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Abstract. We prove the equivalence between the T-stabilities of Krasnoselskij
and Ishikawa iterations; a consequence is the equivalence with the T-stability of
Picard-Banach iteration.
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1. INTRODUCTION

Let X be a normed space and T a selfmap of X. Let zg be a point of
X, and assume that z,11 = f(T,z,) is an iteration procedure, involving
T, which yields a sequence {z,} of points from X. Suppose {x,} converges
to a fixed point z* of T. Let {&,} be an arbitrary sequence in X, and set
€n = ||&ns1 — [(T,&,)| for all n € N.

DErFINITION 1. [I] If ((nh_{go en=0)= (nh_{glo €n :p)), then the iteration
procedure Tp41 = f (T, xy,) is said to be T-stable with respect to T.

REMARK 2. [I] In practice, such a sequence {&,} could arise in the following
way. Let xg be a point in X. Set x,11 = f(T,z,). Let & = zp. Now
x1 = f (T, xp) . Because of rounding or discretization in the function T, a new
value &1 approximately equal to x1 might be obtained instead of the true value
of f(T,xp). Then to approximate x2, the value f (7,&;) is computed to yield
&2, an approximation of f (7,&;). This computation is continued to obtain
{&n}, an approximate sequence of {x,}. O

Let X be a normed space, D a nonempty, convex subset of X, and T a
selfmap of D, let pg = ep € D. The Mann iteration (see [4]) is defined by

(1) ent1 = (1 —ap)en, + ayTep,
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where {a,,} C (0,1). The Ishikawa iteration is defined (see [2]) by
(2) ant+1 = (1 — an)ay + ayThy,
bn = (1 - Bn)an + ﬂnTa’m

where {a,,} C (0,1),{Bn} C [0,1). The Krasnoselskij iteration (see [3]) is
defined by

(3) Pn+1 = (1 - )\)pn + N'p,

where A € (0,1). Recently, the equivalence between the T-stabilities of Mann
and Ishikawa iterations respectively for modified Mann-Ishikawa iterations
was shown in [5]. In [7], it was proven equivalence between the T-stabilities
of Krasnoselskij and Mann iterations. Analogously, we shall prove here the
equivalence between the T-stabilities of Krasnoselskij and Ishikawa iterations.
Note that no additional conditions are imposed on {3, } . Next, {z,}, {v,} C X
are arbitrary.

DEFINITION 3. (i) The Ishikawa iteration (2)), is said to be T-stable if
and only if for all {a,} C (0,1), {Bn} C[0,1) and for every sequence
{z,} € X we have

(4) lim ¢, =0= lim x, =",
n—oo n—oo

where Yy, = (1 — Bpn) Tn+BnTTn, €n = ||Tnt1 — (1 — an)xn — anTyy]| -
(ii) The Krasnoselskij iteration , is said to be T-stable if and only if for
all A € (0,1), and for every sequence {v,} C X we have

(5) lim 6, = 0= lim v, = z",
n—o0 n—oo

where 5y, := ||Ung1 — (L = XN)vp, — AT vy || .

2. MAIN RESULTS
THEOREM 4. Let X be a normed space and T : X — X a map with bounded
range, {an} C (0,1) satisfies lim oy, = A, A € (0,1), and suppose that
n—oo

Jim [Tz, — Tynl| = 0.
Then the following are equivalent:

(i) the Ishikawa iteration is T-stable,

(i) the Krasnoselskij iteration is T-stable.

Proof. We prove that (i) = (ii). If nh_{réo dn = 0, then {v,} is bounded. Set

M := max {Sup{!T(x)H}, [[voll HUOH} :
zeX
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Observe that ||v1]] < do+(1 — A) |lvgl|+A [|[Tvol| < do+My. Set M := My+1/A.
Suppose that [|v,|| < M to prove that ||v,41]] < M. Remark that

[ vna G+ (1= A)6p1+ ..+ (1= X" 60+ M,
I+(1 =X 4+..+(1=XN"+M

INIA A

Suppose lim 4, = 0, to note that
n—oo

en = [lvnt1 — (1 — an)vn — anTyn|| =

= |[ont1 — (1 — an) vy — Ty + Avy, — vy + ATy, — ATv, ||

= |[ont1 — (L = N vy, — ATy, + apvn — anTyp — Aoy, + ATv, ||

< longr = (1 = XNon = ATvp[| + [A = anl lvnll + [[=anTyn + ATvn ||
<+ M|\ — an| + |—anTyn + anTv, — anTon + ATy ||

<O+ M X = apn| + an [T, — Tyn|| + XA — an| | Tos|

<Op+ MIN = an| + an ||Tv, — Tyn|| + A — an| M — 0 as n — oc.

Condition (i) assures that if lim e, =0, then lim v, = «*. Thus, for a {v,}
n—oo n—oo
satisfying

nh_{go on = nh_{glo |vn1 — (1 = X)vp — AT, || = 0,

we have shown that lim v, = z*.
n—oo

Conversely, we prove (ii) = (i) . First, we prove that {z,,} is bounded. Since
lim o, = A, for v € (0,1) given, there exists ng € N, such that 1 — a,, <

n—oo
v, Vn > ng. Set My := max {sup,cx [|Tz| , ||uo| } and M := n0—|—1—|—ﬁ—|—Ml
to obtain

lznt1l <[en+ (1 —a1)en—1+ (1 —a1) (1 —az)ep—2+ ...
+(1—0a1)(1—0a2)...(1 —any)En—nyl
+(1—0a1)(1—0a2)...(I —an) (1 —ang+1)En—ng—1 + -
+(1-—a)(1—a2)...(1—apn)eo+ M
<(no+1) + (1= amgq1) + (1 = ang41) (1 — ang42) -
+ (1 —angt+1) - (1 —ap) g0 + My
<ng+1+v+72+ .. +4V 4 M < M.
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Suppose lim g, = 0. Observe that
n—o0

On = ||Tns1 — (1 = N)zp — AT, |
= |Tpt1 — n + Ay, — XNTzp, + anp — ann — anTyn + Ty, ||
< |ns1 — (1 — an)zn — anTyn|| + [[ATn — ATy, — anxn + Ty, ||
= [|[Zn41 — (1 — an)zn — anTyn| +
+ || Azy, — ATy, — an@pn + anTyn + anTa, — anTay,||
<en+ A= anl|zall + A = an| |[Txal| + an [Tz — Tynll
<ent+ A=an| M+ |X—an| M+ [Tz, — Ty,|| — 0as n — co.

Condition (ii) assures that if lim d,, = 0, then lim x, = x*. Thus, for a {z,}
n—oo n—oo

satisfying
nlLHgo En = nlggo [Zn+1 — (1 = an)zn — anTyn| =0,
we have shown that lim x,, = z*. O
n—oo

REMARK 5. Let X be a normed space and T': X — X a map with bounded
range and {«,} C (0,1) satisfies lim, oo v, = A, A € (0,1). If Ishikawa
iteration is not T-stable, then the Krasnoselskij iteration is not T-stable, and
conversely. So Mann iteration is not T-stable. Actually, by use of Theorem [4]
one can easily obtain the non T-stability of the other iteration, provided that
the previous one is not stable. O

The following result takes in consideration the case in which no condition
on {a,} nor {5,} are imposed.

THEOREM 6. Let X be a normed space and T : X — X a map, and {a,} C

(0,1). If

nh_{go [#n — Tynll = 0, nh_{go lon = Tyn| = 0 and nh_)r{.lo [#n — T | =0,

then the following are equivalent:
(i) the Ishikawa iteration is T-stable,

(ii) the Krasnoselskij iteration is T-stable.

Proof. We prove that (i) = (ii) . Suppose nh_}rglo 0, = 0, to note that,

en = [[vns1 — (1 — an)vp — anTyn| =
= [[ont1 — (1 — a) vy — @ Tyn + Avy, — vy, + ATy, — AT0y ||
= [[vnt1 — (1 = N vy, — ATy, + anvn, — anTypn — Ay, + ATu, ||
< bp + ap Jon = Tynll + X |vn, — Ty ||
< b+ ap |on — Tynll + X ||vn — Tvg|| — 0 as n — oco.
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Condition (i) assures that if lim &, = 0, then lim v, = z*. Thus, for a {v,}
n—oo n—oo
satisfying

lim 0, = lim ||vp41 — (1 — Av, — XTw,|| = 0,
n—oo n—0o0

we have shown that lim v, = z*.
n—oo

Conversely, we prove (ii) = (i) . Suppose le en, = 0. Observe that
n—oo

On = ||Tnt1 — (1 = Ny, — ATy ||
= |Zpt1 — n + Ay, — XNT2p + anp — an@n — anTyn + Ty, ||
< |ns1 — (1 — an)zn — anTyn|| + [[Axn — AT, — anxn + a0 Tyy ||
=en + ap ||xn — Tynl|| + A|2n — Tzp|| — 0 as n — occ.

Condition (ii) assures that if lim §,, = 0, then lim x, = x*. Thus, for a {z,}
n—oo n—oo

satisfying
nlggo En = T}LHOlO [Zn+1 — (1 — an)azn — anTyn|| =0,
we have shown that lim x,, = z*. O
n—oo

REMARK 7. Let X be a normed space and T : X — X a map, {ay,} C (0,1)

and lgn |vn, — T'up|| = 0, ILm llun, — T'up|| = 0. If Mann iteration is not 7-
n oo n oo
stable, then the Krasnoselskij iteration is not T-stable, and conversely. O

3. FURTHER RESULTS
Let qo € X be fixed, and ¢,+1 = T'q,, be the Picard-Banach iteration.

DEFINITION 8. The Picard iteration is said to be T'-stable if and only if for
every sequence {q,} C X given, we have

lim A, = lim =z
n—oo 0= n=co in ’

where Ay, = (gny1 — Tqnl| -

In [6], the equivalence between the T-stabilities of Picard-Banach iteration
and Mann iteration is given, i.e.

THEOREM 9. Let X be a normed space and T : X — X a map. If
nhﬁnolo lgn — Tqnll = 0 and 71131010 |zn — Tynl| = 0,

then the following are equivalent:

(i) for all {a,} C (0,1), the Ishikawa iteration is T-stable,
(ii) the Picard iteration is T-stable.
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Proof. We prove that (i) = (ii) . Suppose nl;ngo A, = 0, to note that

En = ”Un+1 - (1- O‘n)vn — an Ty, =
= [[ont1 — (1 — an) vy — A Tyn + Avy, — vy, + ATy, — A0y, ||
= [[ont1 — (1 = N vy, — ATy, + anvn, — anTypn — Avy, + AT0y ||
< Oy, + a [Jon, — Tynl| + AJon, — Top|| — 0 as n — oo.
Condition (i) assures that if nh_)ngo en = 0, then lim,_ . v, = x*. Thus, for a
{v,} satisfying
nhj& on = nlggo [vnt1 = (1 = A)vn = AT'vy[| = 0,

we have shown that lim v, = z*.
n—oo

In order to prove (ii) = (i), suppose Jim &, = 0 and note that

Ap = |[[pat1 —Tpull
Hpn—‘rl - (1 - an)pn —apTyn + (1 - an)pn + apnTyp — Tan

< "pn+1 - (1 - an)pn - anTynH + Hpn - Tan + an ”pn - TynH
= ¢ep+t ”pn - Tan + an ||pn - TynH .
0
REMARK 10. Let X be a normed space and T': X — X amap, {a,,} C (0,1)
and lim ||g, — Tqn| =0, lim ||v, —Tv,|| =0, lim ||u, —Tuy| = 0. If the
n—00 n—00 n—r00
Ishikawa or Krasnoselskij iteration is not T-stable, then the Picard-Banach
iteration is not T-stable, and conversely. O
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