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GENERAL CONVERGENCE OF THE METHODS
FROM CHEBYSHEV-HALLEY FAMILY

RALUCA ANAMARIA POMIAN*

Abstract. In this paper we study the Chebyshev-Halley family (which contains,
as particular cases, the Chebyshev method, Halley method, super-Halley method
and the C-method). For Chebyshev and super-Halley methods we give a global
theorem of convergence. In the end of the paper we study the basins of attraction
of the roots of a polynomial with real coefficients. They are obtained when
we apply to that polynomial the methods from the Chebyshev-Halley family
methods.
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1. INTRODUCTION

One of the classical problems in numerical analysis is to locate the root of
the equation

(1.1) f(2) =0

where f :[a,b] C R — R is an analytic function with simple roots.

Before formulating the problems we investigate here, we recall some basic
notions.

Let g : R — R be a rational map, that is, g(z) = %, where p(x) and ¢(z)
are polynomials without common factors.

We say that w is a fixed point of ¢ if g(w) = w. A fixed point w is a periodic
point of g if Ip > 1 s.t. gP(w) = w, where gP(w) = g(g* "1 (w)).

The smallest p such that gP(w) = w is called the period of w. A periodic
point w, of period p, of a function g is called repelling if |(¢?) (w)| > 1;
attractive if [(g?)'(w)| < 1; superattractive if |(¢?) (w)| = 0 and indifferent if
(gP) (w)] = 1.

The basin of attraction A(w) of an attractive fixed point w, associated with
the rational map g, is:
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(1.2) Aw) = {2 €C: g"(2) i~ w}.

Most well known one-point cubically convergent iteration methods for find-
ing a simple zero of the function f belong to the family of Chebyshev-Halley
methods given by the expression:

(1.3)
Le(xn
Tpt1 = My g c(Tn) = 2n — (1 + Wf&n)) + c[Lf(a:n)]Q)uf(xn), for n > 0,

f@) " (x)

where x¢ is an initial point, L¢(z) = Fiap up(x) = Jf((x))

() # 0, and
0, c are real parameters, both of them should be chosen in a convenient way
in every cases. The one parameter family of Chebyshev-Halley methods has
been rediscovered by several authors [1], [2], [4], [7].

For ¢ = 0 and 6 non-negative we obtain a new family of third-order iterative
methods which includes, as special cases, the Euler-Chebyshev method (6 =
0), the Halley method (6 = 1) and the super-Halley method (6 = 1).

In what follows, we assume that f : [a,b)) CR — R, a < b, a,b € Ris a
polynomial function.

We notice that when we apply any of these iterative functions of a polyno-
mial, we get a rational application.

2. CONVERGENCE THEOREMS

For the iterative family methods (1.3), we have the following result for which
we present a proof.

THEOREM 2.1 (Scaling). [2] Set f(z) an application, and set T'(z) = ax+ [,
where o # 0, an affine application. If g(x) = p(f o T'(x)), where p is a non-
null constant, then T o Myg.o T (z) = Myg.. That is, Myg. and Myg,
are conjugate through T

Proof. We have

MypeoT (x) =Mgpo(T ()
“1(g _ _
=T (2) = (14 gy + elLg (T @)y (T~ () ).
On the other hand, because g o T~1(x) = f(z), we have

(goT 1 (z) =24 (T " (2))
and

(goT™)"(x) = 29" (T~ (2)).

It results ¢'(T~!(z)) = a- f'(x) and ¢’ ( (a;)) =a? f”(x)
So we have Ly(T~!(z)) = L¢(z) and ug(T ' (z )) = f(ac) By replacing
these expressions and by using the definition of Mg (T~ (z)) we get:
ToMggeoT () =T(Myp (T () = aMg,O,c(T Ya) + 8=
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et Ly(T (@)
=o 1@ - (Y onm @y
Ly(z)

T L@ T L@ )u@ = Mrocl@):

+ el Ly (T (@) )ug (T~ ()] + 8

:x—<1+
O

After a convenient change of coordinate, the Scaling theorem allows us to
reduce the study of iterative methods to the study of iterative methods applied
to families of simple functions.

We want to give now sufficient conditions for that the sequence (x,)n>0
generated by (1.3) to be convergent, and if z* = nhng Zn, then f(z*) =0 and,
moreover, the convergence order of the sequence that we have considered to
be s, s > 2 natural number.

The following result holds.

THEOREM 2.2. [B] If the function o, the element o € [a,b], and the
number § > 0 can be chosen such that the following relations hold:
a) the interval A = [zg— 6,20+ d] C [a,b], 0 € R;
b) the function f admits derivatives up to the order s inclusively on every

point of A, where s € N, s > 2, and sup ‘f(s)(a:)’ =M < o0;
TEA
c) we have the relation

)| <y lf@))°

for every x € A, where vy EeR, v>0;

d) the function y verifies the relation |p(x)| < Bf(z)], for every x € A,
where 5 € R, 8> 0;

e) the numbers \, B, M and § verify the relations:

po = M| f(xo)| <1,
<4,

1
where/\:(’y—i- B) andm_
then the sequence {xp}n>0 generated by (1.3) has the following properties:

i) is convergent, and if x* = ILm Ty then f(z*) =0 and z* € A;
n—oo

3774
i) |Tpt1 —an| < ﬁlf\o , for anyn=0,1,..;
3"
i) |2 — 2| < A(ffzgn),n —0,1,2,....
Proof. See [5]. O

Next we are applying Theorem 2.2 for the study of the convergence of the
methods from the family of Chebyshev-Halley methods, more exactly we would
focus on the Chebyshev method and super-Halley method.
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The super-Halley method, called Convex Acceleration of Newton’s method,
is less known than Chebyshev and Halley methods, and is defined by:
(2.4)

) () e ) = L2 (1 gl
2

Tn =Ty — 7 = Tn —
i F(wn) _ 2% f/(xn) 2 — 2L ()

Because the methods from the family of Chebyshev-Halley methods have
the convergence order 3, we consider s = 3 in Theorem 2.2.
For the super-Halley method we obtain the following result.

THEOREM 2.3. If xg € [a,b], the function f and the number § > 0 verify
the relations:
a) A=[xg— 0,0+ 0] CJa,b], d €R;
b) the function f admits derivatives up to the order 3 inclusively at every
point of A;
c) %§5<1 for every x € A;

d) Ly(x) = L@ < 4 for ecvery z € A;

e) sup |f"(z)] =M < oo;
TrEA
f) 0<\/221!\4534_7:\/%MB3+7=)\<1,’YZO3

g) po=Alf(wo)| < 1;

3
h) it <O

then the sequence {x,}n>0 generated by (2.4) is convergent and, if z* =
1Lm Ty, then the following relations hold:
n—oo

i) f(z*) =0 and z* € A;

i) z,€ A, n=0,1,2.
3TL
i) |f(zn) < B-,n=0,1,2,..;
: * 35H3n _
iv) |z —a,| < A(l—ﬁg")’” 0,1,2,

Proof. By applying the Taylor expansion we obtain:
[f" (@) < [f"(x) = f"(o)| + | (x0)]
<M |z — zo| + [ (wo)| < M3+ [f" (o)

not

= M27

for every x € A.
Analogously, we obtain:

|f(@)] <|f (@) = f'(wo)| + [ f'(w0)| < M2 |z — xo| + | f'(20)]
<M>6 + | f'(wo)| = My

|f(@)] <[f(2) = flzo)| + | f(z0)| < My |z — zo| + | f(z0)]
<M16 + | f(wo)| "= My,
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for every x € A.
We consider the function ¢ of form:

(@)
pl@) = ~FH(1+ =5 )-

Taking into account the above relations, a simple computation leads us to
the relation:

(25)  |f@)+ L) + SR @)| =

= ’f(x) - Iy ((?) (1 + 9= QL(,E )) + I {f’((z)) (1 T 2L(f2w))ﬂ
(z

| @[ @)
SPE= T T
3 f@[f @)
<@ srer-ror@rer
T 7 T 3 25 GM MS
< @) | ——HUEEE | < | (o) B
sty [1-
for every x € A, v = %66M0M§ >0,veR.
By condition d) we have:
f(x0) Ry Flao)
_ Zo (= Zo
o= ol = 7| |1+ 272f(§9§f”)(}xo) <3| Fe)

< 36|/ (x0)| = Pl < By <521 € A

)

By applying the Taylor expansion of the function f around on xy and
taking into account the relation (2.5) from above we get:

|f(z1)] < ‘f(fl) — [f(z0) + f'(z0)(x1 — x0) + 5" (o) (21 — 330)2]’ +
+ | F(@0) + /(o) (@1 — w0) + 31" (o) (21 — w0)’| <
< Yz —xol’ + 7| f (o)

< Y81 o))+ 1£ (o) = (LG + ) If (o)’ = 4.

Because yden) ‘ < B we have that
Fa1) R Fa1) 36,4
o T "(x T 1%
2 = a1 = f/(xll) bt 2—2f([g}1/21f”)(]m21) = /(5511)‘ < 3B[fl@)] = =
1
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By applying the Taylor expansion of the function f around on x; and
taking into account the relation (2.5) we get:

[F@a)] < |f(@2) = [F(21) + f (@) @z — 21) + 5P (1) (w2 — 20)7]| +
+ [F@n) + F @0) (@2 — 21) + 572 @) (@2 - 21)

IN

3 3

A lwe — a1” + | f(21)]
38u3 32 5 5 a2 32
< SOT? 4 B = GRS + i = el ="

Analogously, one can prove the following:

n

3
(26) |f(.’En)| S #%? n:0’1727"'7
f(zn) Bt | _ s
_ Tn "(zn M _
(27> ’xn—l-l - xn‘ = (@) 1+ 2_2f($n)f//(27n) S )\0 , n= O, 1, ceny
[f' (zn)]?
(2.8)
i é 36u3 _ 3p 3-1 , ,,32-1 3k—1
[Tnp1—mol <D |wign — 2| <Y< O g g g )
i=0 i=0
< s <5 = app1 €A, n=0,1,2,...
By using relation (2.7) we deduce that
n+p—1 n+p—1 38 30
(2.9) [Tnip — 20 < D Jmig —a| <) -
i=n i=n
37L n n n - n
< %(14‘#3 +1_3 ++Ng +p—1_3 )

_38uf _
< A(l—ugn)’ pc N,?’L - O, 1, 2,

Because po < 1 it results that the sequence {z;,},>0 is fundamental, so
according to the Cauchy theorem, it is convergent.
If z* = nl;ngo X, for p — oo from inequality (2.9) we deduce:

3"
(2.10) 2% — | < PM0 n=0,1,2,....
—Hq )

We show now that z* is a root of the equation f(z) = 0.
From the continuity of the function f and from iii) for n — oo it results:
g
0<|f(z*)] < lim =%

~ n—oo

=0« f(z*) =0.
From inequality (2.10) for n = 0 we obtain:

383"
2" —mo| < = < § &2t € A O
A(1—pg)
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We apply Theorem 2.2 to the study of the convergence of the Chebyshev
method. As we know, the Chebyshev method can be applied to any nonlinear
equation from R. It is the most studied third-order method in the literature.
The method is known by the name parable-tangent method or the super-
Newton method because of its geometrical interpretations.

We obtain the following result.

THEOREM 2.4. If zy € [a,b], the function f and the number § > 0 verify
the relations:

a) A=[xg— 0,20+ 0] Cla,b], d eR;

b) the function f admits derivatives up to the order 3 inclusively, at every

point of A;
c) %§6<1 for every x € A;
d) —2§Lf(a:):%x/),](§) <2 for every x € A;

e) sup|[f"(z)] =M < oo;
TEA

£) 0< /8B +y = \[AMB +y =A<, v20;

g) po = Alf(zo)| <1

2
h) srrees <4,

then the sequence {x,}n>0 generated by (1.3) for 6 = 0 is convergent and if
¥ = li_)m Ty the following relations hold:
n—oo

i) f(z*) =0 and z* € A;

i) z, € A,n=0,1,2..

iii) [f(zn) <% n=0,1,2,..
)

2B0p"
* Q —
|[x* — 2| < N = 0,1,2,....

1v

Proof. By applying the Taylor expansion we obtain:

| (@) <|f"(x) = f"(xo)| + | f" (wo)| < M |& — ao| + | f" (x0)]
<M§ + | f" (o) "2 My,

for every x € A.
We will consider the function ¢ of the form:

f(z) 1+lL (z)
p(x) = Slait) UOR A
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Taking into account the above notations, a simple computation takes us to
the relation:

(2.11) |F(@) + LPep() + Lo ()| =

) 1@ (143 0,@) | e [100+30w) ]
= |f@) = T (e

- |[£@l" @] | @) (@)
2[f'(x)]* 8[f' (=

)
@

1°
M

< PO e
<|f(@)P L4
foreveryxeA,fy:%ZO,’yeR
By condition d) we have:
f(zo) " (xo0)
|71 — 20| = ]Jc‘/((f);t;)) 1+ [f’(aéo)}2 <9 ]{/((Ix%))

< 28| f(wo)| < 2Ll o F0 < 5 4y € A,

By applying the Taylor expansion to the function f at xg and taking into
account relation (2.11) we get:

[F@)] < |f(@1) = [F(20) + f(zo) (@1 — o) + 5P (w0) (w1 — 20)*]| +
+ ‘f(fb“o) + f'(wo) (a1 — x0) + 2 FP(20) (21 — xoﬂ
< Mz — 20 + 9| f(z0)
< M8 |F(@o))? + 71 (@0)P = (BB +7) | £ (wo)|? = 0.

By condition c¢) we have that

fa ] TR L )
F() Fi(ar)

2
By applying the Taylor expansion to the function f at x; and taking into
account relation (2.11) we get:

|f(z2)| < ‘f(ﬂﬁz) — [f(z1) + f(x1)(x2 — 21) + S F P (1) (22 — 361)2]’ +
+ ‘f(an) + £/ (1) (w2 — 1) + 5P (1) (w2 — 371)2’

2613
5,

1+ <2

‘.%‘2—1‘1’: <2,8‘f x1)|<

< Mgy — 2 +’Y\f(3«“1)\3
3 2 2 2 32
< 3 et = e =
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Analogously, one can prove the following inequalities:

(2.12) |f(zn)| < - n=0,1,2,.
nyaes 23 37
(213)  |wnsr — ol = | F22 ]1+ L) )‘fé J< 2R n=0.1,...

By using the inequality (2.13) we obtain the inequalities:
2
(2.14) |Tny1 — 20| < Z zi1 — | < Z 260!
1=0 =0
<o 3 by T Y
< s < 5= apy1 € An=0,1,2,...

(1—po)
and
n+p—1 n+p—1 i
28u
(2.15) Tngp — 2l < D |mipn — @l <) )\0
i=n i=n
2 n n n
< 5;\10 (1443 grlogn 8+P13)
25#0

< ,peEN, n=0,1,2,....

AL = ")

Because po < 1 it results that the sequence {z;,},>0 is fundamental, so
according to the theorem of Cauchy, it is convergent.
If z* = nlingo x, from the inequality (2.15), for p — oo, we deduce

x 28u3"
(2.16) 2% — 2| < A(f*‘ oy, = 0,1,2,.

We show now that z* is a root of the equation f(z) = 0.
From the continuity of the function f and from iii) for n — oo it results

0<|f(")] < lim % =0 f(z%) =0.
For n = 0 from inequality (2.16) we obtain:

\x—mr_ﬁ—“o
M1 = pd)

3. NUMERICAL EXAMPLE

<d&zt e A O

We apply the iterative methods that we have considered in the previous
sections to approximate the real roots of a polynomial with real coefficients.

ExamMpPLE 3.5. Next we will apply the iterative methods from above to
get the real roots of the polynomial p(x) = 23 + 422 — Tz — 10. It is clear
that the roots of the polynomial p are —5, —1 and 2. We take a rectangle

= [-5.4,2.4] x [-2.4,2.4], which contains these three roots and we apply
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A(-5)

(a) Halley method (b) Chebyshev method

A(-5)

(c) super-Halley method (d) C method for C=2

these iterative methods starting from each xg € D. In practice we will take a
grid of 1024 x 1024 points in D and we will use these points as initial points zy €
D. The numerical methods starting from a point in D can converge to some of
the roots or, eventually, diverge. We will use a tolerance ¢ = 10~ and compute
maximum 10 iterations. In the next figures are presented the graphical images
of the iterative methods from the Chebyshev-Halley methods, in the above
described region. If the fractal that appears becomes more complicated, then
there seems that the method requires more conditions on the initial point.
We assign a gray color with different nuances, light colors or dark ones in
correspondence with the number of the iterations useful to find the roots.
With the precision that we have taken to each point g € D according to the
root at which the iterative methods starting from xy converge, and we mark
the point as black if the methods does not converge. We marked with black the
points xg € D for which the iterative methods, starting from the initial point
xo € D they are not approaching to any root, with the tolerance e = 10~% in
maximum 10 iterations. The region A(—1) constitutes the basin of attraction
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of the root —1, the region A(2) constitutes the basin of the attraction of the
root 2, and A(—5) constitutes the basin of attraction of the root —5. The
graphics that are shown here were generated with Mathematica 4.0.

[1]
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