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REMARKS ABOUT AN INEQUALITY USED FOR THE
EQUIVALENCE BETWEEN THE CONVERGENCE OF ISHIKAWA
AND MANN ITERATIONS
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Abstract. We prove an inequality which is crucial in the proof of the main result
from B.E. Rhoades and Stefan M. Soltuz, The Equivalence between the Conver-
gences of Ishikawa and Mann Iterations for an Asymptotically Pseudocontractive
Map, J. Math. Anal. Appl., 283 (2003), 681-688.
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1. INTRODUCTION

Let X be a real Banach space, B a nonempty, convex subset of X, and
T : B — B an operator. Let ug,x¢9 € B. We consider the following iteration,
see [3]:

(1) Unt1 = (1 — ap)un + anT"up,.
o0
The sequence (ay,)n C (0, 1) satisfies li_)rn ap =0and ) o, = oo. This itera-
n—oo

n=1
tion is known as the modified Mann iteration. We now consider the following

iteration, known as the modified Ishikawa iteration see [1:
(2) Tpt1 = (1 — ap)xn + anT"yn,

Yn = (1 = Bn)xn + BuT "y,
The sequences (a,)n C (0,1), (Bn)n C [0, 1) satisfy

o0
(3) n11_}1(2O an =0, 7}1_>rgo Bn =0, zzlan = 00.
n—=
Let X be an arbitrary real Banach space and J : X — 2X" the normalized
duality mapping given by
(4) Jo:={fe X" (x, f) =z, /]| = [l«l}, VvzeX.
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In [5] the following class of maps was introduced

DEFINITION 1. A map T is said to be asymptotically pseudocontractive if
there exists a sequence (kp)n, kn € [1,00),¥Yn € N, li_)rn kn = 1, and there
n—oo

exists j(x —y) € J(z —y) such that
(5) <Tnx_Tny7.7(x_y)> Sanx_yH27 V%Z/EB,VHEN

The aim of this note is to prove a crucial inequality which was used in [4]
in order to prove the main result. We recall the following auxiliary results.

LEMMA 2. [2] Let X be a Banach space and x,y € X. Then
(6) ]| < flz +ryll,
for all v > 0 if and only if there exists j(x) € J(x) such that (y,j(z)) > 0.

LEMMA 3. [4] Let B be a nonempty subset of a Banach space X and let
T : B — B be a map. Then the following conditions are equivalent:

(i) T is an asymptotically pseudocontractive map,
(i) for ky, € [1,00),Vn € N, we have
(7)
le —yl| < |le—y+r[(knd —T")x — (koI — T)y]||, Va,y € B,Vr>0.

DEFINITION 4. Let X be a normed space and B a subset of X, then the
map T : B — B is an uniformly Lipschitzian map if for some L > 1, we have

1Tz —Try|| < Lz — vy, Yx,y € B,¥n € N.

2. MAIN RESULT

We recall the following Theorem.

THEOREM 5. [4] Let B be a closed convex subset of an arbitrary Banach
space X, (xp)n and (uy), defined by (2) and (1)) with (ay)n and (Bn)n satisfying
. Let T be an asymptotically pseudocontractive and uniformly Lipschitzian
with L > 1 self-map of B. Let x* be a fized point of T. If ug = xzog € B, then
the following two assertions are equivalent:

(i) the modified Mann iteration converges strongly to x*,
(ii) the modified Ishikawa iteration converges strongly to x*.

In the proof of the above Theorem a less obvious inequality (i.e ) was
used. Note that, in this case, the triangle inequality is not useful. In order to
eliminate any doubts, we shall prove it here.
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PROPOSITION 6. Let all assumptions of Theorem[ to be satisfied, then the
following inequality (used for proving Theorem [5)) is true,

(8)
11+ a7) (@nt1 = uns1) + an (bl = T") @41 = (aknd — T 1) ||
+ 1= (1 +kn) an) an |2n —un| — (1 4+ En) 03 |20 — un — T + T™uyp|
—an | T"Tpt1 — T U1 — Ty + T uy |
> (1+ a?z) |21 — Unall + [1 = (L4 kn) an] an |20 — unll — (1 + &y) O‘?z
Nan = un — T"Yn + T up || — o | T"@ns1 — T ups1 — T yn + Ty | -
Proof. We have
(9)
Ty = Tyl + anxy — Ty, = (1 + 04,21) Tnt1 + oy (ap knd —T") Ty
— (14 ky) ai Tnt1 + anxy + ap (T"xpe1 — T yn)
= (1+02) Zpi1 + an (an ko —T™) 2,41
— (1 + kyp) a% [ 2y, + an (T"Yn — )] + nZpn + @ (T"Tpe1 — T"yp)
=1+ a%) Tpt1 + o (an knd —T") p1 — (1 + k) 04721 Tn
+ (1 + kn) ai (@n —T"yn) + ann + an (T"Tp41 — T yn)
=(1+a?) Tpi1 +an (an ko —T) 21 +[1— (14 k) an] an 20
+ (1 + k) @ (20— T"yn) + i (T g1 — T"Yn).
Also
(10)
Up = Unt1 + apty — apnT" uy = (1 + a%) Unt1 + oy (apn knd —T™) Upi1
- (14 k‘n)ai Unt1 + Oty + an (T Uup+1 — T"uy)
=1+ ai) Unt1 + an (apn knd —T™) Uupyq
- (14 k‘n)ai [un + an (T Uy — up)] + anun + ap (T up+1 — T uy)
=(1+ oz,%) Unt1 + o (g knd —T™) upy1 + (14 ky) a;z (up, — T™uy,)
+[1 = (14 kn) an] an up + apn (T"ups1 — T"uy,).
From @D and we get
(11)
Ty — Up =
= (1+ ai)@n—l-l —un+1) +an (o knd = T")zn11 — (n kpl =T )upi1)
+ 1= (1 +kn) an) an (20 —wn) + (14 k) @ (20 — wp — Ty + T"uyp)
+an (T"vp+1 — T up+1 — T"ypn + T uy,).
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The norm of the sum of the first two terms on the right hand side of is
equal to

(12)

(1+a2) H(””H —tun 1) + 125 ((an b — T a1 — (o kil — T")unH)H .

Using @ with

(13) T = (Tpp1 — Unt1),
Y= 1_?_‘7:;% ((an knd — T”)xn_,_l - (Ozn kol — T")un+1) ,

we obtain

(14)
H(1 +a2)(Tni1 — Uns1) +an ((Qn kn — T™)zpi1 — (an knl — T")un+1)H
> (14 ap) [[#nt1 — |

From it follows that

(15)

|2 — unl|

> H(l +a2) (g1 — Uni1) + an (ki — T™)zpi1 — (Qnknl — T”)un+1)H
1= (14 k) an] an |20 = unll = (14 kn) @3 |2 — up — Ty + Ty ||
—ap [[T"p41 — T unt1 — T"yn + T un |

>0 (1+ap) |2 — wnprl| + (1= (14 kn) an] an [0 — nll = (1+ k) o
Nen = up — Ty + T up|| — an |[T" @041 — T Ung1 — T Yn + T up| -

To prove the last inequality we need the following notations:

(16) a=(1+02) (@as1 = tnt),

a' = (1 + 04721) (Tnt1 — Unt1)
+ an ((anknl —T") zpi1 — (apknl —T") Uupy1),
(1= (1 +kn) an) an [|zn — un|,
c=(1+4ky)ad (x, — up — T"yp + T"uyp)
d= oy (T"xp+1 — T "upy1 — T yn + T"uy,)

b=

We shall prove

A7) @ +b+c+d|+ el + d > [la +b+c+d|| +|lc+d| =P
>O a[| + 1[]| > [la]| + [|b]|-
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The last inequality is true because we know from Lemma [2| that |a'|| > |la]| .
By use of

(18) Tptl = Tn — ATy + 0T Yy,

_ n
Up+1 = Up — Qplny + o T up,

we obtain:
o] =
=||(1+ a2) @1 = wns1) + an (bl = T") 21 = (ankind = T") 1)
= H (1 + 04,21) (g1 — Uns1) + kn@2 (Tpy1 — Uny1) — an (T Tpp1 — T"un+1)H
(LK) 2 (= + €T g + ot — 0T ™)

(@n = un) + (Tnt1 = tng1) = o (T"Tn41 — T un ) ||
(—xn + T"Yn + up — T"up) — ap (T"Tpe1 — T Upt1)

+ (1 + k) o (n — un) + (T — up) + an (—xn + T Y + wp — T"uy) ||
= |1+ kpn) oy (—xn +T"yn + up — T"up,)

—ap (T"xpe1 — T ups1 — T"yn + T"uy)

+ (1= an+ (14 k) 02) (2 — un) |
<= (0 k) 0 (@ = Ty — w4+ )

o (T" 41 — T Un g1 — T yn + T uy)) ||

+ (1= an+ (14 k) a2) [0 — un
= || (1 + kn) a3 (2, — T™yp — up + T uy)

+an (T"xp41 — T upt1 — Ty + T uy,) ||

— (1= 1+ kn) an) an [lzn — unl| + |20 — us|
= lle+d|| = [l + lzn — unll = lle+d|l — [Ib]] + [ + b+ c+d]|. U
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