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CONVERGENCE OF SZASZ-MIRAKYAN TYPE OPERATORS
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Abstract. We introduce certain modification of Szész-Mirakyan operators and
we study approximation properties of these operators. The result is in a form
convenient for applications.
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1. INTRODUCTION

Approximation properties of Szasz-Mirakyan operators

ad nx k
(1) S(frz)=eme > el (E),

k=0
z € Ry := [0,+00], n € N := {1,2,---}, in polynomial weighted spaces C,
were examined in [1]. The space Cp, p € Ny :={0,1,2,...}, considered in [1]
is associated with the weighted function
(2) wo(r) =1, wy(z):= (1+aP)~ !, it p>1,
and consists of all real-valued functions f, continuous on Ry and such that
wp f is uniformly continuous and bounded on Ry. The norm on C), is defined
by the formula
(3) [fllp = 11 () llp := sup wy(2) [f()]-

x€Rg

In this section we shall give some properties of the above operators, which
we shall apply to the proof of the theorem. Most of these can be found in [1].
A. S, f is a positive linear operator C), = C),.
B. Sp(1;x) =1, S, f preserves constants.
C. For f € Cp, p € Ny,

(4)  wp@)|Sa(fiz) = f(@)| < Ki(p)wn (f:Cpi\/2), @ €Ro, nEN,

where wa (f;-) is the modulus of smoothness of the order 2 and K (p)
is a positive constant.
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D. ForfGC’I% ={feC,: f,f"eCp}, pe N,

lim n(S,(f;z) — f(z)) =

n—o0

f"(z), z€Ry.

IR

E. For every 2 < ¢ € N we have

W
(5) Sn ((t —z)%z) = Zlcj,qﬁ, r€Ry, neN,
J:

where ¢; 4 are positive numerical coefficients depending only on j and
q ([y] denotes the integral part of y € Ry) (see [17, 20]).

From (4) it was deduced that
(6) Tim S,(f2) = f(),

for every f € C), p € Ny and @ € Rg. Moreover, the above convergence is
uniform on every interval [z1, 23], 21 > 0.

The Szasz-Mirakyan operators and their connections with different branches
of analysis, such as convex and numerical analysis have been studied inten-
sively. We refer the readers to P. Gupta and V. Gupta [8], N. Ispir and C.
Atakut [15], V. Gupta, V. Vasishtha and M. K. Gupta [12], G. Feng [6], [7],
A. Ciupa [3], J. Grof [14]. Their results improve other related results in the
literature.

The actual construction of the Szasz-Mirakyan operators requires estima-
tions of infinite series which in a certain sense restrict their usefulness from
the computational point of view. Thus the question arises, whether the Szasz-
Mirakyan operators and their generalizations cannot be replaced by a finite
sum, provided this will not change the order of approximation. In connection
with this question in the paper [16] were considered certain positive linear
operators for function of one variable

[”($+an)]

(7) Sp(fian;z) :=e " Z (nkx!)kf(

k=0

Sl

), r e€Ry, n €N,

where (ay,)7° is a sequence of positive numbers such that lim,, . v/na, = cc.
In [16] it was proved that if f € Cp, p € Ny, then

(8) nlggo Sn(f; An; x) = f(aj)

for every f € Cp, p € Ng and z € Rg. Moreover, the above convergence is
uniform on every interval [x1,x3], z1 > 0.

Similar results in exponential weighted spaces can be found in [23].

The construction introduced the operators (7) not change the order of ap-
proximation.
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In the paper [21] it was examined similar approximation problems for the
following operators
n

n _ stn—1)2
Lu(f:2) = gy 2 (1) (@ + 0t (i),

feCp,peNy, x€Ryand n e N.

Thus the new question arises, whether the order of approximation given in
C and D cannot be improved.

In connection in this question we propose a new family of linear operators.
This together with the form of the operator makes results, given in the present
paper, more helpful from the computational point of view.

In this paper we shall denote the suitable positive constants depending only
on a by K;(a),i=1,2,....

2. MAIN RESULTS

Similarly as in the paper [20] (see also [22]) let D,, p € N, be the set of
all real-valued functions f(x), continuous on Ry for which w,(x)z* f*)(z),
k=0,1,2,...,p, are continuous and bounded on Ry and f (p)(:c) is uniformly
continuous on Rg. The norm on D,, p € N, is given by (3).

Approximation properties of modified Szasz-Mirakyan operators

0 adpimn —ew s mr G g pen

k=0 7=0

in D, were examined in [20].
In [20] it was obtained that if f € D,, p € N, then

(10) [A4n (f5p5) = FO)llp = O(n7P/?).

The assertion (10) for the operators A, and f € C} :={f € Cy: f',...,
f) € Gy} is given in [17].

We introduce the following

DEFINITION 1. For functions f € D,, p € N, we define the operators By,

ntan)] L p ok .
(11)  Bu(fian;psz) =™ > (nz)* > ]<.") (:1: —~ %)J z € Ry,
k=0 3=0

where (ay)3° is a sequence of positive numbers such that lim,,_,c v/na, = co.

In this paper we shall study a relation between the order of approximation
by B,, and the smoothness of the function f.

Now we shall give approximation theorem for B,,.

The methods used in to prove Theorem are similar to those used in con-
struction of modified Szész-Mirakyan operators [14, 16, 23].
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THEOREM 2. Fix p € N. Then for B, defined by (11) we have
(12) Jim {By,(f;an;piz) — f(2)} =0, f€ Dy,
uniformly on every interval [x1, 3], x2 > x1 > 0.
Proof. We first suppose that f € D), p € N. From (11) and (9) we obtain
Bu(fian;ipiz) — f(2) =

D S S IR
k=0 7=0
o] p j k
- *mkzjo jz% j<,n) (x %)j
R 00 (n)* 4 f(J)(%)
’ k:[n(gn)]+l . 32;) 7 ( n>

= Ay (fip;x) — f(x) — Myu(f;z), x€Rg, neN.

By our assumption, using the elementary inequality (a + b)¥ < 28=1(a¥ 4- b¥),
a,b> 0, k € Ny, we get

13) W) < Ka(1 +177F)
< Ky(1+ ([t — x|+ 2)P7F)
< Ko(1+ 2077 (|t — [P~ 4 2P7%)), k=0,1,2...,p

From this and by (1) we get

[ M (f;2)] <
= Eo : P : i
<e ™ > ) K22<1+2p_3_1 (‘2—30‘ +$p_])>‘fl—x‘
k=[n(z+an)]+1 Jj=0
p . . 0 k j
) R e D D L s
Jj=0 k=[n(z+an)]+1

o
it — k p
4op—i—lgmne E (n,f,) n—x‘ )
k=0
p

=K, Z ((1 4 2P~ gPmd e Z (n,f!)k ‘% — x’j

Jj=0 k=[n(z+an)]+1

+ 2079718, (|t — x|p;x)>.
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We remark that

()t j N o
—nx nx k —nx nT o
<e > YR ’g - x‘ se Y. o
an<lk/n—z| an<|k/n—z|
o0 .
1,z N> )k [k PP _ Pt
< e 2 R E = 27 5n [t — P x).

From this and in view of (5), the Holder inequality and the property S, (1;z) =
1, we further have

| M (f;2)| < K3<Zp: % (sn ((t - z)2p+2j;l-)>1/2

J=0

4 2p~1 (Sn ((t —z)%; x))lm)

1/2

p — ) p+7 . /

. 142P—J—1gp—J ) . x’

= K3 ™ Z Ci,2p+2j p2p¥2j—i
7=0 =1

p 1/2
1 i
+2P {Z ci72pn§,_i}
=1
p+Jj

p
<oh | ar Z (1420777 1aP ) O ciproja’

» N 12
+2p—1 {Z Ci,prEz} )
=1

where K3, K, are some positive constants depending only on p. The properties
of a,

1/2

lim v/na, =

n—oo

imply that
Tim M, (f;2) =0

uniformly on every interval [z1, 23], x2 > x1 > 0. From this and by (10) we
obtain

Jim {By(f;an;piz) — f(2)} =0,

uniformly on every interval [z, 2], xo > 21 > 0. This ends the proof of
(12). O
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3. REMARKS
Applying (10), the equality
By(fian;psz) — f(2) = An(fipiw) — f(z) — Mu(f;2)

and arguing as in the proof of Theorem it is easy verified that operators B,
n € N, give better the order of approximation (O(n~?/2)) function f € D,,
p € N, than S,, and the operators examined in [16, 21, 23] (O(n™1)).

Observe that analogous approximation properties hold for the following
operator

(14) Co(fipix) i=e " i el i f<f>ﬁfi) (“T - %)] ’
=0

k=0

f S 0[0,1}7 WS [O, 1), n € N.
We may remark here that the operator C,,, n € N, obtained from (11) for
ap=1—z,2€/[0,1).
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