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APPROXIMATION AND GEOMETRIC PROPERTIES
OF SOME COMPLEX BERNSTEIN-STANCU POLYNOMIALS
IN COMPACT DISKS*
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Abstract. In this paper, the order of simultaneous approximation, convergence
results of the iterates and shape preserving properties, for complex Bernstein-
Stancu polynomials (depending on one parameter) attached to analytic functions
on compact disks are obtained.
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1. INTRODUCTION

Concerning the convergence of Bernstein polynomials in the complex plane,
Bernstein proved (see e.g. [6, p. 88]) that if f : G — C is analytic in the
open set G C C, with D; C G (where D; = {2 € C : |z|] < 1}), then
the complex Bernstein polynomials By(f)(2) = Y i—o (M2E (1 — )k (k)
uniformly converge to f in ;.

Estimates of order O(%) of this uniform convergence and, in addition, of
the simultaneous approximation, were found in [2]. Also, in [2] it was proved
that the complex Bernstein polynomials preserve (beginning with an index),
the univalence, starlikeness, convexity and spirallikeness.

In [3], quantitative and qualitative approximation results for iterates of
complex Bernstein polynomials were obtained.

The goal of this paper is to extend the above mentioned approximation
results, to the following kind of complex Bernstein-Stancu polynomials:

ST () = S pS P (I(E), 120,z eC,
k=0
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where v may to depend on n and

p<’7>( ) _ (n) z(z4+7)...(z4+(k=1)v)(1—2)(1—2+7)...(1—2z+(n—k—1)~v)
n,k k (I4+7)(1427)...(1+(n—1)7) ’

For v = 0, these polynomials become the classical complex Bernstein polyno-
mials.

2. APPROXIMATION PROPERTIES

Concerning the approximation orders by the Bernstein-Stancu polynomials
defined in Introduction, the main results are expressed by the following.

THEOREM 2.1. Let Dp = {z € C;|2| < R} be with R > 1 and let us suppose
(o)

that f : Dr — C is analytic in Dy, that is we can write f(z) = 3. cp2®, for
k=0

all z € Dg.
Let 0 <~ which can be dependent onn and 1 < r < R. Then, for all |z] <r
and n € N, we have

15577 () (2) = F(2)| < M50 (f),

2,rn
where
<'y> J (T+1 J
0< M7 (f) ij—1|6\7“+TZJJ_1)(QJ_1)|CJ|T < oo0.
=2 Jj=2

Also, if 1 <r <ry <R, then for all |z| <r and n,p € N, we have

<v>
’[S;w(f)](p)(z) — f(P)(Z)‘ < My, (f)plry

(ry —r)ptl -

Proof. Since S5 (f)(z) = § kS (ex)(2), we get
k=0

oo
1S5 (F)(2) = f(2)] < D lel - 18577 (en)(2) — en(2)].
k=0
To estimate |S577 (ex)(z) — er(z)| for any fixed n € N, we will consider two
possible cases: 1) 0 < k < n; 2) k > n.
We will use the well-known representation (see [8])

SN = 3 O Al 0),

p=0

Denoting
!
D 7p7 ( )Azlj/n (0) ( )[07317' 7£7ek]£p7
since ey, is convex of any order, it follows that all D, ,, . > 0 and

min{n,k}
z(z p—1
S50 (er)(2) = Z D g SRl
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n min{n,k}
Also, since S77(f)(1) = f(1), we get Z Dypk = Z Dy, =1

Note that since for any j = 0,1,..., we have liﬂ <r,foral 0 <p<
min{n, k} < k and |z| < r we obtain

|2(z+7)...(2+(p=1)7)| r+ r+(p—1)y
e ST T S s

which for all |z| < r and n, k € N, immediately implies
min{n,k}

15577 (ex)(2)] < r* Z Dypr =

Case 1). If k = 0, then obviously we have S577 (e)(2) — ex(z) = 0. There-
fore, let us suppose that 1 < k < n. By using the representation in [8], we
obtain

1S (ex)(2) — ex(2)] < ‘n(n 1).. (n (k=1)) . z(z+y)...(z4+(k=1)7)

(1+7)---(A+(k=1)v)
+ZD@

:E§Z>(Z) F7(2).

2(z4+7)...(z+(p=1)7)
(14+7)...(+(p—=1)7)

For |z| < r it follows

k—1
Fn<7"€y> (Z) < ,r_k Z Dn,p,k _ Tk[l_Dn,k,k] _ 7nlc[l_n(n—l)...ég—(I<:—1))] < ’I“k k(l;;l)
p=0
Here we have applied the inequality 1 —[Jx; < > (1 —a;), with all 0 < x; < 1.
Also,

E<’]z>(z) <‘n(n—1 (n—(k 1)) z(z+7)...(z+(k=1)7y) z(z-l—’y)...(z-&—(k—l)v)’

(14+7)--(1+(k—1)7) (I+7)-.(A+E-1)7)

z2(z47)...(z+(k=1)y) Zk’
1+7)...(1+(k—1)v)

+

< Z(Z+7)~-~(Z+(k—1)7)’ . ‘1 _ nn=1)..(n=(k=1))
= | (1+7)-.(A+(*&=1)v) nk
2(z47)...(z+(k—1)y) _ Zk’ < phkE=1) | 2G4z (k=1)y) Zk‘
) (L (=107 S I 1) (L h—1)7) :
For any fixed |z| < 7, let us denote gip(a)(z) = Z((lz_j;))((fﬂ(kk_}l)g), where

a > 0. Then, by the mean value theorem, there is £ € [0, 7] such that

T — 4 = g (1)(2) = 9u(0)(2)] < - max | 2.

. —1
But denoting u;j(a)(z) = ﬁ;g’ we have gi(a)(z) = z [] u;(a)(z) and
=1

k—1 , k—1 k—1 k—1
dgr(e)(z) _ zHja\’ H ztia _ J(1—2) H z+ia
da - 1+ja ), 1+ia — (1+ja)? 1+ia”
J=1 i=1,i#] J=1 i=1,i#]
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Since (1+]T)2 < 42, passing to modulus (for 0 < ¢ < v and |z| < ), we obtain
k—1
‘dgkéi)(z) (T+1)Z 2, k—2 = (r+1)r k— 1k:(k:—1)6(2k—1)'
j=1
It follows

B (2) < rEE2D 4o g 1)kt MEZLEECL)

Collecting all the above estimates, we get for all |z| <7

1S9 (1) (2) — ex(2)] <rFEESL gk kD) 4 gy 1 EG=1@E-1)
=r# [HED) | o ril ALk

Case 2). We have
15577 (er) (2) — ex(2)] <IS377 (er) (2)] + lex(2)]

<ZD e

Reasoning as in the above Case 1), we get

z(z+ (z+(p—1)7)
EEEEE + ()l

1S57% (ex) (2) — en(2)] < 1™+ b < ok < 2EDkE

n

Collecting all the results in the Cases 1) and 2), we immediately obtain, for
all |z| <rand k=0,1,2,...,

57 (ex) (2) — ex(2)] < p¥ [ 4 g md HELEED]

which implies the corresponding estimate in statement.

For the simultaneous approximation, denoting by I' the circle of radius
r1 > r and center 0, since for any |z| < r and v € I, we have |[v — z| > r; — 1,
by the Cauchy’s formulas it follows that for all |z| < r and n € N, we have

/ S (NW =) 4,
r

|

15577 (MP(2) = [P (=) =5
_M<’y> (f) plry

< MZr> (f)}i 2mry

(v—z)PHI 2,r1,n 27 (ri—r)ptT

2,r1,m (ri—r)pt1»
which proves the theorem. O
REMARK 2.2. For v = 0 we get the results in [2]. 0
3. ITERATES

Defining the m-th iterates by "Ss77(f)(z), first we prove the following
qualitative result.
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THEOREM 3.1. Let Dr = {z € C; |z| < R} be with R > 1 and let us suppose
that f : Dr — C is analytic in Dg, that is we can write f(z) = Z cpzk, for

all z € Dg. Let 0 <~. Uniformly in |z| < r, where 1 <r < R, we hcwe
i S (1)(E) = (1= 2)0) +2/(1), Ve,

Proof. From [1], Remark 2 after Theorem 9, p. 165, for any n € N, we have
T%i_rgom&f”ﬂf)(x) = (1—2)f(0)+xf(1), uniformly with respect to = € [0, 1].
From the classical Vitali’s result, it suffices to show that for any fixed n € N,
the sequence ("S5 (f)(2))men is uniformly bounded for |z| < r.

We have ™SS2 (f)(2) = %O: ek - ™S (er)(z). We will prove that for all
n,m,k € Nand |z] <r, we lf;x?e MS<7>(ex)(2)] < k.
Indeed, for m = 1 it easily follows by (also see the proof of Theorem 2.1)
. min{n,k} ‘
R S S

min{n,k}
Wltthjk>OaIleDnjk_ > Dujk=1
j=0 3=0

i :
Denote hj(z) = z(z 4+ 7).z + (F — 1)y) = X cl(])ei(z), where CZ(»]) > 0,
i=0

()— 1 and Ec(j =hi(1)=0+7v)..0+ (G —1)v).
By the hnearlty of S5, we get

min{n,k}

J
2
’ S§W>(ek)| = Zo Dn,j,k(1+,y) 1+j 7) ZOCJ S<7> ez )
Jj= i=
min{n,k} 7 )
J
< Z gk ()T G T%) ZC r
Srk

I

and by mathematical induction it follows that for all n, m,k € N we have
|mS§7>(€k)(Z)| < Tk, for all |z| <r.

This implies that

[o¢] oo
S () < D lerl - ™S5 (er)(2)] < D lelr® < oo,
k=0 k=0
for all m,n € N, which proves the theorem. O

We also have the following quantitative result.
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THEOREM 3.2. Let D = {z € C; |z| < R} be with R > 1 and let us suppose
that f : Dr — C is analytic in Dg, that is we can write f(z) = Z cpzk, for

all z € Dr. Let 0 < v, 1 <r < R and Dy 1 = ”(nfl)“'rfff( )). Then for
all |z| < r we have

"S5 (N)(2) = f(2)] <

<m ) lesl [P0 4 (1~ ity ) + (k= 7] o
k=2

)

Proof. From the proof of Theorem 3.1, it follows that for all n,m,k € N
and |z| < 7, we have |"S7> (e)(2)| < rF. Also |mS>(f)(2) — f(2)] <

> lex] - "S5 (ex)(2) — ex(2)]. We have two possibilities: 1) 2 < k < n; 2)
=2

k> n.
Case 1). With the notations for g;(a)(2) in the proof of Theorem 2.1 and
for hj(z), cz(»] ) in the proof of Theorem 3.1, we can write

"SR (er)(2) — er(2)] =

m—1

=| D PSS (er) (2) — en(2)]
p=0
m—1 k
— | 37577 X Do 0)) - )]
p=0 j=1
m—1
P> [ZDM 7S (9(0)(2) —pssw(ek)(z)H
p=0 ~j=
—1k-1
<3 - 3 Dugel S (0s)(0)

+ Z | Dk 7 8577 (ge(7))(2) =7 S377 (en) ()]
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m—1k—1

=3 S D alPS (95(0)(2))]

p=0 jfl
+ Z
=0

m—1k—1

< > D DaalP S5 (gi(0)(2))

p=0 j=1

’ Z;\uﬂ Dkl P S (e)(2) P S (e (2)

k

n, k
T)- (ﬁkk D7) PS;w{z%CZ( )ei(z)] —P S5 (er) ()

+Z (14+7).. q—llc-(kk 1)y ZC ps<'y> z)(z)

= T1 —I—Tz + T15.

Reasoning exactly as in the proof of Theorem 3.1, we easily get for all j, p and
|z| < r that

PS5 (g5(M)(2)] < 77
Taking into account the formula for 1 — D, ;. ;. in the proof of Theorem 2.1,

we get
m—1k—1

7L< Y > "Dy = mr®[1 — Dy i) < mr )
p=0 j=1
Also,
m—1
o= 3 P )le) [ - et
<mrt [1 = ey e
Finally,

Z: (1+7)... 1+ k 7) (T+7)...A+(k—1)y) — 1]7«k

1

=mr Dn,k,k [1 (147)...(1+(k— 1)7)}

But, taking into account the inequalities Dy, 1, < 1 and
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applied for x; = ﬁ, we obtain
k—1 k—1
Dueie |1 =ty < 220 - YA+ = 3 o5
j=1 j=1
<(k—1)- 205 <k —1)%

Collecting all these inequalities, we obtain
m k k_ Dn
™850 (er) () — en(z)] < mr* K 4 (1= oy ety ) + (k= 17
Case 2). We get
857> (ex) (2) — en(2)] < [MS7> (ex) (2)] + lex(2)] < 20k < ZEEL

As a conclusion, from both Cases 1) and 2), we obtain

"S5 (=) = f(2)] < i x| - ™S5 () (2) — en(2)] =

k=2

= el PSS (e)(®) — e S lerl ST (en)(2) — ex()

k=2 k=n+1

<> leglmr® [k(];l) + (1 - (1+’y).?(q’ié€k71)'y)) +(k - 1)2}
k=2

oo
k2k(k—1
+ Z lex|r 7(71 )

k=n+1
o0
<m 3 e (B4 1 (1 gy ey ) 206 - 7]
which pro_ves the theorem. O
REMARK 3.3. For v = 0 we get the results in [3]. O
COROLLARY 3.4. (i) Let 1 <r < R. For~y:=,=1/n and |z| <r we
have the estimate
"S5 (f)(z) = f(2)] < — Z Jox] [2k(k = 1) + 20k = 1)% + (k — 1)?] 7+

(ii) Ify := v, = 1/n and % — 0 asn — 0o, then ™SS (f)(2) = f(2),
uniformly with respect |z| < r.

Proof. (i) Taking v = 1/n we obtain

Dn ks ke _ —J n—jy _ J
1= (I+7)...(+(k-1)y) — H T o Tﬂ] =2 ' P+
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which replaced in Theorem 3.2, gives
PS> (f)(2) — flz)] < 2 Z x| [2k(k = 1) + 20k = 1) + (k — 1)?] r*

(ii) It is evident by passing to limit with n — oo in the estimate of (i). O

REMARK 3.5. The results in Theorem 3.2 and Corollary 3.4, are new even
for the case of real functions of one real variable, since they are not covered
by those in [4] or [5], whose estimates one refer to the difference | Ly, (f)(x) —
By (f)(x)], with B1(f)(x) = f(0)+[f(1) — f(0)]z and ™L,,(f) representing the
mth iterate of the positive linear operator L, (f). O

4. GEOMETRIC PROPERTIES

In this section we present the geometric properties of S7=(f)(z).

THEOREM 4.1. Let us suppose that G C C is open, such that D1 C G and

f: G — C is analytic in G. Also, let us consider ( 7fV(n)>(f)(z))n€1\;, where
we suppose that lim 'y(n) =0.

If f(0) = f( ) = 0 and f is starlike (convex, spirallike of type 0,
respectively) in D1, that is for all z € Dy (see e.g. [7])

Re (35)) >0 (Re( &) +1>0, Re< W}”é?) >0, resp.>,

then there exists an index ng depending on f (and on n for spirallikeness),

such that, for all n > ng, S’,fv(n»(f)(z) are starlike (convez, spirallike of type
n, respectively) in Dy.

If f(0) = f'(0) —1 = 0 and [ is starlike (convex, spirallike of type n,
respectively) only in Dy (that is the corresponding inequalities hold only in Dy ),
then, for any disk of radius 0 < r < 1 and center 0 denoted by D,., there exists
an index ng = no(f,Dy) (no depends on n too in the case of spirallikeness),

such that, for all n > ny, S;W(nb(f)(z) are starlike (convez, spirallike of type
n, respectively) in D, (that is, the corresponding inequalities hold in D, ).

Proof. By Theorem 2.1, it follows that we have S<7(n)>(f)(z) — f(z),
uniformly for |z] <1, Wthh by the well-known Weierstrass’s theorem implies
1S M>(A)(2) = f/(2) and [S ™ (£))"(2) = £7(2), for n — 0o, uniformly

— (n)
in Dy. In all what follows, denote P (f)(z) = % well defined for
sufficiently large n. We easily get P,(f)(0) =0, nP,’L( £)(0) =1 for sufficiently
large n, and Pu(f)(2) — f(2), PA((z) = [(2) and PLHE) — ['(2),
uniformly in Dj. B

Suppose first that f is starlike in D;. Then, by hypothesis, we get |f(z)| > 0
for all z € D; with z # 0, which, from the univalence of f in D, implies that
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we can write f(z) = zg(z), with g(z) # 0, for all z € Dy, where g is analytic
in D; and continuous in Dj.

Writing P, (f)(2) in the form P,(f)(z) = 2Q.(f)(z), obviously Q,(f)(z) is
a polynomial of degree < n — 1. Also, for |z] =1 we have |f(z) — P.(f)(2)| =
12]-19(2) — Qn(f)(2)| = |9(2) — Qn(f)(2)|, which by the uniform convergence in
D; of P,(f) to f and by the maximum modulus principle, implies the uniform
convergence in Dy of Q,(f)(z) to g(z).

Since ¢ is continuous in Dy and |g(z)| > 0 for all z € Dy, there exist an
index n; € N and a > 0 depending on g, such that |Q,(f)(z)| > a > 0, for all
z € Dy and all n > ng. Also, for all |z| = 1, we have

1f'(2) = Po(f)(2)| =

= [2lg'(2) — Qu(N)(2)] + [9(2) — Qu(f)(2)]

> [I2] - 1g'(2) = Qu(f)(2)] = 19(2) — @n(f)(2)]]

= [19'(2) = @u(N)(2)] = lg(2) = Qu(F)(2)I[,
which from the maximum modulus principle, the uniform convergence of P, (f)
to f/’ and of Q,(f) to g, evidently implies the uniform convergence of Q! (f)
tO '%hen, for |z] = 1, we get

2P (N(z) _ 2[2Qn(H()+Qn(N(2)] _ 2Q0(H)(2)+Qn(f)(2)

20/ (2)+9(x) _ /() _ 2f'()
B O ORNIOE

which again, from the maximum modulus principle, implies

ZP%S{}%Z) — Z]J:ES), uniformly in D;.

Since Re (Zf/(z)) is continuous in Dy, there exists ¢ € (0, 1), such that

Re (Z]{Eg)) > ¢, for all z € Dy.

Therefore

Re |75 ] = Re |55 z >0

uniformly on Dy, i.e., for any 0 < p < €, there is ng such that for all n > ng
we have

Re |3 > p >0, forall 2 € Dy,

Since P, (f)(z) differs from Sy () “(£)(2) only by a constant, this proves the

starlikeness of S <7(n)>( f)(z), for sufficiently large n.
If f is supposed to be starlike only in Dy, the proof is identical, with the
only difference that instead of D, we reason for D).
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The proofs in the cases when f is convex or spirallike of order 1 are similar
and follow from the following uniform convergences (on D; or on D;)

R[] 41 me [ o melpr ] < el

as n — 0o, which proves the theorem. ]

REMARK 4.2. If f is univalent in Dy, then from the uniform convergence
in Theorem 2.1 and a well-known result in complex analysis, concerning se-
quences of analytic functions converging locally uniformly to an univalent
function, it is immediate that for sufficiently large n, the complex polyno-

mials S;W(nb(f)(z) (where v(n) — 0, for n — o00), must be univalent in
D;. O
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