Proof. The formulas 1) imply that
(3'10) Ln;r(f;x) _f(x) = Ln (Fr(xat) —f(fl?);.%‘),

for every f € C", x € I and n > 2r + 2.
Similarly to [6] and [7] we use the following modified Taylor formula of
f € C" at a fixed point t > 0:

r) =Y P0@ -ty + N L@, >0,

where

(3.11) I(z,t) = /01(1 —u) Tt (FOE +ue ) - f7 ) du.
Hence we have
f@) = Fo(z,t) = &0 Lt),  tz>0,
which used to implies that
[ Lnir (f5 ) — f ()]

(!F (z,t) — f(x)]; )

<
< ooy La(lt = ol 1o(2,0)]; )
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for x > 0 and n > 2r + 2. Applying elementary properties of wq defined by

B.1), we gt from (B.11)
1
L] < [ =y (£ Corula ~ ) du
0
1
< o (FO:Coslt—al) [ (10— uyau
0

< %wl (f(r);Co; ﬁ) (Vnlt —z|+1).
From the above and by (1.6) and Lemma we obtain
Wr1(2) [Lnsr (f32) = f( )I <

< fren (105 Cos ) (Vinwrsa (o) Lt = ol ) ) Lo (1 = a3 )
< Mig(r)n™"w (f( );C'o;%)v
for x > 0 and n > 2r + 2, which by gives . O

From Theorem [3.2]and Theorem [3.3] we can derive the following corollaries.
COROLLARY 3.4. If f € Cp, p € Ny, then
lim (L,(f;z) — f(z)) = 0 atevery x>0.

n—oo

The above convergence is uniform on every interval [a,b], 0 < a < b < 0.
COROLLARY 3.5. If f € C", r € N, then
nlggo nT/Z HLn;r(f) - f“r+1 =0

COROLLARY 3.6. The order of approximation of f € C", r > 2, by operators
Ly (f) is better than by Ly(f).

3.2. In this section we shall prove the Voronovskaya type theorem for
operators Ly.,, i.e. we shall give an analogue of (|1.5]).

THEOREM 3.7. Suppose that r € N and [ is a function belonging to C" and
having derivatives fOY and ft2) continuous and bounded on I. Then for
every x > 0 we have

rpe(r+1 r+1.
(3.12) Logp(f2) = () = UL (i)
+ (=" (r+1) fF) (@) Lo (t=2)"252)
(r+2)!

+ o, (n(r+2)/2) as n — oo.

Proof. Fix function f and z > 0. Then for every derivative ), 0 < j <,
we can write the Taylor formula at x:

r+2—j5
(541 . X
SO L@ (g (k@) (- 2) 2, >0,
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where ¢;(t) = ¢;(t, ) is function belonging to Cy and ggn @;(t) = pj(x) =0.
€T
Hence F, defined by ((1.10) can be written in the form

r Sr+2—g o
Fy(e,t) =3 00 S 2@ (b @, (1) - 2) 2, £ 0,
§=0 i=0

with the function

(3.13) o,(1) =Y &
By elementary calculations we get
T r+42
(3.14)  Frlat) =Y (-1 Y ()L 1 (1) — )
j*O s=j
<S> (z x) s j
— Z f )(t Z (j)(_l)]
7=0
(r+1) (2)(t—z) 1 T r .
# LGS () 1
j=0
(r+2) () (t—g2)"+2 " r : r
+ TGS () () 4 (1)1 — ),
j=0

Applying equalities for m € Ny:

i=0

S () (-1 = (1)
7=0

and
m

> (" = (m 1)1,
7=0
we derive from (|1.9)—(1.11]) and (3.14]) the following formula:

(17D (@) L (=) i)

(315) Ln;r(f;x) = f(x) + (r+1)!
L VDI @) Lo (=) 50
(r+2)!
+ L, (@T(t)(t — a:)r+2;w) , for n>2r+2.

The properties of ¢;, 0 < j < r, imply that ®, given by (3.13) is a function
belonging to Cy and }im ®,.(t) = ®,(z) = 0. Hence there exists L, (®2(t); )
—x
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for x > 0 and n > 1 and by Corollary [3.4] we have
(3.16) Tim L, (®X(t);z) = dX(x) = 0.
Applying the Hélder inequality, we get
; 1/2 . 1/2
‘Ln (@T(t)(t — ) +2;x)‘ < (Ln (@%(t); x)) (Ln ((t e ac))
for n > 2r + 4, which by (3.16)) and (1.12]) gives

(3.17) L, (@r(t)(t — x)T+2;x) = 0, (n*(r+2)/2) as n — oo.
Using (3.17)) to (3.15]), we obtain (3.12]). O
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