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Abstract. In this paper we continue the study of a sequence of positive lin-
ear operators which we have introduced in [9] and which are associated with a
continuous selection of Borel measures on the unit interval. We show that the
iterates of these operators converge to a Markov semigroup whose generator is a
degenerate second-order elliptic differential operator on the unit interval. Some
qualitative properties of the semigroup, or equivalently, of the solutions of the
corresponding degenerate evolution problems, are also investigated.
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INTRODUCTION

In the previous paper [9] we have undertaken the study of a new sequence
(Cp)n>1 of positive linear operators acting on the space of Lebesgue functions
on the unit interval. We have investigated their approximation and shape
preserving properties, presenting some estimates of the rate of convergence by
means of suitable moduli of smoothness.

In this paper we continue the study of these operators by establishing an
asymptotic formula. This formula leads to a one-dimensional second-order
differential operator of the form

(1) Au(z) == az)u”(z) + (f - :c) ) (0<z<1)
1

(2

defined on a suitable domain of C([0,1]) N C2(]0, 1[). Here 0 < d < 2 and « is
a continuous function on [0, 1] such that a(0) = a(l) = 0 and a(z) > 0 for
O<z <l

Under additional hypotheses on «, we show that the operator A defined on
the subspace

Dyr(A) := {u € C([0,1]) N C*(]0, 1])| 11%1+Au(x) €R, lim Au(z) € R}
r—r

r—1—
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is the generator of a Markov semigroup (7'(¢))¢>0 on C([0, 1]). Furthermore we
prove that for every ¢t > 0, for every sequence (k(n)),>1 of positive integers
such that k(n)/n — ¢t (n — oo) and for every f € C([0,1]),

2) Tim CEO(f) = T(t)f

uniformly on [0, 1].

Thanks to formula (2), we obtain some qualitative properties of the semi-
group (7'(t))s>0 and hence of the solutions of the diffusion equations associated
with the operator (A, Dys(A)).

In the last part of the paper we discuss a converse problem and we show that,
given a differential operator of the form (1) generating a Markov semigroup
there exists a continuous selection of Borel measures whose corresponding
operators (), represent the semigroup by means of their iterates.

1. THE OPERATORS Cy

In this section we recall the definition and the main properties of the se-
quence of the operators Cy,, introduced in [9], whose iterates will be studied
in the subsequent sections as we quoted in the Introduction.

As usual, we shall denote by C([0, 1]) the space of all real valued continuous
functions on [0, 1] endowed with the sup-norm || - || sc-

Let B([0,1]) be the o-algebra of all Borel subsets of [0,1] and denote by
M™([0,1]) the cone of all (regular) Borel measures on [0, 1] endowed with the
vague topology. For every z € [0,1] we shall denote by e, the point-mass
measure concentrated at x, i.e.,

1 ifxeB,
ex(B) = { 0 ;i ¢ B, for every B € B([0, 1]).

The symbol 1 stands for the constant function 1 and, for every n > 1,
en € C([0,1]) denotes the functions e, (t) :=¢" (0 <t < 1).
A continuous selection of probability Borel measures on [0,1] is a family

() o<z<1 of probability Borel measures on [0,1] such that for every f € C([0,1])
i

the function z — fdug is continuous on [0, 1]. Such a function will be
denoted by T'(f), i.e.,

1
(1.1) T(f)@) = [ fdus O <z <)

The operator T':C ([0, 1]) — C ([0, 1]) is positive (hence continuous) and || T’||=
1.

As in [9] we shall fix a continuous selection (u)o<z<1 of probability Borel
measures on [0, 1] satisfying the following additional assumption:

1
(1.2) / erdpu, =2 (0<z<1)
0

(i.e., T(el) = 61).
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Let (an)n>1 and (by)n>1 be two real sequences such that, for every n > 1,
0 <ap, < b, <1. For every n > 1 consider the positive linear operator
Cp : £1([0,1]) — C([0,1]) defined, for every f € £(]0,1]) and z € [0,1], as

1+ +xln+bn
n n+ n
Colf)wys=[ e [ e i)
[0,1]" B NS

_/ / {bf%n [Bl+ Z;rnlm f(t)dt]dux(xl)...d/%(g;n)?

n+1

where p denotes the tensor product of n copies of .

The operator C,, is well-defined and maps the space £1([0, 1]) into the space
C([0,1]). Moreover each C,, is continuous from C([0,1]) into C([0,1]) and its
norm is equal to 1.

It is worth pointing out that to a given continuous selection (fiz)o<z<1 of
probability Borel measures on [0, 1] it is possible to associate another sequence
of positive linear operators, namely the Bernstein-Schnabl operators, which are
defined as

Bu(f)(x) : = /[0 o B )

= [ ) - dpatan),
0 0

for every n > 1, f € C([0,1]) and 0 < x < 1. These operators have been
extensively studied (see, e.g., [1], [7] and [10]).
There is a close relationship between the operators C, and B,. In [9,
Remark 1.3] we showed that, for a given f € £1([0, 1]), considering the function
x

F € C([0,1]) defined by F(z) = / f(t)dt (0 <z <1) then, for every n > 1,
0
the operator C,, can be written as

(1.4) Cn(f) = 5254 Bu(on(F)),

where the mapping oy, : C([0, 1]) — C([0, 1]) is defined by

ou(F)(@) = F (G o+ k) = F (e +39y)

for every F € C([0,1]) and z € [0, 1].

Another formula which relates the operators C, to the operators B,, is given
in [9, Remark 1.4]. It has been useful both for investigating the behaviour of
the operators C), on convex functions and for suggesting a possible generaliza-
tion of our results replacing the interval [0, 1] with an arbitrary interval (not
necessarily bounded) or with a convex subset of some locally convex space.
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We recall it here:

/ [ g (et gy, (). den)

_/ / $1+ni‘1ﬂ7n+1 )d#n(xl)dﬂw(xQ) tet d'uz(anrl)’

where pu, denote the image measure of the Borel-Lebesgue measure A; under
the mapping T5,(x) = (by, — an)z +a, (0 <z <1).

Some examples of operators ), can be found in [9, Examples 1.5]. In
particular we point out that, if u, := ze; + (1 — z)eg, = € [0, 1], then they can
be rewritten as

n

k+by
(15)  Ca(f)(@) =D ("1 —a)"* (bfffin /k; f(t)dt)

k=0 n+1

and, by taking a, = 0, b, = 1 for each n > 1, they turn into the well-known
Kantorovich operators ([21]; [7, pp. 333-335]).

Another example of operators C,, can be obtained by considering the con-
tinuous selection (1/)‘)0<x<1 of the probability Borel measures v, defined by

= M)z + (1= A@))er (0<2<1),

where the measure p, is given by u, = ze; + (1 — z)eg and X € C([0,1))
is a function satisfying 0 < A < 1. The operators C,, associated with the
continuous selection (v))o<z<1 are given by

Cu(f)(x) =
N kthatby

=22 ("% (Zf;n Jesites f(t)dt) ML) @)= A @)
h=0k=0 B

for every f € £1([0,1]), z € [0,1] and n > 1.

In [9, Section 2] we investigated the approximation properties of the op-
erators C,, in the space C([0,1]) and, in some cases, in the space L£P([0,1]).
We also presented several estimates of the rate of convergence by means of
suitable moduli of smoothness. Shape preserving properties of these operators
were also discussed (see [9, Section 3]). In particular we proved that each
operator (), preserves both the class of Holder continuous functions and the
one of convex continuous functions.

We recall here some of these results which will be useful in Section Bl The
first one shows that each operator C,, preserves the class of Holder continuous
functions. The next one gives information about the preservation of convex
functions by the operators C),. For more details see [9, Section 3].

For given M > 0 and 0 < a < 1, we shall denote by Lip,;a the subset of
all f € C([0,1]) such that

[f(x) = f(y)] < M|z —y|* for every z,y € [0, 1].
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Moreover, for any f € C([0,1]) the symbol w(f,:) stands for the usual
modulus of smoothness of the first order which is defined by

w(f,0) :==sup{|f(z) = f(Y)| : [o —y| < 6,2,y €[0,1]} (5 >0).

THEOREM 1.1. If T'(Lip;1) C T'(Lip.1) for some ¢ > 1, then for every
n>1, feC(0,1]),d>0, M >0and0<a<1

w(Cn(f),0) < 1+c)w(f,d) and Cp(Lipya) C Lip.ayso.
In particular, if T(Lip;1) C Lip,1, then
w(Cn(f),0) < 2w(f,d) and C,(Lipy«) C Lipysa.

THEOREM 1.2. Consider the operators Cy associated with the continuous
selection of probability Borel measures (fiz)o<z<1 defined by (L1.3). Suppose
that:

(c1) The operator T, given by (1.1)), maps continuous convez functions into
(continuous) convex functions;
(c2) For every x,y € [0,1]

d(pe ® po + py @ 22/ d(pe ® py),
/[071]2 Prd(pe © pra + py @ pry) o ¥ (ko © piy)

where pg(s,t) == f (551), (s,t) € [0,1]* and the symbol @ denotes the
tensor product among measures.

Then each operator C, maps continuous convex functions into (continuous)
conver functions.

Examples of selections of measures satisfying (¢1) and (¢2) can be found in
[10, Examples 2.7].

2. AN ASYMPTOTIC FORMULA

In this section we establish an asymptotic formula for the sequence of the
operators (', defined by with respect to the uniform norm.

The usefulness of asymptotic formulae in the representation of Cy-semi-
groups in terms of positive linear operators has been shown by many results
in the last years, since the pioneer work of the first author ([I], [2], [3], [4])
(see also [6], [8], [11], [12], [13], [18], [19] and the references given there).

The first result about asymptotic formulae is due to Voronovskaja [24].
It states that, considering the sequence (B,)n>1 of the classical Bernstein
operators defined on the unit interval [I7] (see also, e.g., [7, pp. 218-220]), for
any f € C2([0, 1)

Jlim n(B,(f)(@) — f(2) = 51" (2),

uniformly with respect to = € [0, 1]. Such a result shows that for Bernstein op-
erators the convergence cannot be too fast, even if the approximating function
is smooth.
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In order to show an asymptotic formula for the sequence (C,),>1, we shall
use a generalization of Voronovskaja’s result due to Mamedov [22] (see also [5),
Theorem 1]), which holds for an arbitrary sequence (L, ),>1 of positive linear
operators acting on C([0,1]) and which is stated below.

As usual, for every x € [0, 1] the symbol 1), stands for the function

(2.1) Yet) =t —x (0<t<1).

THEOREM 2.1. Consider a sequence (Ly)n>1 of positive linear operators
from C([0,1]) into itself and let o, f and «y be functions defined on [0,1].
Assume that

(i) lim n( n(1)(x) — 1) =~(z) wuniformly on [0, 1],

(ii) hm nL, (V) (x) = B(z) uniformly on [0,1],

(iii) hm nL,(¥2)(x) = a(z) uniformly on [0, 1],

(iv) hm nL,(Y2)(z)=0 wuniformly on [0,1], for some even positive integer
q24

Then for every f € C([0,1])
T n(Lo(f)(2) — £(@) = & £ () + Bla) f(z) +(a)
uniformly on [0, 1].

For a proof we refer the reader to [0, Theorem 1] where a more general result
for not necessarily compact interval is presented.
Now we are in a position to state and prove the main result of this section.

THEOREM 2.2. Consider the sequence (Cp)n>1 of the operators Cy, defined
by (1.3) and assume that the sequence (an+ by)n>1 s convergent. Then for
every fGCQ([O 1])

lim n(Co(f)(w) — f(2)) = T () 1 (4 - 2) f'(w),

n—oo

1
uniformly with respect to x € [0, 1], where T'(e2)(x) = / eadp, (see 1) and
0
d:= lim (an + by).
n—oo

Proof. We shall apply Theorem with ¢ = 4. Observe that condition (i),

(74) and (i7i) of the above result are satisfied with v = 0, g(x) = g — x and

a(z) = T(e2)(z) — 2% (0 < 2 < 1) because, for every 0 < z < 1,

Ca(1)(z) =1, Culve)(z) = 57 (% - :1;)

and

—_n an n a% (lnbn b%
Cu(¥3) () = (r}+1)2 2’ + (nf1)2 T(ez)(x) — (nilb)Q T+ 3+(n+1)g )
(see [9, formulae (2.3), (2.4)]). In order to verify condition (iv), we shall
explicitly determine the function C,,(2).
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Let = € [0,1]. Since ¥} = e4 — 4zez + 6x%eg — 4a3e; + 2*1, we have
Co(¥) = Cp(esq) — 42Cy(e3) + 62°Ch(eg) — 423C(e1) + z1Cp(1).
The expression of C,, (1), Cy,(e1) and Cy,(ez) are the following

Cul(1)(@) = gl tuztn — 1, Cy(en)(@) = poigy @+ i

and

— 2 2
Cule2)(w) = (it @ + gty Te2) () + "Gy o + S,

(see (2), (3) and (4) of |9, Theorem 2.1]). Therefore we proceed to evaluate
C,, on the functions es and e4, by using relation ((1.4) between our operators
C, and the corresponding Bernstein-Schnabl operators B,,. A simply but
laborious computations shows
3 2 n+bn
Ch(es)(z) =Griigys Bules)(@)+3 ") Bulea)(@)

n(a2 +anbp+b2) (an+bn)(aZ+b3)
S =S ) R B =S ) L

and
TL4 77»3 An1On 712 a% nbn %
Cr(ea) (%) = Griigyr Bnlea) () + 270555520 By (e3) () 4+ 2-guttntettul

n(antbn)(aptby) . by +b%an+bial +bnad +ay
X Bp(ea)(z)+ CESVE T+ G0 .

Therefore

n2 n—. n2 n—.
nCh (1) (%) =griigye Tles) (x) + Tyt @ Tes) (@) + it T(ea) (@)

n2(5—n 73 —99n24n 72 (an-+bn
+ SO 22 Teg) () + 22000 g 4 20 lanitin) () ()

n2(n—1)(an~+bn n(5n—1)(an+bn n2(n—
Sl ) )+ 2 4 2

2n2 (a4, by % n2(antbn a% 2
x(a%+anbn+b2)x2+—4—((ﬂll) %)T(eg)(x) 17 (antbn) @i thy) (:leﬂ)g o) g,

n(bpAbS antb? a2+bnad+an 4n2 6n2

g e b diioh) A 2 T(es) (@)~ (e T (e2) )
An?(a2+anbn+b2) 2 n(an+by)(aZ+b2) 6n%(n—1) 4

- (n1? " - (S A i ey L

Qn(a%—i-anbn—i-bi) SU2
(n+1)3

and so condition (iv) follows. O

+ o Tlea) () +

3. MARKOV SEMIGROUPS ASSOCIATED WITH A CLASS OF ONE-DIMENSIONAL
DIFFUSION EQUATIONS AND THEIR APPROXIMATION

The main aim of this section is to discuss some one-dimensional diffusion
equations on the unit interval by means of the theory of Cp-semigroups of
operators and to represent the relevant solutions (or the corresponding semi-
groups) by iterates of the operators C),. For more details about the theory of
Co-semigroups we refer the reader to [16], [20], [23].
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Let (Cp)n>1 be the sequence of the operators on C([0,1]) associated with
the continuous selection (pz)o<z<1 of probability Borel measures on [0, 1]
defined by (1.3). By Jensen’s inequality [I5, Theorem 3.9] it follows that
22 < T(eg)(w) < x (0 < x < 1), where the operator T is defined by .
Therefore

0<T(ex)(x) —a?<z—2>=2(1-2) (0<z<1).

In particular, T'(e2)(0) = 0 and so Supp po = {0}, that is po = 9. Here
Supppuo stands for the support of the measure pg (see, e.g., [7, Section 1.2]).
1

Moreover T'(ez)(1) = 1, so / (e1 —e2)dps = 0 and Suppp; C {0,1}.
0
Then there exist o, 5 € [0,1], o« + 8 = 1 such that u3 = agg + Pe1, so that

1
1= / e1du; = B. In conclusion we obtain a = 0 and p; = €1.

Finally we observe that, if 0 < x < 1, then
T(ez)(z) =2 if and only if p, = &,.
Indeed, if T'(e)(x) = 22, considering the function v, defined by , we have
/Olq/lgd,ux =0, so Supp uy = {z} and p, = £;. The converse is trivial.

From now on we suppose that the family (u4)o<z<1 satisfies the following
further condition

(3.1) Ly 7 Eq for every 0 < z < 1.
Set

az) =1 (T(€2)(£B) - ZL'Q) =1 (/01 eadpt, — :1:2> (0<z<1).

Then o € C([0,1]), a(0) = (1) =0 and

0<afx) < :E(12—3:) for every 0 < z < 1.

Suppose in addition that « is differentiable at 0 and 1 and

(3.2) ' (0) # 0 # d/(1).
Then
a(z) =22 \(@z)  (0<z<1)
where
24/(0)  ifx =0,
(3.3) M) =58 o<z <,

—2d/(1) ifx =1,
and A € C([0,1]), 0 < A(z) <1 for every z € [0, 1].
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Suppose that there exists d := (an+by) > 0 and consider the differential

lim
n—oo

operator A defined by setting for every u € C2(]0, 1[)
Au(z) = a(z)u”(z) + (%l — m) u'(z) (0<z<1).

Set
(3.4)
Das(A) = {u € ¢(10,1) N €0, 1)] lim AGw)(x) € B, lim A(u)(x) € ]R}

and continue to denote with A : Djr(A) — C([0,1]) the operator defined by
setting for every u € Dys(A) and x € [0, 1]

xlgglJrA(u)(x) if x=0,
(3.5) A(u)(z) := { a(z)u" (z) + (% - a:)u/(x) if0<z<l,
xlinlliA(u)(:L‘) if x=1.

We recall that a core for a linear operator A : D(A) — E defined on a
linear subspace D(A) of a Banach space F, is a subspace Dy of D(A) which
is dense in D(A) for the graph norm ||ul|4 := ||u|| + [|Au| (v € D(A)).

A Feller semigroup on C([0, 1]) is a strongly continuous semigroup of positive
linear contractions on C([0,1]). A Markov semigroup on C([0,1]) is a strongly
continuous positive semigroup (7'(t));>0 on C([0,1]) satisfying T'(¢)1 = 1 for
every t > 0. A strongly continuous positive semigroup on C([0, 1]) with gen-
erator (A, D(A)) is a Markov semigroup if and only if 1 € D(A) and A1 = 0.

THEOREM 3.1. Under the assumptions and (3.2), if moreover o/ (0) <
d/2 <1+ d'(1) and the function r(z) = d)\%;)m (0 <2 <1) is Holder contin-
uous at 0 and 1, then the operator (A, D(
semigroup (T(t))i>0 on C([0,1]) and C3([0,1

A)) is the generator of a Markov
) is a core for (A, Dps(A)).

Proof. We introduce the auxiliary operator
(1) Bu(z) = @u”(w) +r(z)u(z)
defined on the domain D(B) := Djs(A). Thus, B = AA and

D(B) := {u € ¢([0,1]) N C2(J0,1])| lim B(u)(z) € R, lim B(u)(z) ]R} .
z—0t z—1-
Then, (B, D(B)) is the generator of a Feller semigroup on C([0, 1]) (see [13|
pp. 120-121]). Therefore, since A = AB, the result follows by a well-known
result about the generation of the multiplicative perturbation of generators
(see [7, Theorem 1.6.11]). Since 1 € Djps(A) and A1 = 0, the semigroup is
a Markov semigroup. Finally in order to prove that C2([0,1]) is a core for
(A, Dpr(A)), we use Theorem 2.3 of [I3] applied to the operator B defined
by , obtaining that C%([0,1]) N D(B) is a core for (B, D(B)). But, since
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C%([0,1]) ¢ D(A) = D(B), C*([0,1]) is a core for (B, D(B)) and hence for
(A, D(4)). O

At this point we are in a position to obtain a result about the approximation
of the semigroup above.
The p-th power (p > 1) of the operator C), : C([0,1]) — C([0, 1]) is defined

as
v {Cn if p=1,
" CpoCP7t if p>2.
Clearly
(3.6) |CP|| <1 foreveryn>1andp>1,

since ||Cy|| < 1.
Note that, if u € C%([0,1]), then
Au(z) = a(x)u” (z) + (% - x) u'(z) for every z € 0,1]
and hence, by Theorem [2.2]
(3.7) Jim n(Crp(u) —u) = Au  uniforlmy on [0, 1].
We finally need the following general result which can be obtained by Trotter’s

theorem on the approximation of semigroups (see, e.g., [20, Corollary 5.8] or
[7, Theorem 1.6.7]).

THEOREM 3.2. Let (T'(t))t>0 be a strongly continuous semigroup on a Ba-
nach space E with generator (A, D(A)). Consider a sequence (Lp)p>1 of
bounded linear operators on E and assume that

(i) There exists M > 1 and w € R such that
|T(t)|| < Mexp(wt) and ||LE]| < Mexp (wk)

foreveryt>0,n>1p>1.
(ii) There exists a core Dy for (A, D(A)) such that

Jim n(Ly(u) —u) = Au  for every wu € Dy.
Then for every t > 0, for every sequence (k(n))n>1 of positive integers such
that k(n)/n —t (n — o0) and for every f € E
T(t)f = lim Ly f.
From (3.6) and (3.7) and from Theorems and the next result imme-
diately follows.

THEOREM 3.3. Under the same assumptions of Theorem [3.1], considering
the Markov semigroup (T'(t)),~, generated by (A, Dp(A)), for everyt > 0, for
every sequence (k(n)),>1 of positive integers such that k(n)/n — t (n — o)
and for every f € C([0,1]),

(3.8) Tt f = Jim CE®) () uniformly on [0,1].
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By using the representation formula (3.8]), it is possible to obtain some
properties of the semigroup from the preservation properties of the operators

C), (see Theorems and [1.2).

ProproSITION 3.4. Under the same assumptions of Theorem (3.3, consid-
ering the Markov semigroup (T(t))e>0 generated by the operator (A, Dyr(A))
defined by (3.5)), the following statements hold true:

(1) If the operator T, defined by (1.1)), maps Lip;1 into Lip;1, then
T'(t)(Lippser) C Lipya
for every M >1 and 0 < o < 1.
(2) If the operator T, given by (1.1), satisfies the hypotheses of Theorem

then for every t > 0, T'(t) maps continuous convex functions into
(continuous) conver functions.

It is possible to obtain a further property which holds for the semigroup
(T'(t))t>0. We need the following lemma.

LEMMA 3.5. Under the same assumptions of Theorem consider the
Markov semigroup (T'(t))i>0 generated by (A, Dy(A)). Then for every t >0

T(t)ey = e ter + %(1 —eh).
Therefore, for everyt > 0
e1 <T(t)er ifand onlyif d=2.

Proof. We use the representation formula (3.8) in order to show the first
part of the claim. For every n > 1 we have indeed

_ n an+bn
Cn(el) = aF1 e1 + 2(nt1)’

cien = () v+ (1- st
and, reasoning by induction, for every p > 3
Coer) = (725) en + (1 (527)") eagle.

Given t > 0 and considering a sequence (k(n)),>1 of positive integers such
that k(n)/n — t, we get

T(t)er = Jim CEMe) = e7te; + d1-e),

k
since (#) ") — e, The second part of the statement follows from the first
one, since d = nlLrgo(an +b,) < 2. O

PROPOSITION 3.6. Under the same hypotheses of Theorem [3.] the following
propositions are equivalent:

(a) For every increasing convez function f € C([0,1]) and for every t > 0,

f<T@)f.
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(b) d=2.

Proof. (a) = (b) For f = e1, we get e; < T'(t)e; for every ¢ > 0 and so
d = 2 by the previous lemma.
(b) = (a) Fix t > 0. Since d = 2, e; < T'(t)e;. Let f € C([0,1]) convex and
increasing. Let x €]0,1[ and let ¢ be an increasing affine function on [0, 1]
such that f(z) = p(z) and ¢ < f. Let a,b € R, a > 0 such that ¢ = ae; +b.
Then T'(t)p = aT'(t)e; + b and so ¢ < T'(t)p. Accordingly

f(@) =) <T#)p(x) <T@)f(z).

By continuity the inequality f < T'(t)f can be extended on the whole interval
[0,1] and so the result follows. O

REMARK 3.7. From the general theory of Cp-semigroups of operators and
from Theorem it follows that for every ug € Dy(A) the following initial-
boundary differential problem of diffusion type

e t) = a(e) 2t (@) + (§ - ) §u(z,t) O<z<1,t>0,
uo()

u(z,0) = up(z 0<z<I,
(3.9) a p
mlggha(m)w(x,t) + (5 ) 8—(1’ t)yeR t>0,
Tz—17

has a unique solution given by
u(z,t) =T(up(z) (0<x<1,t>0).

Moreover |u(z,t)] < ||ug|| (0 <x < 1,t>0) and u(-,t) is positive for every
t > 0 provided that ug > 0.

Furthermore, by Theorem the solutions can be approximate by means
of iterates of the operators C,. Finally, Propositions and give some
qualitative properties of them as well. O

We end the paper by considering a kind of converse problem. Let d € R,
0<d<2andaeccC([0,1]), a(0) = a(l) =0, a(x) > 0 for every 0 < = < 1.
Moreover suppose that « is differentiable at 0 and 1, o/(0) # 0 # /(1) and
the function

r(z):= %&%2_@ it 0<z <1,
ot if =1,

is Holder continuous at 0 and 1.
Consider the differential operator (A, Dys(A)), defined in and (3.5),
that is,

Au(z) = a(@)u" (@) + (§ - z)u'(@) (0<z<1)
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z—0T1
r—1"

If &/(0) < d/2 <14d'(1), then (A, Dpr(A)) generates a Markov semigroup
(T'(t))e=0 on the space C([0,1]), as the same proof of Theorem [3.1| shows.

The problem is then to find a continuous selection (v4)o<z<1 of probability
Borel measures on [0,1], satisfying (1.2), and two sequences (an)n>1, (bn)n>1
in [0,1] such that the corresponding operators C), represent the semigroup
by means of their iterates, as in Theorem [3.3] To this respect we have the
following result.

for every u € Dps(A) := {u € C([0,1]) nc?(]0,1])| lim A(u)(z) € R}.

THEOREM 3.8. Under the previous hypotheses, further suppose that a(x) <
w (0 <z <1) and for every x € [0,1] set

(3.10) Vg := N2z + (1 = X))y,

where pi := ze1 + (1 — x)eg and the function A € C(]0,1]) is defined by (3.3]).
For everyn > 1 set

0 1/n>d/2,

(3.11) bn:=df2 and ap:= { dj2—=1/n  1/n<d/2.

Consider the sequence (Cy)n>1 associated with the selection (vz)o<g<i and
the sequences (an)n>1 and (bp)pn>1. Then, for every t > 0, for each sequence
(k(n))n>1 of positive integers such that k(n)/n — t (n — oo) and for every

fec(o, 1),
T@)f = lim C*™(f)  uniformly on [0,1].

n—o0

Proof. We preliminarily observe that 0 < a, < b, < 1 and a,, + b, — d.
Moreover the mapping = +— v, is continuous, the conditions (1.2) and (3.1)
are verified and finally

1
%(/ ezdyx—m2>:W:a(x) 0<z<1).
0
From Theorem [3.3] the result follows. O

We point out that, if d < 1, then one can consider the sequences a, = 0
and b, = d (n > 1) instead of the ones given by (3.11).

We also remark that, under the assumptions of Theorem the operator
T corresponding to the selection (3.10) via formula ([1.1]) is given by

T(f) =@ =XNf+fD)rer + fFOAL —er) (f €C([0,1])).

Therefore, if such an operator 7' maps Lip;1 into Lip,1 and/or if it satisfies
conditions (c1) and (c2), then the semigroup generated by (A, Dps(A)) maps
Lipysa into itself (M > 0, 0 < o < 1) and/or continuous convex functions
into convex functions.

Moreover, if d = 2, property (a) of Proposition holds true as well.
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For instance, if A is constant, i.e., a(z) = )\w (0 <z <1), then T maps

Lip;1 into Lip;1 and it satisfies (¢1) and (c2).

We shall finally restrict our attention to the particular case d =1 and
a(z) = 152 (0 <w <1).

In this case Theorem [3.8] and Proposition [3.4] can be fully applied and the
operators Cy,, n > 1, whose iterates converge to the semigroup (7'(t)):>0 gen-
erated by (A4, Dys(A)), are the Kantorovich operators defined by with
ap=0and b, =1, n > 1.

In this particular case we wish to point out another property of the semi-
group (and hence of the solutions of problems ) which is concerned with
functions of bounded variation on [0, 1]. If f : [0,1] — R is such a function,
we denote by Vg 1)(f) its total variation, i.e.,

Vioy(f) :== Sup{ |f (i) — f(mi—l)"(l'i)ogign partition of [0, 1]} .

n

=1

We recall that, if (f,)n>1 is a sequence of functions of bounded variation
on [0, 1] pointwise convergent to a function f:[0,1] — R and if, in addition,
sup Vjp,1)(f) <+oo, then f is a function of bounded variation on [0,1] and
n>1

VE),l](f) < SI;I; Vio(fn)-

In [14, Proposition 3.3], it is shown that for every function f : [0,1] — R
of bounded variation on [0, 1] and for any n > 1

Vo,y(Cn(f)) < Vioyy(f)-
An analogue inequality holds true for the iterates of the operators C,,.

Therefore from (3.8]) and from the previous remark it follows that, for every
continuous function of bounded variation f : [0,1] — R and, for every ¢ > 0,

T(t)f is a (continuous) function of bounded variation

and
Vo (T(@)(f)) < Vo (f).

We leave as an open problem the question whether the above inequality is
still true for other classes of semigroups as stated in Theorem
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