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REMARKS ON INTERPOLATION
IN CERTAIN LINEAR SPACES (IV)*
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Abstract. In the papers [0, [6], [7] we shall study a way of extending the model
of interpolation the real functions, with simple nodes, to the case of the functions
defined between linear spaces, specially between linear normed spaces.

In order to keep as many characteristics as possible from the case of the
interpolation of real functions, in this paper we present a model of construction
of the abstract interpolation polynomials and the divided differences based on
the properties of multilinear mappings.

The aim of the present paper is the study of the conduct of the abstract
interpolation polynomial, in the case when that the function for interpolation is a
abstract polynomial. In the lest part we will construct the abstract interpolation
polynomial and the divided differences, in the case in which the spaces X and
Y have finite dimensions.
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1. INTRODUCTION

In the papers [2], [3], [4] and [6] we have defined the abstract interpolation
polynomial attached to the function f : £ — Y, where £ C X and X is a
linear space, Y is an algebra with a special structure. At the same time we
have presented an example in which our construction is realized, different from
the case of the real function’s interpolation.

In order to emphasize some properties of these interpolation polynomials
we will recall the elements of the construction from the aforementioned paper.

Let us consider the real or complex linear spaces X and Y;we note by
L (X,Y) the set of the linear mappings from X to Y and for n > 2 we intro-
duce:

L,(X,Y)=L(X,L,—1(X,Y)),
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with £1 (X,Y) = L (X,Y). We notice that £, (X,Y) represents the set of n—
linear mappings from X x ... x X to Y.
—_—

n times

Particularly Lo (X, Y) represents the set of the bilinear mappings from Y xY’
to Y.

Let be 0x and 0y the null elements of the space X and Y respectively. We
will note by ©,, the null element of the space £, (X,Y"). For n = 1 we will use
the notation ©.

Let us consider now U € L (X,Y) and B € L2 (Y,Y). Using these elements
we introduce the sequence (Ay), oy Where for any n € N, we have A, €
L, (X,Y) through A; (u) = U (u) for u € X and:

(1) Ap (U1, ey un) = B(Ap—1 (U1, ey un—1) , U (up)),
for (u1,...,un) € X" and n € N, n > 2.
We now suppose the next properties:
I) the mapping B € L (Y,Y) determines in Y a commutative algebra,
therefore:
a) for any u,v € Y we have B (u,v) = B (v,u);
b) for any u,v,w € Y we have B (B (u,v),w) = B (u, B (v,w));
IT) there exists Yy C U (X) C Y so that (Yp, B) is an abelian group and
the mapping U : U~! (Yy) — Y is a bijective mapping.
Let now be the set D C X and a sequence (zn),cy € D. Using k,n € N we
introduce the non-linear mappings:
Win : X = Y5 wpp () = Apg1 (T — Tk, @ — Th 1500, T — Thoyn)
and for any x € X, the mapping wy, , (z) € £L(X,Y) by:
k+n

w}m (x)h = ZAnH (T — Ty ooy @ — Tj—1, T — i1y o0y T — Thtn)
i=k

having evidently for any i € {k,k + 1, ...,k + n} the equality:
(2) Wiy (i) h= Apgq (Ti = Ty ooy Tj — Ti 1, Ti — Tig1, o0y T — Ty 1)
and evidently wy . (7;) € £ (X,Y).

In the papers [2], [6] and [7] we have shown that for certain values k,n € N
and for any i,7 € {k,k+ 1, ...,k + n} with i # j we have:

T —xj € Ut (z90),
then for i € {k,k+1,...,k +n} the restrictions at U~! (Yp) of the mappings
defined through , denoted by:
(W (23)] U (Y0) = Yo

as bijective, thus there exist the mappings:

{w}m (xi)]o ! Yy > Ut (Yp) .
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Considering the set sp (Yy) representing the linear cover of the set Yj, the
aforementioned mapping will prolong through linearity at sp (Yp), obtaining

-1
the mapping [w}m (xl)} € L(sp(Yp),X) with the restriction to Yy being
’ *
-1
{w;tn (mi)]o itself.
Let us consider n € N, D C X m and the elements zg,z1,...,x, € D,
supposing that they satisfy the aforementioned hypothesis for the spaces X, Y

and for the mappings U € L (X,Y), Be L2 (Y,Y).
After that we suppose that for any 7,7 € {0,1,...,n} with ¢ # j we have

~1
z; —x; € U1 (20) and so the mapping [w6 n (xl)} € L(sp (Yo),X) exists.
’ *
Let now be a function f: X — Y supposing that:

flx1), f(x2) s f (zn) € 5p (YD)

In this way we can define the mapping L (2o, 1, ..., zpn; f) : X — Y defined
by:

L (20,1, .., 70} f) () =

= :Zn:()An+1 (96 = X0, - \' w0y T = Ty [w6,n (l“z')}_l f(ﬂ)) ,

i *

<x — x0, ... ] e & — xn> =
7

= (T — X0y T — Tje1,& — Tjp1-o0y & — Tp)

3)

where:

and we can easily show that for any ¢ € {0, 1,...,n} we have:

L (zo, 21, ..., xn; f) (2:) = f (1) -

At the same time there exists Dy € Y and Dy € L (X,Y) for any k =1, n
such that:

L (zo,z1,....xn; ) () = Dpa" + Dy_12™ Y+ ...+ Dyz + Dy,
here for any k = 1,n we denote:

Dypa® = Dy(z, ..., x).
———
k times
Due to the aforementioned reasons the non-linear mapping defined through
the equality will be called (U-B) abstract interpolation polynomial
of the function f: X — Y corresponding to nodes xg, 1, ..., Tn.

In the expression of the abstract interpolation polynomial a very im-
portant element is the coefficient of the term in z™, namely the mapping
D, € L, (X,Y), mapping that we will denote by [z, x1, ..., x,; f], and that
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will be defined through:

[33‘0, L1y ooy Ty f] hl...hn =
=Y A (hh vy o [wo,n (%‘)L f(l’i)) :
i=1

This mapping is called generalized divided difference of the order n
of the function f: D — Y on the nodes xg, z1, ..., Tp.

The main result of the papers [6], [7] on expressed through the following
theorem:

(4)

THEOREM 1. With the given facts and with the aforementioned hypotheses:

a) we have the equalities:

(5) [0, 1y ooy Tns [l (X — T0) = [T, ooy Ty [ — [@0y ooy Tt

the equality being taken between the elements of the space L1 (X,Y);
b) the (U-B) abstract interpolation polynomial verifies the recurrence re-
lation:

L (zg,z1,....zn; ) () = L (zo, 21, ..o, Tn—1; f) (z) +
+ [z, 21, ooy Tp; f] (. — x0) (x — 1) . (T — 1) ;

c) the (U-B) abstract interpolation polynomial can be written under New-
ton’s form ( using the abstract divided differences ):

L (20, 21,y 23 f) (2) =
= f(z0) + Y [wo, 21, -, i f] (x — w0) (x — 21) ... (v — mi—1) 5
i=1

d) the (U-B) abstract interpolation polynomial verifies a relation of the
Aitken-Steffensen’s type:

B (L (zo, 21, ey xn; ) (2), U (xp, — x0)) =
(8) =B (L (1, ....an; f) (z), U (x — 20)) —
=B (L (20, -, Tn-13 f) () , U (x — 2)) ;
e) for any n € N and anyx € X we have:

fa) =L(zo,21,.... 205 f) () +

+ [0, Z1y ooy Ty 5 f] (. — o) (x — 1) o (T — T4)

(9)

For the proof one can consult [2], [6], [7].

The aim of the present paper is the study of the conduct of the abstract
interpolation polynomial in he case when that the function f: D — Y is a
abstract polynomial.

In the last part we will construct the abstract interpolation polynomial and
the divided differences, in the case in which the spaces X and Y have finite
dimensions.
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2. SOME PROPERTIES OF THE ABSTRACT INTERPOLATION POLYNOMIAL AND
OF THE DIVIDED DIFFERENCES

For these properties it is necessary to introduce the mappings that we will
define hereafter.

We consider the sequence (z,), .y € D and the numbers k,n € N. Let be

afterwards p € N, p < n+ 1 and 71,19, ...,%, € N with the verification of the
inequalities k < i1 <12 < ... < 1p < k+n.

For z € X we introduce the mappings wgzw’“"i”] (x) € L(X,Y) defined
through:

(10) wl[ilr;i%“wip] (J:) h = An—p+2 (t17 ceey tn—p-i—la h)
where:

{t1, o tnprr} ={z —ap, s — p I\ {r — 24y, — 2y, )

keeping the order succession from the initial set.
We evidently have that for any s € {k,k+1,...,k +n}\ {i1,i2,....79},

i () — o,

© representing the null mapping of the space £ (X,Y), as well as:
wl[:,]n (xl) = wgﬂ,n (ml) )
for any i € {k,k+1,....k+n}.
It is also easy to remark that the restrictions to the set U~! (Yp) are bijective,
so there exist the mappings:

o . -1
[wlzr @)] Yo = U (),
representing the inverses of the mappings defined by .

DEFINITION 2. Let be U € L(X,Y) and B € Lo (Y,Y) such that B de-
termines on Y a commutative algebra and the mappings sequence (Ap),cy 5

introduced by .
a) The mapping:

M, : X =Y, M, (z)=A4,(z,...,x)
——
n times

is called (U-B)monomial with the n degree.
b) A mapping P : X — Y for which there exist the elements ag,aq, ...
ey €Y such that:

P (x)=ao+ zn:B (ak, My (z))
k=1

where for any k = 1,n the mapping My, : X — Y represents the mono-
mial with the k degree, is called (U-B) polynomial that n degree.
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Let us consider n,k € N; k > n and for any i € {0,1,...,n} the elements:

) = |wh, ()]

We have as follows:

1
M;, (."L‘Z) e X.

LEMMA 3. For any k,n € N, k> n, p < n+1 and i1,12,...,7, € N with
0 <11 <ig <...<ip <n we have:

P
[i1,-.s1p] (k) _
(11) Zw(ﬁz K (acl]) u = Z Ak_p+1xﬁ1...$ip.

j=1 ai+..+ap=k—p+1
In the second member we have been using the notation:

ip Ak,erl(xil,...,mil,...,xip,...,wip).

oy times ayp times

al
Ak7p+13'}il oL

Proof. We will use the mathematical induction according to p.
Because for any ¢ € {0, 1,...,n} we have:

ul = {wé,n (mi)}il My (),

1

we deduce that:
k
w()?n (:L‘Z) UE ) = Mk (l‘z) = Ak(:vi, ceey :L‘l) == Ak:L‘i€
——
k times
therefore the equality is true for p = 1.
We suppose that this equality is true for p = s and we follow how it is
established for p = s + 1.
From the hypothesis of the induction we have:
N fiisris] () | fireidacnis] () (B)
woz’lnvmvls—lﬂs (xzj) uij 4 w(ilnjunals—lyls (xis)uis —
j=1

—_ aq Qg
= Z Ap—sp1mt s
ar+..fas=k—s+1

Adding now the index is511 to i1, ...,75 € N so the inequalities 0 < i1 < ... <
i < ig41 < m are true, form the same hypothesis of the induction, replacing
is by 1511, and ag by agsq1 we will have:

s—1

[i1,is—1s8s41] (. (k) (01,0 mis—1,is41] (. (k) _
Zwo,n Lij ) Uy, + wp (x’65+1> Ui g =
Jj=1

_ aq Qs—1 Osi1
= Z Ak_s+1xi1 ey T

o1+...Fas=k—s+1
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From the last two equalities, through substraction, we will have:

s—1
[i1,memis11is] (. [1y0eesis—1 1] (k)
{wo,n Tij | — Wy Lij || Wi +

Jj=1
12 [i1,0esis—1,is] (k) 61,0 sis—1,0s+1] (k)
( ) +w0’n ST (xis)uis — Wop U ( is+1) Ui,y =

« a o Q541
— Z {Ak,sﬂxi;...xi; = Ap—sprzgtai } )

ai+..fas=k—s+1

The first member of this equality can be written under the form:

s+1
11,12,...,05,0s k
(13) B(U (ziy — Tigyy) s E w([)’ln 2 +1] (Qﬁz]) ugj)).
=1

Indeed, because for j = 1,s — 1 we have:
U(xiy, —xi,,) =U(x — i) — Uz —axy)
we will have as well:

B (U (@i, = i)l (o) o) =
- B (U (x — ziy) s An—pt1 (tl, ...,tnfs,uz(.f))) _
- B (U (x —x4,) , An—kt1 (tlv ~"7t”—s’u§f))) -

(k)
- Anfs+2 (tlv cey tn*S, l'ij - xis.H , U -

i
(k)
- ATL—S+2 (tlv ceey tn—57 xij — Ty, u’ij =
_ [il’“-yisflyis} [7;1,...,2‘571,7;54,1] (k)

The former reasoning can be used as well in the cases j = s, j =s+1.
But for j = s, we have w([)zvz""ls_l’zs“] (xi,) u(f) = Oy, while for j = s+ 1 we

%
[ila---visflyis]

have wy (zi,.,) = Oy, therefore indeed the first member from
can be written under the form .

In what concerns the second member of the relation it has been ascer-
tained that for any aq, ..., as with a1 + ... + oy = k — s + 1 we have:

as—lx_as _

Qs—1 _ Qs
1s—1 s

a1
Ak75+1113i1 L is—1 i1

aq
Ak,3+1$il L

Qg
. a1 as—1 _as—(r—1) r—1 a1 Qs—1 _Qs—T 1 i
= E [Ak_s+1:ni1 oy T~ Ap—s1@yt ey T i | =
r=1

Qg
_ aq Qs—1 _0g—r o r—1 __
= E Ak—s+lxi1 P I O (1'25 xzs+1) Liogh =
r=1

Qg
— . . aq as—1 _as—r, r—1
= B<U (ziy, — Tigyy) s E Ap_grt oy g mis+1>'
r=1
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Thus the expression of the second member of the equality will be
written under the form:

Qg
(14) B(U (i, — Tigty) s Z ZAk_sxil...:EZ“‘_llxzsTﬂ:’;;ll)
al+...+as=k—s+1r=1
But z;, — z;,,, € U~ (Yy), therefore U (x;, — x;,,,) € Yo, while (Yp, B) is
an abelian group, so from , and we deduce that:
s+1

[i1,82,.0s0s 05 41] ) (k) _
> Wiy Tij ) Uiy =

=1

Os
Ol _ —
= > AT
o1+...Fas=k—s+1r=1

(15)

We introduce the new indexes (1, 52, ..., Bs, Bs+1 through:

/81 =g, ... aﬁsfl = 01, Bs = Os—p, /85+1 = Qp_1,

and evidently:

{(/31,...,587/33—',-1) € NS“/ﬁl ot Bot Bopr =k — S} _
= {(al,...,as,r) ENS“/al—i-...—i-ozs:k—s—l—l, 1§r§a5}.

Therefore the relation will be written under the form:

s+1

(16) w([)i’lrz...,’is—kl] (xlj) U(k) — Z Akfsxﬁl...xfsl'ﬁs-’—l

i i1 is “is+1
J=1 Bi+...+Bs+Bs+1=k—s
which indicates that the equality is true for p = s + 1.
Therefore according to the principle of the mathematical induction this
equality is true for any p € N.
The lemma, is thus proven. O

REMARK 4. On the track of the proof we have seen that for p = 1, denoting

11 = 1, the only value of j is 1,in the second member the only possibility is
ay = k, therefore the equality becomes:

i k
[wih, (@i)] u® = Agal.
Let us consider now the case p =n + 1.
Because 0 < i1 < iz < ... < ipq1 < n the only possibility is i; = j — 1 for
any j = 1,n + 1, therefore the sum of the first member is:
n+1
0,1,..., k
whp ™ (o) .
j=1
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Evidently however w([]o’l’ o) (xj—1) h = Ay (h) = U (h), therefore the equal-
ity . ) becomes:

(17) ZU (ug»k)) = Z Ap_pxy® it

7j=1 aptai+...+an=k—n

for the summing indexes we have adapted this notation for symmetry reasons.
O

We have the following:

THEOREM 5. With the hypotheses and with the above mentioned conditions,
we have:

O, for k<mn,

A, for k=mn,

> Apxg®at.xlr for k>mn,
ag+...4an=k—n

(18) [$07$1>"'7$n;Mk] =

here ©,, is the null mapping of the space L, (X,Y). In the case k > n the
equality is understood using the elements of the space L, (X,Y). More pre-
cisely, in this case we have:

o0,
[xo,xl,...,xn;Mk] hi..hy, = Z Ak:BOO:Bll...xg"hl...hn,
ap+...+an=k—n

the terms of the sum being the values:

Ak(x(), ey Ty Ly weey Ty enny Tyy ooy A1, ,hn) ey.
—_——— —— ———

g times a1 times an times

Proof. From the definition of the divided difference we have:

[.f[),xl, ...,fljn;Mk] hlh <h1, ...,hn,z {wOn xz ];1 Mk (xz))
=0

Let us consider first the case k > n.
Because for any ¢ = 0,n we have:

ul®) = |:w6,n (wi)Il My (i)



148 Adrian Diaconu 10

SO:

= (U(iug’“’),An(hl,...,hn)):

=0
ag .o n _
:B( Z Ap_nxg®xit. Ay (hl,...,hn)) =
aptai+...+an=k—n
(8% (6%
= Z B (Ap_nxy®xit.axp™, Ay (b1, .., hy)) =
apgtai+...+apn=k—n
= Z Apzg®xt . xymhy. by,

aptai+...+apn=k—n

Because hy, ..., h, € X are arbitrary, we deduce that:

. _ Qg .« @
[$07$1>"'7$naMk] = Z Akl’ool'll...l'n".
aptairt..tan=k—n

In the special case k = n, the only possibility for the choice of the summing
indexes is ag = ... = oy, = 0, therefore:

['1;07 CC17 an7 M’I’L] = An

Let us consider now the case k < n,
If we note p = k + 1 we deduce that p € {1,...,n}. For this p, due to the
relation , we have:

p ) )
(19) Zw([)l;""l”] (xzj) ul(]k) =KeY,
j=1

for any i1, ...,%, € N, with the verification of the inequalities:
0<iy < .o <ip<n.

We are in the framework of the relation if we consider Ly (X,Y) =Y.
Therefore Ag € Lo (X,Y),s0 Ag =K €Y.

If we introduce a new index 7,41 with 0 < 41 < ... < i) < ip41 < n the
relation ([19) will be true as well in the case when the indexes are changed in
i1, -y Ip—1,ip+1. We have therefore the relation:

p—1
[ilrwipflvip} (k) [ilv'“’ipfl’ip] (k) _
wO,n 'xij uij +w0,n (:Uip) uip -
=1

p—1
_ [ilﬂ"'7ip717ip+1} . (k) [ila---vipflviPJﬁl} . (k) _
- Zwan iy ) ug” + wo, (aczpﬂ) U\ = K,
=1
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from which:

p—1
i1, ip—1,ip] [i1,eip—150p41] (k)
) [wo,n Tij ) = Won iy ) | Uiy
i=1
[i1,-sip—1,ip)] (k) [i1,--sip—1,0p+1] (k) _
+ W (i,) U — W, (Tiyen) UL, = Oy,

so: - o k
B<U (xip - $ip+1) ) 71}(]1517227..-21)-~_1 (mzj) uz(j)> =0Oy.
j=1
From ;, —x;,,, € U~! (Yo) we have U (z;, — 2;,,,) € Yo and similarly with
the proof of the Lemma [3 we deduce that:

S firdznipia] (+)
21,02, 2p+1 ) o
g w (xlj) u;, = Oy.

j=1
In the special case of ¢ = n+ 1 we have 0 < i1 < i < ... < ipr1 < N We
obtain i; = j — 1 for any j = 1,n + 1, thus previous equality will be written:

St = or,
2
SO: n
>0 (u) = oy
j=0

Because of the linearity of the mapping U, we have from here:

Zugk) = QX.
7=0

In this way for any hq, ..., h, € X we have:

[0, @1, ooy Ty My By chyy = Apg (h1, ey B Zugk)) =
§=0
= ATL+1 <h'17 ) hny HX) = 9Y7
SO
(%0, 21, ..., Tn; M) = Op.
The theorem is proven. O

We establish now:

THEOREM 6. Let us consider the previously introduced elements, a set D C
X, the points xg, x1, ...,x, € D, the function f : D — Y such that f (o), f (x1)
yoos [ (@) € sp(Yo). We consider a € sp(Yy) and the mapping g : D —
Y, g(x) =B(a, f (2)).

We have the relation:

(20) [0, 21, ooy Ty g h1o by = B (a, [z, 21, ooy T fl 1. hy)
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Proof. From the definition of the divided difference, it results that:
n -1
(21) [0, %1,y Tns gl Paenhy = D Appa (hh cees s [w(/J,n (J;i)} g(l’z‘)) :
i=0

For any i € {0,1,...,n} we have evidently:

(22) (w0 (20)] g (i) = [whn (20)] " Blarg ().

For any 4,5 = 0,n; i # j we have ; — x; € U~ (Yp) ; we deduce that for:
q=An (i —T1, .0, T — Ti_1, T — Tig1, ., T — Tnt1) € Yo

there exists ¢’ € Yy such that B (q,q") = up ( up being the neutral element of
the group (Yo, B) ). As well for any t € Y we have B (t,ug) = ¢, that is:

B(t,B(q,q¢")) =t< B(B(q,¢),t) =t< B(q,B(¢,t)) =t,
namely:
B (An (372 T X1y ey Ty — Lj—1y L5 — Lj41y eees Ly — l‘n+1) ,B (q,,t)) = t,
or:

-1 /
Ant1 (l‘z — LY,y Ty = Tj1, T — Tig 1, T — Tny1, U B (g J)) =t

& [w[')’n (IL‘z)} U'B(¢,t)=t< B(d,t)=U {w{m (mi)}_l t

From this relation we notice that for b, z € Yy we have:
-1 -1
(23) U [wh ()] B(b,2) =B ([wfm @] = b) .
Indeed, we have:
-1
U |whn@)|  B(b,2)=B(d,(b,2) = B((d,2),b) =
-1
=B (U {w{)m (iEl)} z,b) ,

therefore the relation is true.

The relation will be extended as well to the case when the elements
b, z € Yy are replaced respectively by a,y € sp (Yp) .

Indeed, if a,y € sp (Yp) then there exists:

D, €EN; aq,...,ap; B1,..., 80 € K; bi,...,bp; 21, ..., 24 € Y

such that:
p q
a=Y apby, y=> Bz,
k=1 j=1
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so because of the linearity of the mappings U, {w()’n (arz)} and B we have:

ZZO‘RBJ |:w0n l‘z)]_lB(bk,zJ’) =

k=1j=1

U {wfm (l’l)} 1

_ zp:zq:akﬁjB (U [w(’),n (:L‘z)} -1 25, bk) -

k=1j=1
, -1
=B(U {won T } sz, Zbk {wom (wl)} y,a .
Jj=1 =
Now, for i € {0,1,...,n} we choose y = f (z;) and we have:

@) U [wh, ()] Blaf @) =B (Uuh (w)] ' fw).a).

From the relations and we obtain for any ¢ € {0,1,...,n} the

equalities:

Ant1 (hl, s, [ @)] g (xi)> =

- B (An (M) U [0, 2)] " B (a. f (xi))>
= B (A () B (U [t 2] £ (1) ) )
S i)
=5 (0, A (s [ (0)] 7 (@) )

In this relation U, ! is the prolongation trough linearity of the mapping U !
to sp (Yp) .
On account of the relation we will have:

= Apss (U (@) bty oo by [ (2)]

[0, 1y ..oy Zn; gl h1..hyy = B ( ZAn—H (hl,...,hm {wém (xz)}_lf(l“z)>> =

= Ba, [x0, X1, ..., Tp; f] h1... P,
the theorem being in this way proven. O
We have now:

COROLLARY 7. If for k € N, My : X — Y is a (U-B) monomial of the k
degree and we consider the mapping:

g: X =Y, g(x) =B (a, My (z))
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with a € sp (Yo) and supposing that all the hypotheses of the previous theorems
are fulfilled, then we have the relation:

[0, X1, ...xp; g] h1...hy, =
Oy for k<mn,
(25) B (a, Ay (hi,...,hy)) for k=mn,
Z B (a, Agzg®...xGmhy. .hy)  for k> n.
ag+...+an=k-n
Proof. The conclusion of this corollary is evident if we use the Theorems

and [0 O

‘We have now:

THEOREM 8. If P : X — Y is a (U-B) polynomial of the k degree, where
k < n with the coefficients in sp (Yo) and supposing that all the hypotheses of
the previous theorems are fulfilled, then for any xg,x1,...,x, € X we have:

(26) P =L (zg,21,...,xn; P) .
Proof. The Theorem [l}d) indicates that for any z € X we have:
P (z) = L(xg, 21, ..., 2n; P) () + [x0, 1, oo, Ty ; P] (x — ) ... (. — )

For i € {0,1,...,n}, if we introduce g; : X — Y with go(x) = ap and
gi (x) = B (a;, M; (x)) for i > 1, we have:

n n
P(z)=ao+ ZB(ak,Mk(x)) = ng(x),
k=1 k=0
in this way:
n

[0, 21, .oy T, 25 P] = Z [0, Z1y ooy Ty T5 Gl -
k=0

In the divided differences from the second member in the expression of the
mappings g there appear monomials having a degree at least two units smaller
than the number of the nodes, so for any & = 0,n we have:

[2707 L1y eeey Ly Ly gk] = 07
therefore:
(X0, X1, .oy T, T P] = Opy1,
and the theorem is proven. O

Consequently from this result we have:

THEOREM 9. If all hypotheses of the Theorem[1] are fulfilled for any x € X
that verifies the conditions x — x; € U~ (Yy) for any i = 0,n, we have:

n —1n
(a0, a1.ni ) (@) = (L) Ydf (),
1=0 1=0
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where for any i = 0,n, the mappings d; : U7 (sp(Yp)) — Y are defined
through:

di (h) = Apyo (T — 20, ooy Ti — Tim1, Ti — Tig1, .oy T — Ty, )
for any h € U (sp (Yo)) -

Proof. In the papers [6], [7] we have proven that for any ¢ € Y; and for any
i, €{0,1,...,n — 1} with 7 # j we have the equality:

(27) Ao (xl — xj, {w{m (xi)]_l t) =U ({w([)iﬁ (:ni)}_l t) .

0 0
If for a fixed = ¢ {xo,x1,...,2,} we introduce the mapping:
W:X =Y, W) =Ap42(t—2x0,....t —xp,t — )
and we deduce that for any h € U~ (sp (Yp)) we have:
W' (x)h = Apio (x — 20, .., — 5 h)

W' (z;) h =
= Apio (i — 0y ooy T — Tim1, Ti — Tig1y ooy Ti — Tp&; — T3 h) = —d; (h)
and:
W () h = wfy,, (2;h) =
= Apt1 (Ti — X0y ooy T — T 1, T — Tjg1y eey Tj — T3 h) .

From the relation , replacing n with n 4+ 1 and considering x,1 = «,
for any y € Yy we have:

U [uhn ()] y =0 (Wt )]
= Ay (a: — xi,di_l (y)) )

So for same y € Yy we have:

y) = As (% —a, W (z)] y) =

—1
/
Anpt1 ($ — X0y ey T — L1, T — Ty 1, ey T — T, [wo’n (xi)]o y> =

~1
=B (An (T — 20y ey @ — Tjo1, T — Ty ooy @ — XTy) , U [w[')’n (xi)]o y)
_ —1
=B (An (T =20,y @ = Ty_1,T — Tig1, .., T — Ty, Ao (SE —x;,d; (y)))

1
= Ant2 (36 — L0y ey T = Tim1, T — Ty ey & — T, A (?J))

= B (woa (@), (Ud;) () -
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Evidently the relation will be extended through linearity to sp (Y), so for
any y € sp (Yy) we have:

-1
/
Anpt1 (a: — X0y ey T — L1, T — L1y ey T — T, {wo’n (a:z)} y) =

= B (woa (2), (V) () -

Let there be any h € U~!(Yy). We consider the mapping ¢, : X — Y
defined through ¢, (x) = U (h) for any x € X.

Because ¢, : X — Y is a constant function, namely a (U-B) polynomial of
the degree 0, using the Theorem [ we will have:

L (%0, 1, ..., Tn; 1) () = @n (¥) = U (h) .
From this last relation together with the equality , we have:

(28)

(29) U (h) = ij (wo,n (z), (Ud;lU) (h)) =
=0

(vd;'0) (h))

Because (Y, B) is an abelian group, we deduce that for any a € Yj, there
exists a § € Yy so that if ¢ € Yy we have:
(30) B(a, B (5,1) =t.

Let us fix an ¢ € {0,1,...,n}.
From the initial conditions imposed to the nodes to which we add the con-
dition x — z; € U_1 (Yp), we deduce that the choice:

=B (wo,n (z),

n
=0

a=Anq1 (ﬂfz — X0y -y Lj — Lj—1, T — Lj, Li — Lijp1s -0y Lj — l“n) €Yo
is possible and so the relation (30f) implicates:
B (Apt1 (Ti — T0y ooy T — Tim1, T — Tjy Ty — Tig1, -, Ti — Tp),, B (Y, 1)) = ¢,

or
G;U'B(75,t) =t,
namely:
B(g,t) = Ud; 't
for any t € Yj.
From this we deduce that, for any u,v € Y, replacing in the previous
equality t = B (u,v) we obtain:

Ud7"B (u,0) = B (7, (u,v)) = B(B (7,u) ,v) = B (Ud; "u,v) .

We consider now in the previous relation u = U (h), v = wg, () and we
obtain:

Ud; "B (wo, (x),U (h)) = B (wom (z), (Ud;lU) (h)) .
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We use now the relation and we obtain:

n

U () = B(wnn (0.3 (Va10) () ) = SUd; B (wo (2) . U (1)
=0

=0

and because of the injectivity of the mapping U, we will have:

h= (zn:d;1> B (won (z),U (h))
=0
B (won (), U (h)) = (idi 1) ().
=0

In this way:

L (z1,22,....zp; f) () =
-1

n
= Anp (;13 — Ty ey T — Ty 1, T — T 1y ooy T — Ty, {wfm (.%1)} f (xz)>
i=0

*

_ln

=B (wom (x),U (idi_lf (:cﬂ)) = (idfl) Zdi_lf () .
i=0 i=0 i=0

Obviously, the previous reasoning needs f (x;) € Yy, i = 0,n, but through
linearity the result extends to the case f (x;) € sp (Yp), i = 0,n; as well.
The theorem is thus proven. ]

3. THE EFFECTIVE CONSTRUCTION OF THE ABSTRACT INTERPOLATION
POLYNOMIAL AND OF THE DIVIDED DIFFERENCES IN THE CASE OF A
FUNCTION BETWEEN TWO SPACES WITH FINITE DIMENSIONS

In the paper [7] we have shown that the construction and the properties of
the abstract interpolation polynomial, as well as those of the divided differ-
ences are conditioned as follows:

a) it is necessary for a set Yy C Y and a mapping B € Lo (Y,Y) to exist
such that (Yp, B) to be an abelian group and sp (Yp) =Y
b) there exists a linear mapping U : X — Y such that Yy C U (X);
c) the points xg,x1, ..., ¥, € X verify the conditions z; — z; € U™ (Y})
for any 7,5 € {0,1,...,n} with i # j.
The condition b) implicates the fact that dim X < dimY ( the inequality
relation between transfinite numbers ).
We will suppose now that dim X,dimY € N. In this case if K=R or K=C
we have X = KP and Y = K? where p,q € N\ {0} and p < q.
We define:

le{yz(yi)izlq/inK; i=Tq y”“z.--:yq:l},
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and:
U:KP K% Ur)=y= (yl,...,yq) ,

for z = (21, ...,29) , where:

i [ 2t for ie{l1,2,..,p},
Y711 for ie{p+1,..,q}

and we have U (X) =Y! CY.

We mention that for the co-ordinates of the points form the spaces KP and
K9 respectively, we use superior indexes.

We now define:

%z{yz(yi)izlq/yiEK, y' #0,i=Tp; y”“z---zyq:l}-

Evidently Yy C Y7 and from the definition of U we deduce that:

U_l(Yo):{:r:(xi)A /:riEK, :UiaéO,izl,p}.

i=1,p

We now define the bilinear mapping B € L2 (K?,K?) that for u,v € K%, u =
(u');—15+ v = (v'),_1 s defined through:

B (u,v) = (u’vz>

the co-ordinates of the vector B (u,v) from K? will be obtained through the
products of the co-ordinates with the same rank from the vectors u and v.

It is easy to verify that (Yp, B) is an abelian group. In this respect the null
element of this group is up = (1,1,...,1) € K9. Also for u = (“i)i:ﬁ’ where

i=1,q’

q times

u # 0 for any i = I, q, we have u’ # 0, therefore if we chose u' = (%>i—17q
this will be the symmetrical element of u from (Yp, B). 7
Because of the condition sp (Yj) = Y, we remark that the only case in which
one can apply the theory developed in [6] and [7] is ¢ = p. in this case we have
U =1, ( the identical mapping from K? ).
We now have:

THEOREM 10. If the system of points xg, 1, ..., x, € KP, where for any
k=0,n; xp = (xi)szﬁ € KP are chosen so that for anyi,j € {0,1,...,n}; i #
j and for any s = 1,p we have x5 # x5, then there exists the interpolation
polynomial in an abstract sense of the function f = (fi,..., fp) : KP. — KP on

the nodes xg, 1, ..., Ty, this polynomial being:
L ($0, L1y ooy Ly f) (x) =
(31) = (i (z°—ag)(2°—2f ) (#° =2y ) (25 —23) S)

=0 (2 —28) - (wh =2 o) (27 =23 40) - (wh—oh
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where:
ylsg = fs (Jfk) = fs <$]1€, ,xi) ck=0,n s=1,p
and:
L s
o [0, 21, s n; ] = (Djh-..dn)s,jh-..,jn:l,P
where:
- S
Z Y
(33> Djl,---,jn = k=0 (Ik_mo)"'(mk_xkfl)(xk_$k+1)-..(a;k_$n)
fOT jl:j?z"':jn:S7
0 differently.

If for any s = 1,p and k = 0,n we have y; # 0 for the interpolation
polynomial and the divided differences f we have the conclusions
of the Theorems|1}, [ [6] B] and [0

Proof. From the facts presented in [6] and [7], the remarks in the begin-
ning of the present paper and the previous considerations, we deduce that the
existence of the abstract interpolation polynomial and of the divided differ-
ences is evident, the requirements referring to the set Yj, the bilinear mapping
B € L7 (KP,KP) and U = I, being fulfilled.

From the definitions of the aforementioned mappings, we deduce that for

any ui, ..., u, € KP where for any k =1,n; uy = (“Z)s:ﬁ we have:

(34) Ap (U, .yun) = (uf.ug) 15

From this relation it is obvious that the mapping wo , : KP — KP? is given
through:

Won () = Apy1 (T — 20,2 — 1, .0, T — X)) =
= ((z° —25) (&° — 21) ... (2° — 23)) _15

and for any k € {0,1,...,n} we deduce that wy , (vz) € £ (KP,KP), and:

(35)

w , (Tp) h =
(36) = Api1 (T — 20, ooy T — Tp—1, Tk — Tl 1y oy T — Ty, h) =
= (g — 2§ - (25— 23y) (28— w20 - (2h — 25) °)
From the hypotheses of the theorem we deduce the existence of the mapping
(w0 ()] ' KP - KP defined through:

s=Tp

{w{m (xk)} - t=

(37) _ - >

(@i —w5)-(zh i1 ) (e —h 40 ) (@R —aR)

=lp
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and
(38)
Appr (ZU Ty ey T = L1y T — Thei 1y ooy T — Ty (W0 ()] f (xk)) =
. (:tsf:vg)..‘(xsf:p271)(msfmiﬂ)...(xsfxfl)

S
((xz—wa)---(xz—wzJ(xz—wzﬂ)---(wz—xa) yk‘) s=Tp

thus the relation is evidently true.
We will evidently also have:

REMARK 11. In the case when n = 1, we obtain for the divided difference
the next form:

1_,1
=Yg 0 0
ri—X
1 0 9 2
0o 4% . 0
(39) [z, x1; f] = e
0 0 =Y
T =%y

where yi = f; (:U’f, ...,x’;) and k € {0,1}; i =1,p.

In the same time it is known that if the functions fi,..., f, : D — K with
D C K? admit continual partial derivatives, then the mapping:

(@) = (55 @)

represents the Fréchet derivative of the mapping f = (f1,..., fp) : D — KP.
In the case of a real function with a real variable, which can be derived in
a point z € D, the limit of the divided difference for the nodes tending to z
is the Fréchet derivative of the function f on the point x itself. Which is the
situation in the case of a function f = (fi,..., fp) : D — KP with D C K?.
The answer is in the very definition of the existence of the Fréchet derivative
in the point = € D. in this case we have:

fla+h)=f(@)=f(2)h+ws(z,h),

e £ (KP,KP)

t,j=L,p

where:
tim 120
h—o, IPlx

But as from the general theory we have that:
f@+h) = f(z) =[x,z +h; flh,
the previous result will be written as:

i Wwaths—r@rly _ O
s TRl
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