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ISHIKAWA ITERATIONS
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Abstract. We shall prove that Krasnoselskij iteration converges if and only if
Mann-Ishikawa iteration converges, for certain classes of strongly pseudocontrac-
tive mappings.
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1. INTRODUCTION

Let X be a real Banach space T : X — X a map and zg,ug € X. In [0] is
introduced the following iteration

(1) Unt1 = (1 — ap)up + anTuy,
where {a,,} C (0,1). The Krasnoselskij iteration is defined by, ([5])
(2) Tnt1 = (1 = Nxy + ANTxp,

where A € (0,1).

The map J : X — 2% given by J (z) := {f € X* : (z, f) = ||=|*, | f]| =
llz||}, Vo € X, is called the normalized duality mapping. Note the following
inequality

(3) (v, () < =l lyll, Ve, y € X, Vi(x) € J(2).

DEFINITION 1. Let X be a real Banach space. Let B be a nonempty subset.
A map T : B — B is called strongly pseudocontractive if there exists k € (0,1)
and a j(x —y) € J(x —y) such that

(4) (Tz — Ty, j(x —y)) < kllz—y|*,Vz,y € B.

In [I], the following open question was given: “are Krasnoselskij iteration
and Mann iteration equivalent in sense (of [§]) for enough large classes of
mappings?” We shall give a positive answer to this question, for the class of
strongly pseudocontractive mappings.

We recall the following results from [2], [I0] and [7].
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LEMMA 2. [2] If X is a real normed space, then the following relation is
true

(5) e+ yl® < ll2l® + 2y, iz +9)) . Yo,y € X, Vi(x +y) € J(z +y).

LeEMMA 3. [10] Let {an} be a nonnegative sequence which satisfies the fol-
lowing inequality
Ap+41 < (1 - )\n)an + on,
where A, € (0,1), Vn € N, Y°°° A\, = 00, and 0, = 0o(\y,). Then limy, o ap, =
0.

LEMMA 4. [7] Let X be a smooth Banach space. Suppose that J is uniformly
continuous on any bounded subset of X. Then for any € > 0 and any bounded
subset B there is a 6 > 0 such that

(6) [tz + (1= )yl <2(J (y), ) t +2et + (1= 20) [Jy]*,
for any x,y € B and t € [0,9).
The following result is a slight generalization of Lemma 1 from [7].
LEMMA 5. Let {an} be a nonnegative sequence which satisfies
an+1 < (1= Ap)apn + Ane + Apdn, ¥ > ny,

for some fized ng and € > 0 where A\, € (0,1), Vn € N, 3> A\, = o0 and
limy,, 00 0y, = 0. Then
0< nh_)l’Iolo sup a, < 2e¢.

Proof. Since lim,_, o, d,, = 0, there exists an ng such that 6, < e, Vn > ng.
Thus

(7) ant1 < (1= M) an + 2M8,Yn > ng.
Using it can be shown that
n+1 < (1 —=Xp) (1= A1) oo (1= A1) a1 + 2e.
Since Y A, = oo, the conclusion follows. O

The following Remark is from [3].

REMARK 1. If X is real Banach space with a uniformly conver dual, then
J () is single valued and uniformly continuous on every bounded set of X.

2. MAIN RESULTS

THEOREM 6. Let X be a real Banach space with a uniformly convex dual
and B a nonempty, closed, convex, bounded subset of X. LetT : B — B be a
continuous and strongly pseudocontractive operator. Suppose that

(o]
(8) nlLHgO an =0 and Z:lozn = 00.
o
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If the Krasnoselskij iteration converges to the fized point of T and ||x, —
Txy,|| = o(ay,), as n — oo, then the Mann iteration converges to the fized
point of T.

Proof. Since T is strongly pseudocontractive, the fixed point is unique.
Denote the fixed point by x*. If the iteration converges to the fixed point
of T, then ||znq1 — zn|| = A2 — Tzn|| — 0 as n — oo. Using (3], and
we obtain the following relations:

|Zn41 — Un+1||2
= [|(1 = an)(@n — tn) + an(Txy — Tup) — A (2n — Tn) + an (€, — Tz |
<(@1- an)z |27 — unH2 +
+ 2 ((an(Txy — Tup) — A(wn, — Tan) + an (xn — Txy)), J(Xng1 — Unt1))
< (1—an)?|zn — “nH2 + 200 ((Tn — Tun, J (Tng1 — Unt1))
+2(an — N (zp, — Ty, J(Tpt1 — Unt1))
< (1= an)? |2 — unll® + 200 (T — Tin, J (25 — un))
+ 20, (T — Tup, J (Tnt1 — tUny1) — J(zn — up))
+2(an — AN (xp, — Top, J(Tpt1 — Uns1))
that is,
(9) |Zns1 — tng||* <
< (1= an)? |0 — unl® + 200k |27 — unl|”
+ 20, (T — Tup, J(Tnt1 — tUny1) — J(Tn — up))
+ 2 (ap — N) (@ — Txp, J(Tp+1 — Unt1))
<(1- an)Q |n — unH2 + 200k ||y — unH2
+ 20, (T, — Tup, J(Xpg1 — Unt1) — J (T — up))
+2|om = Allzn = Tan|| [|2n41 — unta |
< (1= an)? |0 — unl® + 200k |27 — wpl|®
+ 20, (Txp — Tup, J(Xpt1 — Unt1) — J(2n — up))
+ 2|y — N My ||z, — Ty,

for some positive constant M. Observe that {||Tz, — T'u,||} is bounded. We
prove now that

(10) J (g1 — Ung1) — J(xn — upn) = 0, (n — 00).
To prove it is sufficient to show that

[(Zn41 — Unt1) = (Tn — un)|

= [(@n+1 = 2n) = (Unt1 — ua)|

= [|[=Axp, + ATzy, + apuy, — oy Tuy|| <
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< AM|zp, — Ty || + anMs — 0, (n — 00).

Set My = sup, {||Txn — Tu,| }, and define

(11) o =20, Mo || J(Tpa1 — Uunt1) — J(Tn — un) || +
+ 2oy — N My ||zn, — Ty -

Note that the sequences {uy}, {xn}, {Tx,} and {T'u,} are bounded. Hence,
My, Ms and M3 above are finite. Inserting into @ , we obtain

(12) | Zns1 — un+1H2 <(1- O‘n)Q |zn — un||2 + 20k ||z — unH2 + Op.

The condition lim,,_,+ o, = 0 implies the existence of a positive integer ng
such that, for all n > ng,

(13) an < (1 —k).

Substituting into , we obtain

(14) 1-2(1—K)ap+a2 <1-201—kap,+ (1 —Eka,=1—- (1 —k)ay.
Finally,

(15) st — tnst? < (1= (1= K)aw) |20 — uall® + 0.

Set an := ||zn — un|?, An := (1 — k) € (0,1), and use Lemma to obtain
limy, 00 @n = limy, o0 |20 — unH2 =0; i.e.

(16) i [l — ual = 0.

The inequality 0 < |[z* — u,|| < ||z, — 2| + ||zn — un|| and imply that
limy, o0 Up = . ]

THEOREM 7. Let X be a smooth Banach space with a uniformly convez dual
and B a nonempty, closed, convex, bounded subset of X. Let T : B — B be a
continuous and strongly pseudocontractive operator such that

(17) A(1—k) € (0,1/2).

Suppose condition is satisfied. If the Mann iteration converges to the
fized point of T, then the Krasnoselskij iteration converges to the fixzed point
of T.

Proof. Since the Mann iteration converges and T is continuous, we have

lim |Ju, — Tuy|| = 0.
n—oo
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For a given ¢ > 0, since B is bounded, there exists a ¢ > 0 as in Lemma [4] so

that @ is satisfied. Use , and to obtain,
[Znt1 — Un+1||2

= ||zn — Unp — ATy, + Ay, — Aup, + oy, + ATy — NTuy, + AXTuy, — omTunH2

2

=11 =X (zp, —up) + A Txn—Tun—un—{—Tun—}-% Up — TUp,
A

< (1= 2N) [|@n — un||® + 2er+

—|—2<)\(Ta:n—Tun—un—|—Tun—|—Or(un—Tun)>,J(a:n—un)>

= (1= 2)\) |0 — un|® + 26X+
+ 2X ((Tar, — Tug) , J (2n — un))

+ 2A < (—un + Tuy, + % (up — Tun)> oI (T — un)>

= (1=2)) ||lzn — un||® + 26X+

+ 20 ((Txp — Tuy) , J (n — up))

+2(an —A) ((un — Tup) , J (zn, — uy))

< (1= 2X) |20 — un|® + 20k |20 — un||® + 26A+

+ 2|om = Alflun = Tun|| [|2n — un|

= (1 =2\ (1 — k) || — un||® + 26X\ 4+ 2M |y, — A| |Jun — Tl

for some positive and finite M which is the supremum of the bounded sequence
{||#n — un||}. Denote a, = ||zn —unl®, Ao = 2X(1 —k), (An € (0,1), by
condition [17), and ¢, = 2M |an, — Al [|uy, — T'uy,|| and use Lemma [5] to obtain

. 2e
0 < limsup ||z, — un||* < T %
Since & > 0 is arbitrary, one have limsup ||z, —u,|* = 0. Hence
lim sup ||z, — up|| = 0. The inequality 0 < ||z* — x| < ||un — ||+ ||2n — unl|
implies that lim,, . z, = z*. O

3. FURTHER RESULTS

The Ishikawa iteration is given by, see [4]:
(18) Tnt+1 = (1 - O‘n)xn + anTyn,
Yn = (1 - ﬁn)xn + /BnTxn7
where the sequences {a,,} C (0,1),{8n} C [0,1) satisfy nh_)r]go oy = nh_)rgo Bn =
0,> 0 a, = 00. The following result is from [9].

THEOREM 8. [9] Let X be a real Banach space with a uniformly convezr dual
and B a nonempty, closed, convex, bounded subset of X. LetT : B — B
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be a continuous and strongly pseudocontractive operator. Then the following
assertions are equivalent:

(1) the Mann iteration converges to the fized point of T,
(2) the Ishikawa iteration converges to the fized point of T.

Theorem [6] and [§] lead to the following corollary.

COROLLARY 9. Let X be a real smooth Banach space with a uniformly
convexr dual and B a monempty, closed, convex, bounded subset of X. Let
T : B — B be a continuous and strongly pseudocontractive operator. Suppose
|xn — Txn|| = o(an), as n — oo, is satisfied, respectively conditions (8)) and
(L7) are satisfied. Then (1) = (2), respectively (2) = (1), where:

(1) the Krasnoselskij iteration converges to the fixed point of T,
(2) then the Ishikawa iteration converges to the fixed point of T.

REMARK 2. In above results, if B is considered unbounded then {z,} bounded,
if suppose that T' (B) is bounded.

If X is a real smooth Banach space and conditions and are satisfied,
then the following remarks are true.

REMARK 3.

(1) The operator T' is a strongly pseudocontractive map if and only if (I —
T) is a strongly accretive map.

(2) Let T,S : X — X, and f € X be given. A fized point for the map
Te=f+(I—-S8)z,Ve e X is a solution for Sx = f.

(3) Consider Krasnoselskij, Mann and Ishikawa iterations with Tx = f +
(I — S)x to obtain a similar result to Corollary[9 for such T.

REMARK 4.

(1) Let f € X be given. If (f — T) is a strongly accretive map, then T is
a strongly pseudocontractive map.

(2) Let T,S : X — X, and f € X be given. A fized point for the map
Tx = f— Sx,Vx € X is a solution for x + Sz = f.

(3) Consider Krasnoselskij, Mann and Ishikawa iterations with Tx = f —
Sz to obtain a similar result to Corollary[9 for such T.
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