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Abstract. We prove an inequality which is crucial in the proof of the main result
from B.E. Rhoades and Ştefan M. Şoltuz, The Equivalence between the Conver-
gences of Ishikawa and Mann Iterations for an Asymptotically Pseudocontractive
Map, J. Math. Anal. Appl., 283 (2003), 681–688.
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1. INTRODUCTION

Let X be a real Banach space, B a nonempty, convex subset of X, and
T : B → B an operator. Let u0, x0 ∈ B. We consider the following iteration,
see [3]:
(1) un+1 = (1− αn)un + αnT

nun.

The sequence (αn)n ⊂ (0, 1) satisfies lim
n→∞

αn = 0 and
∞∑
n=1

αn =∞. This itera-
tion is known as the modified Mann iteration. We now consider the following
iteration, known as the modified Ishikawa iteration see [1]:

xn+1 = (1− αn)xn + αnT
nyn,(2)

yn = (1− βn)xn + βnT
nxn.

The sequences (αn)n ⊂ (0, 1), (βn)n ⊂ [0, 1) satisfy

(3) lim
n→∞

αn = 0, lim
n→∞

βn = 0,
∞∑
n=1

αn =∞.

Let X be an arbitrary real Banach space and J : X → 2X∗ the normalized
duality mapping given by
(4) Jx := {f ∈ X∗ : 〈x, f〉 = ‖x‖ , ‖f‖ = ‖x‖}, ∀x ∈ X.
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In [5] the following class of maps was introduced

Definition 1. A map T is said to be asymptotically pseudocontractive if
there exists a sequence (kn)n, kn ∈ [1,∞),∀n ∈ N, lim

n→∞
kn = 1, and there

exists j(x− y) ∈ J(x− y) such that

(5) 〈Tnx− Tny, j(x− y)〉 ≤ kn ‖x− y‖2 , ∀x, y ∈ B, ∀n ∈ N.

The aim of this note is to prove a crucial inequality which was used in [4]
in order to prove the main result. We recall the following auxiliary results.

Lemma 2. [2] Let X be a Banach space and x, y ∈ X. Then

(6) ‖x‖ ≤ ‖x+ ry‖ ,

for all r > 0 if and only if there exists j(x) ∈ J(x) such that 〈y, j(x)〉 ≥ 0.

Lemma 3. [4] Let B be a nonempty subset of a Banach space X and let
T : B → B be a map. Then the following conditions are equivalent:

(i) T is an asymptotically pseudocontractive map,
(ii) for kn ∈ [1,∞),∀n ∈ N, we have

(7)
‖x− y‖ ≤ ‖x− y + r[(knI − Tn)x− (knI − Tn)y]‖ , ∀x, y ∈ B, ∀r > 0.

Definition 4. Let X be a normed space and B a subset of X, then the
map T : B → B is an uniformly Lipschitzian map if for some L ≥ 1, we have
‖Tnx− Tny‖ ≤ L ‖x− y‖ , ∀x, y ∈ B, ∀n ∈ N.

2. MAIN RESULT

We recall the following Theorem.

Theorem 5. [4] Let B be a closed convex subset of an arbitrary Banach
space X, (xn)n and (un)n defined by (2) and (1) with (αn)n and (βn)n satisfying
(3). Let T be an asymptotically pseudocontractive and uniformly Lipschitzian
with L ≥ 1 self-map of B. Let x∗ be a fixed point of T. If u0 = x0 ∈ B, then
the following two assertions are equivalent:

(i) the modified Mann iteration (1) converges strongly to x∗,
(ii) the modified Ishikawa iteration (2) converges strongly to x∗.

In the proof of the above Theorem a less obvious inequality (i.e (8)) was
used. Note that, in this case, the triangle inequality is not useful. In order to
eliminate any doubts, we shall prove it here.



5 Remarks about an inequality 191

Proposition 6. Let all assumptions of Theorem 5 to be satisfied, then the
following inequality (used for proving Theorem 5) is true,

||(1 + α2
n) (xn+1 − un+1) + αn ((αnknI − Tn)xn+1 − (αnknI − Tn)un+1) ||

(8)

+ [1− (1 + kn) αn] αn ‖xn − un‖ − (1 + kn) α3
n ‖xn − un − Tnyn + Tnun‖

− αn ‖Tnxn+1 − Tnun+1 − Tnyn + Tnun‖
≥ (1 + α2

n) ‖xn+1 − un+1‖+ [1− (1 + kn) αn] αn ‖xn − un‖ − (1 + kn) α3
n

· ‖xn − un − Tnyn + Tnun‖ − αn ‖Tnxn+1 − Tnun+1 − Tnyn + Tnun‖ .

Proof. We have

xn = xn+1 + αnxn − αnTnyn = (1 + α2
n) xn+1 + αn (αn knI − Tn) xn+1

(9)

− (1 + kn) α2
n xn+1 + αnxn + αn (Tnxn+1 − Tnyn)

= (1 + α2
n) xn+1 + αn (αn knI − Tn) xn+1

− (1 + kn) α2
n [ xn + αn (Tnyn − xn)] + αnxn + αn (Tnxn+1 − Tnyn)

= (1 + α2
n) xn+1 + αn (αn knI − Tn) xn+1 − (1 + kn) α2

n xn

+ (1 + kn) α3
n (xn − Tnyn) + αnxn + αn (Tnxn+1 − Tnyn)

= (1 + α2
n) xn+1 + αn (αn knI − Tn) xn+1 + [1− (1 + kn) αn] αn xn

+ (1 + kn) α3
n (xn − Tnyn) + αn (Tnxn+1 − Tnyn).

Also

un = un+1 + αnun − αnTnun = (1 + α2
n) un+1 + αn (αn knI − Tn) un+1

(10)

− (1 + kn)α2
n un+1 + αnun + αn(Tnun+1 − Tnun)

= (1 + α2
n) un+1 + αn (αn knI − Tn) un+1

− (1 + kn)α2
n [un + αn(Tnun − un)] + αnun + αn (Tnun+1 − Tnun)

= (1 + α2
n) un+1 + αn (αn knI − Tn) un+1 + (1 + kn) α3

n (un − Tnun)
+ [1− (1 + kn) αn] αn un + αn (Tnun+1 − Tnun).

From (9) and (10) we get

xn − un =
(11)

= (1 + α2
n)(xn+1 − un+1) + αn ((αn knI − Tn)xn+1 − (αn knI − Tn)un+1)

+ [1− (1 + kn) αn] αn (xn − un) + (1 + kn) α3
n (xn − un − Tnyn + Tnun)

+ αn (Tnxn+1 − Tnun+1 − Tnyn + Tnun).
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The norm of the sum of the first two terms on the right hand side of (11) is
equal to
(12)
(1+α2

n)
∥∥∥(xn+1 − un+1) + αn

1+α2
n

((αn knI − Tn)xn+1 − (αn knI − Tn)un+1)
∥∥∥ .

Using (6) with

x := (xn+1 − un+1),(13)
y := αn

1+α2
n

((αn knI − Tn)xn+1 − (αn knI − Tn)un+1) ,

we obtain

∥∥∥(1 + α2
n)(xn+1 − un+1) + αn ((αn knI − Tn)xn+1 − (αn knI − Tn)un+1)

∥∥∥(14)

≥ (1 + α2
n) ‖xn+1 − un+1‖

From (11) it follows that

‖xn − un‖
(15)

≥
∥∥∥(1 + α2

n) (xn+1 − un+1) + αn ((αnknI − Tn)xn+1 − (αnknI − Tn)un+1)
∥∥∥

+ [1− (1 + kn) αn] αn ‖xn − un‖ − (1 + kn) α3
n ‖xn − un − Tnyn + Tnun‖

− αn ‖Tnxn+1 − Tnun+1 − Tnyn + Tnun‖

≥(?) (1 + α2
n) ‖xn+1 − un+1‖+ [1− (1 + kn) αn] αn ‖xn − un‖ − (1 + kn) α3

n

· ‖xn − un − Tnyn + Tnun‖ − αn ‖Tnxn+1 − Tnun+1 − Tnyn + Tnun‖ .

To prove the last inequality we need the following notations:

a =
(
1 + α2

n

)
(xn+1 − un+1) ,(16)

a′ =
(
1 + α2

n

)
(xn+1 − un+1)

+ αn ((αnknI − Tn)xn+1 − (αnknI − Tn)un+1) ,
b = (1− (1 + kn)αn)αn ‖xn − un‖ ,
c = (1 + kn)α3

n (xn − un − Tnyn + Tnun) ,
d = αn (Tnxn+1 − Tnun+1 − Tnyn + Tnun) .

We shall prove∥∥a′ + b+ c+ d
∥∥+ ‖c‖+ ‖d‖ ≥

∥∥a′ + b+ c+ d
∥∥+ ‖c+ d‖ ≥(?)(17)

≥(?) ∥∥a′∥∥+ ‖b‖ ≥ ‖a‖+ ‖b‖ .
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The last inequality is true because we know from Lemma 2 that ‖a′‖ ≥ ‖a‖ .
By use of

xn+1 = xn − αnxn + αnT
nyn,(18)

un+1 = un − αnun + αnT
nun,

we obtain:∥∥a′∥∥ =

=
∥∥∥(1 + α2

n

)
(xn+1 − un+1) + αn ((αnknI − Tn)xn+1 − (αnknI − Tn)un+1)

∥∥∥
=
∥∥∥(1 + α2

n

)
(xn+1 − un+1) + knα

2
n (xn+1 − un+1)− αn (Tnxn+1 − Tnun+1)

∥∥∥
= || (1 + kn)α2

n (−αnxn + αnT
nyn + αnun − αnTnun)

+ (1 + kn)α2
n (xn − un) + (xn+1 − un+1)− αn (Tnxn+1 − Tnun+1) ||

= || (1 + kn)α3
n (−xn + Tnyn + un − Tnun)− αn (Tnxn+1 − Tnun+1)

+ (1 + kn)α2
n (xn − un) + (xn − un) + αn (−xn + Tnyn + un − Tnun) ||

= || (1 + kn)α3
n (−xn + Tnyn + un − Tnun)

− αn (Tnxn+1 − Tnun+1 − Tnyn + Tnun)

+
(
1− αn + (1 + kn)α2

n

)
(xn − un) ||

≤ || −
(
(1 + kn)α3

n (xn − Tnyn − un + Tnun)
+αn (Tnxn+1 − Tnun+1 − Tnyn + Tnun)) ||

+
(
1− αn + (1 + kn)α2

n

)
‖xn − un‖

= || (1 + kn)α3
n (xn − Tnyn − un + Tnun)

+ αn (Tnxn+1 − Tnun+1 − Tnyn + Tnun) ||
− (1− (1 + kn)αn)αn ‖xn − un‖+ ‖xn − un‖

= ‖c+ d‖ − ‖b‖+ ‖xn − un‖ = ‖c+ d‖ − ‖b‖+
∥∥a′ + b+ c+ d

∥∥ . �

REFERENCES

[1] Ishikawa, S., Fixed Points by a New Iteration Method, Proc. Amer. Math. Soc., 44,
pp. 147–150, 1974.

[2] Kato, T., Nonlinear Semigroup and Evolution Equations, J. Math. Soc. Japan, 19,
pp. 508–520, 1967.

[3] Mann, W. R., Mean Value in Iteration, Proc. Amer. Math. Soc., 4, pp. 506–510, 1953.
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