REVUE D’ANALYSE NUMERIQUE ET DE THEORIE DE L’APPROXIMATION

Rev. Anal. Numér. Théor. Approx., vol. 36 (2007) no. 2, pp. 161-171
ictp.acad.ro/jnaat

BEST UNIFORM APPROXIMATION OF SEMI-LIPSCHITZ
FUNCTIONS BY EXTENSIONS*
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Abstract. In this paper we consider the problem of best uniform approximation
of a real valued semi-Lipschitz function F' defined on an asymmetric metric space
(X,d), by the elements of the set £q( F|y-) of all extensions of Fl|,, (Y C X),
preserving the smallest semi-Lipschitz constant. It is proved that, this problem
has always at least a solution, if (X, d) is (d, d)-sequentially compact, or of finite
diameter.
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1. INTRODUCTION

Let X be a non-empty set. A function d : X x X — [0,00) is called a
quasi-metric on X [14] if the following conditions hold:
1) d(z,y) =d(y,z) =0 iff z=y,
2) d(x,z) < d(z,y) + d(y, 2), for all z,y,z € X.
The function d : X x X — [0,00) defined by d(z,y) = d(y,x), for all
x,y € X is also a quasi-metric on X, called the conjugate quasi-metric of d.
A pair (X,d) where X is a non-empty set and d a quasi-metric on X, is
called a quasi-metric space.
If d can take the value +oo, then it is called a quasi-distance on X.
Each quasi-metric d on X induces a topology 7(d) which has as a basis the
family of balls (forward open balls [5])

(1) B (z,e):={ye€ X :d(z,y) <e}, r€ X, ¢ >0.

This topology is called the forward topology of X ([5], [9]), and is denoted also
by 74.

Observe that the topology 7 is a Ty-topology. If the condition 1) is replaced
by 1') d(z,y) = 0 iff 2 = y, then the topology 7 is a Ti-topology (see [14],

[15])-
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Analogously, the quasi-metric d induces the topology 7(d) on X, which has
as a basis the family of backward open balls ([3])

(2) B™ (z,e) ={ye X :d(y,z) <e}, z€ X, >0

This topology is called the backward topology of X ([5], [9]) and is denoted
also by 7_.
For more information about quasi-metric spaces and their applications see,
for example, the papers [5], [6], [7], [9], [14] and the references quoted therein.
Let (X,d) be a quasi-metric space. A sequence (zy)r>1 C X is called
d-convergent (forward convergent) to xg € X, respectively d-convergent (back-
ward convergent) to xg € X iff

(3) lim d(xg,x)) = 0, respectively lim d(xy,z0) = lim d(zg,zr) = 0.
k—o0 k—0 k—o0

(see [5], Definition 2.4)

A subset K of X is called d-compact (forward compact) if every open cover
of K with respect to the forward topology 71 has a finite subcover. We say
that a subset K of X is d-sequentially compact (forward-sequentially compact)
if every sequence in K has a d-convergent (forward convergent) subsequence
with limit in K ([5], Definition 4.1).

The d-compact (backward compact) and d-sequentially compact (backward
-sequentially compact) subset of X - are defined in a similar way.

Finally, a subset Y of (X,d) is called (d,d)-sequentially compact if every
sequence (Y )n>1 in Y has a subsequence (yy, )k>1, d-convergent to some u € Y’
and d-convergent to some v € Y. By Lemma 3.1 in [5] if follows that we can
take u = v in the definition of (d, d)-sequentially compactness, if (X, d) is a T}
quasi-metric space. A subset Y of (X, d) is called d-bounded (forward bounded
in [5]) if there exist # € X and r > 0, such that Y C B*(z,r). Y is called
d-totally bounded if for every € > 0, there exists n € N, and the forward balls

n
Bt (y1,¢), Bt (y2,€), ..., Bu(yn,€), yi € Y,i=1,nsuchthat Y ¢ U B*(y;,¢).
i=1

Similar definitions are given for d-boundedness and d-total boundedness of
a subset Y of (X, d).

2. THE CONE OF SEMI-LIPSCHITZ FUNCTIONS

DEFINITION 1. [I5] Let Y be a non-empty subset of a quasi-metric space
(X,d). A function f : Y — R is called d-semi-Lipschitz if there exists a number
L >0 (named a d-semi-Lipschitz constant for f) such that

(4) f(z) = fy) < Ld(z,y),

forallz,y €Y.
A function f 1Y — R, is called <g-increasing if f(x) < f(y), whenever
d(xz,y) =0.
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Denote by Rgd the set of all <y-increasing functions on Y. This set is a
cone in the linear space RY of real valued functions defined on Y, i.e. for each

fg¢€ Rgd and A > 0 it follows that f + g € Rgd and \f € Rgd.
For a d-semi-Lipschitz function f on Y, put [14]:

(5) 1f1q = sup { ST (g, ) > 0; 2,y € V]

Then || f|, is the smallest d-semi-Lipschitz constant of f (see also [10], [15]).
For a fixed element § € Y denote

(6) d-SLipoY = {f € RY; : || f|, < oo and f(#) = 0},

the set of all d-semi-Lipschitz real valued functions defined on Y vanishing at
the fixed element 6 € Y.

Observe that if (X,d) is a T1 quasi-metric space, then every real-valued
function on X is <y-increasing [14].

The set d-SLip,Y is a cone (a subcone of RY ;) and the functional |-|, : d-
SLipgY — [0,00) defined by is subadditive and positive homogeneous on
d-SLipyY. Moreover ||f|;, = 0 iff f =0, and consequently |[-|, is a quasi-norm
(asymmetric norm) on the cone d-SLip,Y.

In [I5] some properties of the “normed cone” (d-SLip,Y, ||-|,;) are presented.
Similar properties in the case of d—semi-Lipschitz functions on a quasi-metric
space with values in a quasi-normed space (space with asymmetric norm) are
discussed in [16], [I7]. For more information concerning other properties of
quasi-metric spaces, see also [7], [13].

Now, let (X, d) be a quasi-metric space and let Y be a non-empty subset of
X. A real valued function f defined on Y is called 74 -lower semi-continuous
(14-l.s.c in short) (respectively 7_-upper semi-continuous (7 — w.s.c.)) at
xo € Y, if for every € > 0 there exists r > 0 such that for every x € B¥(x¢,r)
(respectively, for every = € B~ (zo,7)), f(x) > f(xo) — € (respectively f(z) <
F(z0) +2).

PROPOSITION 2. Let (X,d) be a quasi-metric space, 0 € X a fized element,
andY C X with 6 € Y. Then every f € d-SLipyY is 7_-u.s.c and 74-l.s.c.,and
every f € d-SLipyY is T -u.s.c. and 7_-l.s.c. on Y.

Proof. Let f € d-SLipyY such that || f|; = 0. Then f =0 and f is 7_-u.s.c.
and 74-l.s.c at every y € Y.
Now, let || f|; > 0 and yo € Y. The inequality

fy) = flyo) < 1flad(y,90), y€Y
implies
) < flyo) + 1 flad(y, ), y €Y.
So that
f(y) < f(wo) +e,
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for every ¢ > 0 and every y € B~ (yo, m) , showing that f is 7_-u.s.c at
Yo €Y.

Similarly,
fyo) = fy) < Iflg-d(yo,y), y €Y,
implies
fw) = f(yo) = 1£14d(w0,y),
so that

) > f(yo) — ¢,
for every y € BT (Yo, ﬁ) , showing that f is 74-l.s.c. in yp € Y.

Similarly one prove that every f € d-SLip,Y is 74-u.s.c. and 7_-l.s.c. on
Y. O

Observe that if f is in d-SLip,Y, then —f € d-SLip,Y, and —f is 7 -u.s.c,
and 7_-l.s.c. on Y, i.e. if yp € Y then

e Ve > 0, Ir > 0 such that (—f)(y) < (—f)(yo)+e¢, for all y € BT (yo, 1),
and respectively
e Ve >0, 3r > 0 such that (—f)(y) > (—f)(yo)—¢, for all y € B~ (yo, 7).

PROPOSITION 3. Let (X,d) be a quasi-metric space, 0 € X a fized element,
andY C X, with 6 €Y.
(a) If Y is d-sequentially compact, then each f € d-SLipyY attains its
maximum value on Y
(b) If Y is d- sequentially compact, then each f € d-SLip,Y attains its
minimum value on Y.

Proof. (a) Let Y be d-sequentially compact and M := sup f(Y), where M €
R U {+o0}. Then there exists a sequence (y,),>1 in Y such that lim flyn) =
- n—oo

M. Because Y is d-sequentially compact, there exists 1o € Y and a subsequence
(Yny,)k>1 Of (Yn)n>1 such that nh_)r{.lo d(Yn,k, yo) = 0. By the 7_-u.s.c. of f at yo it
follows:
M = khm f(ynk) = lim sup f(ynk) < f(yﬂ) =M,
—00 k

implying M < oo and f(yp) = M.

(b) If f €d-SLip,Y, it follows— f € d-SLip,Y, and because Y is d-sequentially
compact, by (a), it follows that —f attains its maximum value on Y, i.e. f
attains its minimum value on Y. O

PROPOSITION 4. Let (X,d) be a quasi-metric space, 0 € X a fized element,
andY C X with0 €Y.

(a) IfY is d-sequentially compact, then the functional H|go : d—SLipyY —
[0,00) defined by

(7) IFI1% = max{f(y) : y € Y}

is an asymmetric norm on d-SLip,Y.
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(b) If Y is d-sequentially compact, then the functional ||-|% : d-SLipyY —
[0,00) defined by
(8) /1% = max{~/(y) : y € Y}, f € d-SLip,Y,

is an asymmetric norm on d-SLipyY;
(c) IfY is (d,d)-sequentially compact, then the functional ||-| ., : dSLipyY —
[0,00) defined by

9) 1Floo = IIF1% V[ £1 , f € d-SLip,Y

is the uniform norm on the cone d-SLip,Y.

Proof. (a) By Proposition [3](a), the functional (7)) is well defined. For every
f € d-SLip,Y, we have ||f|Z > f(8) = 0. If f € d-SLip,Y and | f|%. > 0 then
there exists yo € Y such that f(yo) = Hf]go > 0. It follows f # 0.
e Obviously,
1 + gl < I1F15 + llgls
and 7 7
Ml = AIf1
for all f, g € d-SLipyY and A > 0.

(b) For every f € d-SLip,Y it follows that —f € d-SLip,Y, and because Y
is d-sequentially compact, then — f attains its maximum value on Y, and

d
1flo = max{—f(y) :y €Y}
is an asymmetric norm on d-SLip,Y.
(c¢) By Proposition |3} if Y is (d, d)-sequentially compact, then every f € d-
SLipyY, attains its maximum and minimum value on Y.
e We have

[flloo = max{|f(y)|:y €Y} =
= (max{f(y) :y € Y}) V (max{—f(y) :y € Y'})

= If1% VIIFIL, .

3. BEST UNIFORM APPROXIMATION BY EXTENSIONS

In the following the quasi-metric space (X, d) is supposed (d, d)-sequentially
compact. Let # € X be a fixed element, and Y C X with 8 € Y. Consider
also the normed cones (d-SLip,Y, ||-|;) and (d-SLipyX, [-]3), where ||-|5 is the
asymmetric norm defined as in , where d is replaced by d.

An extension results for semi-Lipschitz functions, analogous to Mc Shane’s
Extension Theorem [8] for real-valued Lipschitz functions defined on a subset
of a metric space was proved in [10] (see also [12]).
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ProprosiTION 5. [10] For every f € d-SLipyY there exists at least one
function F' € d-SLipyX, such that

(10) Fly = f and [|Flg=fla-

A function F with the properties included in Proposition [ is called an
extension, preserving the asymmetric norm of f (or an extension preserving
the smallest semi-Lipschitz constant of f).

Denote the set of all extensions of f preserving asymmetric norm, by

(11) &i(f) ={F € d&-SLipyX : F|y, = f and |[F[; = [/f|;}
The set £4(f) is convex in d-SLipyX, the functions

(12) Fa(f)(z) =inf{f(y) + [ flgd(z,y) :y €Y}, z € X,

and

(13) Ga(f)(x) =sup{f(y) = Iflq - d(y,z) :y €Y}, z € X,

are extremal elements of £4(f), and

(14) Ga(f)(z) < F(x) < Fa(f)(x),
for all F' € E4(f) (see [10], [11]).

Now let RX be the linear space of all real valued functions defined on (X, d).
One considers the quasi-distance ( [I5], p.67)

Dy : R¥ x R¥ = [0, 00)
defined by

(15) Da(f,9) =sup{(f(z) —g(x)) VO:z € X}.
Obviously, d-SLipyX C Ri{d C RX, and the quasi-distance D; may be re-
stricted to d-SLipyX. N

The quasi-distance D, generates the topology 7(Dy ), named the topology
of quasi-uniform convergence. In [I5] (Corollary 4, p.67), it is proved that
the unit ball Uy of d-SLipyX is compact with respect to the topology of quasi-
uniform convergence 7(Dy), (and 7(Dy) too, where Dy(f,g) = Dy(g, f), f,g €
d-SLipyX).

We have

PROPOSITION 6. For every f € d-SLip,Y, the set E4(f) is compact with
respect to the topology 7(Dy), (and T(Dy), too).

Proof. Because F;(f) defined in (12]) and G4(f) defined in are in £4(f),
and they satisfy the inequalities (14]), it follows

Dd(Fv Fd(f)) =0, and ﬁd(F‘v Gd(f) = Dd(Gd(f)>F) =0

for every F € &;(f). It follows that &;(f) is Dg-totally bounded (and Dg4-
totally bounded too).
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Let (Fj)n>1 be a sequence in &;(f). Because Fy(xz) < Fy(f)(z), for all
x € X, it follows that Dy(F,, Fi(f)) = 0, n = 1,2,..., i.e. (Fp)p>1 is Dg-
convergent to Fy(f). It follows that &;(f) is Dg-sequentially compact. By
Proposition 4.6 in [5], because &;(f) is totally Dg-bounded an D4-sequentially
compact it follows that the set £4(f) is Dg-compact (i.e. compact with respect
to the topology 7(Dy)).

Because G4(f)(z) < F(x), for all z € X and every F' € &;(f), it follows
that Dg(Ga(f),F) = Da(F,Gq(f)) = 0. Consequently, £;(f) is D4-compact
too. (i.e. with respect to the topology 7(Dy)). O

Obviously, for every F' € d-SLipyX, F|y € d-SLipyY and the set Eq( F|y)
is a (Dg, Dg)-compact subset of d-SLip,X, by Proposition @

Now, we consider the following optimization problem:

For F' € d-SLipyX, find Gy € &; (F|y ) such that

(16) Dd(F, G()) = inf{Dd(F, G) G e gd(F‘y)}

This problem (of best approximation) has always at least one solution, because
Ei(Fly) is Dg-compact. Analogously, the problem of existence of an element
Gy € E4(Fly) such that

(17) Dy(F,Go) = inf{D4(F,G) : G € E4(F|y)},
is also assured, because E;( F|y ) is Dg-compact too.
Now, because (X, d) is supposed (d, d)-sequentially compact, every F € d-
SLipyX is bounded, and the uniform norm
(18) |Fl,, = max{F(z): 2 € X}V max{—F(z) :z € X}

is well defined, by Proposition 4] (c).
Moreover, for every G € £4( F|y ), we have

(19) |F = Gll., = Da(F,G) v DulF,G).

Now, we consider the following problem of uniform best approximation:
For F' € d-SLipyX, find Gy € £;(Fy ), such that

(20) I1F = Golloe = nf{[|[F" = G|, - G € Ea(Fly)}-

PROPOSITION 7. Let (X,d) be a (d,d)-sequentially compact quasi-metric
space, 0 € X a fixed element, and Y C X with 0 € Y. Then for every F € d-
SLipy X, there exists at least one element Gy € E4( F|y ), such that

[F' = Golloo = inf{[|F = G| : G € Ea( Fly)}-
Proof. For every G € £4(Fly ), using the equality , one obtains

inf{||FF — G| : G € &Fly)} =
= inf{Dy(F,G) vV Dg(G,F) : G € E4(F|y)}
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Because &( F|y ) is (Dg4, Dg)-compact, the conclusion of Proposition follows.
U

Any solution Gg € £;(F|y) of problem is called an element of best
uniform approximation of F' by elements of £q( F|y).

Using , one obtains:

If F' is such that

F(x) > Fy(Fly)(z),z € X,

then Gy = Fy(F|y ) is the unique solution of (20)), where Fy( Fly ) is defined

as in ;
If F' is such that

F(x) < G4(Fly)(z), z € X,

then Gy = G4(F|y) is the unique solution of (20), where Gq(F|y) is defined
as in ;

Finally, if F' € &4(F|y ) ie. |F|;=|F |v|y, then Gy = F.

In the following we consider another situation where a uniform best approx-
imation problem by extensions may be posed and solved.

This is the case when the quasi-metric space (X, d) is of finite diameter, i.e.
such that sup{d(z,y) : z,y € X} = diamX < oo.

For 6 € (X,d) denote cl.(q{0} = {x € X : d(0,z) = 0} and clT(g){H} =
{r € X :d(x,0) =0} (see [I5], p.68). Let also cl{0} = cl,(4){0} U clT@{Q}.

The following proposition holds:

PROPOSITION 8. Let (X,d) be a quasi-metric space of finite diameter, and
0 € X a fized element. Then every f € d-SLipyX is bounded on X \ cl{6}.

Proof. Let f be in d-SLipyX. By definition, we have f(f) = 0, and for
x € clT@{G} ={z € X :d(z,0) = 0} -it follows f(z) <0, because d(z,0) =0
implies f(z) < f(0) = 0.
Analogously, for z € cl (4){0} = {z € X : d(0,z) = 0} it follows 0 = f(#) <
7).
For every z € X \ clT(g){G}, we have
f(@) = £(0) < |[flgd(z,0) <[l f]; diamX,

and consequently f(z) < || f|,diamX < oo.
It follows, f(z) < ||f|,diamX < oo for all z € X \ clT@{H}.

For every = € X \ cl,(4){0} it follows
f(0) = f(x) < || f|4d(0,x) < || f];diamX.

Then f(z) > —||f|;diamX > —oo, for all z € X \ cl;(4){0}. Consequently
— | f|gdiamX < f(z) < || f];diamX, z € X \ cl{6}. O
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Now, let (X,d) be a quasi-metric space of finite diameter, § € X a fixed
element, and Y C X with 6 € Y. Then, for every F' € d — SLipyX, it follows
F|y € d-SLip,Y, and the set

Ea(Fly) ={G € d-SLipgX: Gly = Fly, [Glg = [ Fly 4}

is non empty. o
This set is also (Dgy, Dg)-compact and the following proposition holds:

PROPOSITION 9. Let (X, d) be a quasi-metric space of finite diameter, € X

a fized element, and Y C X with 8 € Y. Then for every F' € d-SLipyX, there
exists at least one element Gy € E4(F|y) such that

|(F = Go)lxagay|_ = nt{|[(F = Olxvarny||_: G € Ea(Fly)}

The proof is immediate.

EXAMPLE 10. Let X = [—10,10] and the quasi-metric d : X x X — [0, 00)
defined by
d(z,y) = { 2z —y)ifz>y.

Consider § =0 and Y = {—1,0,1}. Then the function f:Y — R

_L Yy = _17
f(y) = 0, y=0,
3, y=1,

is in d — SLipyY and || f|; = 3.
The functions

Fa(f)(z) = mf {f(y) + 3d(z,y)}

—4 -3z, xe€[-10,-1],

6z + 5, xe(—l,%‘r’},

—3x, x€ (_75,0} ,

- 6z, =x € (0,% ,
6 — 3z, Jregg,l},

6x—3, xze€(1,10].
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and, respectively

Ga(f)(x) = sup{f(y) — 3d(y,z)} =
yey

6245, =x€[-10,—1],
3rx44, zc (—1 ;4},
] 6e we (50,
B —3z, xe( %
6xr—3, ze€ é }
—393—6, x € (1,10]

verifies the conditions:

Fa(f) ly = Ga(f) ly = 1,
[Fa(f)lg = 1Ga(N)lg = 1Iflg =3,
and
Fa(f)(z) = H(z) > Ga(f)(z), = € [-10,10],
where H € &;(f) is an arbitrary extension of f.
Obviously, (X, d) is (d, d)-sequentially compact and E;4(f) is compact in the
uniform topology.

Let F' € d — SLipyX such that F|, = f
Then

Ea(Fly) = &alf).
If
F(z) > Fy(f)(z), Va € [-10,10]
then
| F = Fa(f)lloo = Inf{[|F — H||,, : H € Ea(Fy)}

For example, let F' be the function

Fa(f)(z), x€[-1,1],
F(z)=< —4z -5, =z€[-10,-1)

7r—4, ze(1,10).

Then

IF = Rl = s (=0 =1}V mox (o1} =
=9
Similarly, if F(x) < Gq(f)(z), Yz € [-10, 10]
then

IF = Ga(f)lloo = mf{[[F = Hl|, - H € Ea(Fly)}-
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