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THEORETICAL AND NUMERICAL RESULTS ABOUT SOME
WEAKLY SINGULAR VOLTERRA-FREDHOLM EQUATIONS

F. CALIO*, E. MARCHETTI* and V. MURESANT

Abstract. In this paper existence, uniqueness results for the solution of some
weakly singular linear Volterra and Volterra-Fredholm integral equations are
given. For these equations, a numerical model is proposed and its convergence
and rate of convergence are analyzed. Numerical results on some polynomial
test functions are given.
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1. INTRODUCTION

The singular integral equations have been studied by many authors. As
monographs in this field we quote here W. Pogorzelski [13] (1966), D.V.
Ionescu [8] (1972), H.M. Srivastava and R.G. Buschman [I7] (1992), R. Estrada
and R.P. Kanwall [7] (2000), A. Chakrabarti and G. Vanden Berge [5] (2002).
As papers we quote here [I], [6] and [I5]. For results in the field of Volterra-
Fredholm integral equations by using fixed point theory, we quote [2], [10],
[11] and [12].

The aim of this paper is to present existence, uniqueness and numerical re-
sults for the solutions of the following weakly singular linear integral equations
with linear modification of the argument:

y(x) = f(z) + /OmK(a:,s)y()\s)ds, ze0,b], 0 <A<,

where f € C[0,b], K(z,s) L@3) for all z,5 € [0,0], z # 5,0 < a < 1 and

= fes®

L € C([0,b] x [0,b]), respectively

T b
y(x) = f(x)+/0 Kl(az,s)y()\s)ds—l—/o Ko(z,u)y(Au)du, = € [0,b], 0 < A <1,
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where f € C[0,b], K;(x,s) = é (s\a)w 0 <a; <1,and L; € C([0,b] x [0,b]),
1=1,2.

At these problems, taking into account the kernel singularity, a particular
numerical model [I4] is adapted. This model is based on Nystrom collocation
method, using Schoenberg variation diminishing (SVD) splines of fourth order.
The order of convergence is studied and numerical results are given to test the
polynomial exactness.

Section 2 and 3 are respectively devoted to the theoretical results for Vol-
terra and Volterra-Fredholm weakly singular integral equations with linear
modification of the argument. Sections 4 and 5 present the numerical model
and its convergence analysis; in Section 6 numerical results are given.

2. VOLTERRA INTEGRAL EQUATIONS

Consider the following integral equation:
(1) y@ = @)+ [ K@ay(sds, wel0b, 0<a<1,

where f € C[0,b], K(z,s) = (och for all z,s € [0,b0], 2 # 5,0 < a < 1 and
L e C([0,b] x [0,b]).

By using the results given in [8] and [2] for weakly singular Volterrafredholm
integral equations, we obtain:

LemMA 2.1, If K(z,s) = 225 0 < a <1 and L € C([0,b] x [0,b]), then

|ZC Sla)

the operator T : C0,b] — C10,b],

= /Ox K(z,s)y(s)ds

LEMMA 2.2. If Ki(z,s) = 2250 < o; < 1 and L; € C([0,b] x [0,8]),

ik

i = 1,2, then the operator T : C[0,b] — C[0,],

b
/ Ki(x,s)y 8)d8+/ Ko(z,u)y(u)du
0
is well defined (T'(y) € C[0,D]).
We have

is well defined (T'(y) € C[0,0]).

THEOREM 2.3. In the conditions mentioned before, the equation has
in C[0,b] a unique solution and this solution can be obtained by the successive
approximation method, starting from any element of C0,b].

Proof. Because of Lemma 2.1, we have that the operator U : C[0,b] —
C|0,b],

U)) = [ Ko s)ys)ds
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is well defined. So, we have that C[0, b] is an invariant set for the operator T,
where

NW@:ﬂ@fKmeMM&

The equation (2.1,) can be written as a fixed point problem of the form

=T(y).

Consider T : (C[0,b],] - ||lB) — (C[0,b],] - ||B), where || - |5 is a Bielecki
norm on C|0, b] defined by

llyllp = max |y(x)|le” ™, and 7 > 0.
z€[0,0]

Denote

L* = max  |L(z,s)|.
(z,s)€[0,b] x[0,b]

We have
1)) - T < [

W\y()\s) —z(As)|eT T - €™M ds

S

T e‘r)\
< L*|ly — —F—d
<Ly =l [ s

<Ly ln( [ ) ([ eas)”,

where p > 0, ¢ > 0,

%+%=1 and ap < 1.
So,
PI=OP \1/p €T
_ < I* _
T)e) - TEE < L (T)  gmaly =2l
and

|T<y)([1}) — T(z)(x)‘e—ﬂz: < L*( br—ap )l/p( 1

T)\q)l/qHZ/ - ZHB, for all z € [07[)]_

1—ap
It follows that
|T(y) = T(2)lls < Lrlly — ||, for ally, z € C[0,b],

where

Ly — L*< pl—ap )1/10( 1

TAQ)Y/4

We can choose 7 large enough such that 0 < Ly < 1. So, the proof follows
from Contraction principle. O

1—ap
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3. VOLTERRA-FREDHOLM INTEGRAL EQUATIONS

Consider the following Volterra-Fredholm weakly singular integral equation:

T b
B1) v =@+ [ K@ syOsds+ [ Kol wyuwdu

x €[00, 0< A<,
where f € C[0,8] and K;(x,s) = (152, 0 < a; < 1, L; € C((0,] x [0,8]),
i=1,2.

We have

THEOREM 3.1. In the above conditions let LT > 0 be such that |L;i(z,s)| <
L}, for all z,s € [0,b], i = 1,2, and we suppose that there exist p > 0, ¢ > 0
and T > 0, such that a1p < 1, asp < 1, %—4— % =1 and 0 < Ly <1, where

1 piaip\ 1/P by [ bl-cop\1/P
Lt = 55 [L*{ (5 ) M+ s+ e () |

Then the equation (3.1,)) has in C[0,b] a unique solution y* and this solution
can be obtained by the successive approximation method starting from any

element of C|0, b].

Proof. Let us consider the operators U; : C[0,b] — C[0,0], i = 1,2, defined
by

Uiy)(a) i= [ K s)yrs)ds
and ,
Us(y)(z) := /0 Ko(z, w)y(hu)du.

By using Lemma 2.2 we obtain that U; and Uy are well defined.
The equation (3.1, is equivalent to the following fixed point problem:
y =T(y), where T : C[0,b] — C]0, ], is given by

T(y)(z) == f(z) + Ui(y)(z) + Va(y)(z), x€[0,0], 0 <A<,

and 7' is well defined.
Consider T : (C[0,b], || - IB) — (C[0,b],] - ||B), where || - ||p is a Bielecki
norm on C10, b] defined by

lyllg := max |y(z)le™™ and 7> 0.
z€[0,0]

We have
T(y)(z) = T(2)(z)| < [Ur(y)(x) — Ur(2)(2)] + [U2(y)(z) — U2(2)(@)].

But from results given in Section 2, the following inequality holds:

* 11— l/p eTT
U1 () (@) = Ua(y) (@)] < L7 (Yp ) rorally — 2l
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We estimate

b
Un(y)(@) — Us(2) ()] < /0 e lyOw) — 2Ow)fe e du <

* T)\u T)\u
< Lilly — z|B (/0 o= u\asz‘F/ |x e )
1/p 1/q
* l-a 1/p eTZ u b AU
s~ 1o (1532)" " 55+ H) (o)
1/p 1/p o [P 1/q
T)\q 1/‘1 TAq ‘x

(=)
ngy—ﬂgkﬁjﬁf”@Muq ”ﬂ”pfm‘“”wﬂ

(=5)

(

< Lilly - 2|5 e

—Q

b
(u—z) 1 x2p
pl—

(TAg)t/a
pl

[ « 1/p T>\b
< Lily— 1y o) ]

2p ) l/p T(b T)oTT
—ap (tAq)t/4

pl—

SL;H?J_ZHB (T)\q l/q

1—agp 1/]? b
< Lslly — z||ge™ (lifajp) (7};1(;1/(;-

It follows that
IT(y)(x) — T(2)(x)]e”™ <

% [ pl—a1p 1/p * b pl—cap 1/p 1
= {Ll (m) +L3(1+e™) (1—&217) (TAq)t/4 ly = =ls.

So,
1T(y) = T(2)llp < Lrlly — 2|3, for all y,z € C[0,b],
where
% [ pl—a1p 1/p % b pl—azp 1/p
Lr = (T/\q)l/q {L (1*01111) +Ly(1+e™) (kazp) :
So, the proof follows from Contraction principle. O
REMARK 3.1. For A =1 in (2.1,)) and (3.1,]) we have the equations consid-
ered by Sz. Andras in [I] and [2]. O
EXAMPLE 3.2. Consider (3.1, in which Kj(z,s) := —m, i=1,2,and
b:=1, \:= % O

We have

THEOREM 3.2. If there exist 0 < p < 2 and T > 0 such that

()7 (57 (&) era<t
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then the equation

T 1
y(z) = f(z) */0 my (%) ds */0 WCH(%) ds, z€l0,1], (3.2)
where f € C[0,b], has in C[0,1] a unique solution.

REMARK 3.3. By choosing p = % and 7 = 1—10, the condition in Theorem
3.2 is satisfied. O

4. NUMERICAL MODEL

In this section we present a numerical model suitable to based on
a global collocation method using approximating splines, in particular the so
called Schoenberg variation-diminishing (SVD) splines [16].

In the following we recall the necessary background on SVD splines.

41. The SVD splines. Let X,,, ;= {a =20 <21 < -+ < &y < Typy1 = O}
be a partition of the interval J := [, 5] with H,, := (max (xj41—xj), Hyp —
<j<m

0 as m — oo, and let {d; : j =0,...,m+ 1} be a vector of positive integers
where dy = dpp1 =p(p>1)andd; <p—1,j=1,....,m.
m—+1
We set n+p:= Z d; and define II,, = {t; : i = 1,2,...,n + p} as the
§=0

nondecreasing sequence obtained from X, by repeating x; exactly d; times,
j=0,...,m+1.

I1,, is assumed as mesh of the set of normalized B-splines B; , (i = 1,...,n)
of order p defined by the following recurrence relation:

r —t; titp — T
(4.1) Bip(r) = ————Bjp1(x) + —2——DB; 1-1(z)
Litp—1 — & Litp — it

(4.2) &M@:{évm_x<hﬂ

otherwise
_ bigatettigp—1 .
Let & = === (i = 1,2,...,n) be a set of nodes, the so-called
Schoenberg points, belonging to [t;, t;yp] for i =1,2,...,n.

For all g € C(J) we define the following spline operator:

n

(4.3) Wig = g(&)Bip(z), & €J(i=12,...,n).
i=1

According to [9] W, is a SVD spline operator. In [J] it is shown to be a
projector operator.



7 Some weakly singular Volterra-Fredholm equations 33

5. NUMERICAL SOLUTION OF THE PROBLEM

Let us consider the function:

n
= _aiBiy(z)
i=1
where «; (i = 1,2,...,n) are chosen to satisfy the so called generalized Nys-
trom collocation system. Precisely, we introduce y,(Az) instead of y(Az) in

obtaining:
T b
61 ) =S+ [ K (e)ds + [ Kawwp (e,

€ [0,8], XA € (0,1].
We can rewrite (5.1)) as:

Az Ab
(5'2) yn({L') = f(l') + %~/O Kl(x7 %)yn(s)ds + % 0 KQ(x7 %)yn(u)dth

z €[0,8], A e (0,1].

Let J := [0, b], we choose in J a set of collocation points 7, (k =1,2,...,n),
decoupled from the set of the & (i = 1,2,...,n). Consequently from (5.2)) we
obtain the following collocation system:

(5. 3)
ATk Ab
Zaz ip(Th) Y Zaz [ Ky (g, )\) (s )ds+ Ko(1p, % )Biyp(u)du
—f(Tk), TkGJ(k‘—l,Q,..., ),/\G(, ]

The evaluation of the singular integrals

AT

I(Ky, Bip) = | Ka(7, 3)Bip(s)ds

and
b

I(KQvBi,p): 0 K2(77~c7,\) ( )du

is carried out by a recurrence formula analogous to (4.1).
The basis integrals
)\Tk

[(KhBl,p) = ; Kl(Tk,§)Sp71B1’p(Tk)dS

and
b

I(K3, By ) = ; Ko (7, $)uP ™' By p(u)du

are evaluated by a closed analytical formula.
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We assume y,,(z) as approximated solution of (3.1,). Now the problem is
to analyze the convergence of y,(x) to y(z).

5.1. Convergence analysis. In order to carry out the error analysis for the
proposed method we can rewrite (3.1, as

(5.4) y(x) = f(x) + /Ob K(z,s)y(As)ds, z€[0,b], A€ (0,1]
and as
55 wal) =)+ [ KOs, o€ 0,8, e 0,1]
where - N

K(z,s) = Ki(z,s) + Ka(z, s)
and

—~ Ki(z,s) if 0<s<=zx
Kl(m’s):{ol( ) it s>z

THEOREM 5.1. Let W,, as in (4.3) and let

— Ab
W, Kg=} ; K(x, $)Whg(s)ds, x€[0,b], A€ (0,1].

Then
(5.6) ly = yall < I = WK ||7H(T = Wa)yll.
Proof. We can transform (j5.4]) and (5.5)) in the operator form
(5.7) (I-Ky=f
(5.8) (I = K)ya=f
where

—~ — Ab__

Iy=y, Ky=3% K(z,$)y(s)ds, Ky, =+ ; K(x, $)yn(s)ds,

ze[0,0], Ae (0,1].
Applying the operator (4.3) to (5.7) we obtain

(5'9> Wn(I - f(:)y = anv
that is equivalent to
(5.10) (I = WoK)y =Wanf+ (I —Wy)y.

Analogously for (5.8)) we obtain
(5.11) (I = WaK)yn = Waf + (I — W)y
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From (5.10) and (5.11)) and taking account that W,, is a projector operator,
it follows

(5'12) (I - an{/)(y - yn) = (I - Wn)y
Then (5.6) holds. O

COROLLARY 5.2. Let Wi, and K be the operators as in . Then for n
sufficiently large, say n > N, the operator (I — W, K)~! from C(I) to C(I)
exists. Moreover it is uniformly bounded, i.e.:

sup,>py |1 — WoK| ™' <M < .

Proof. From Theorem 1 and Corollary 2 in [14] it follows that | K — W, K ||
— 0 as n — oo. Consequently, by the proof of Theorem 1 in [16], the Corollary

5.2 is proved. O
REMARK 5.1. From (5.12)) and from the Corollary 5.2 it follows that ||y —
yn|| — 0 exactly with the same rate of convergence as ||y — Wyy|| does. [

6. NUMERICAL RESULTS

In what follows we present some numerical results for some Volterra-Fred-
holm integral equation, by using the numerical method presented above. In
particular, the exactness of the method for polynomial functions till third
degree is tested. In all examples the hypotheses of existence and uniqueness
of the solution are guaranteed.

We consider the following equation:

x b
y(r) = f(:c)—i—/o Ki(z, s)y()\s)ds—k/o Ky (z,u)y(Au)du, = € [0,b], A € (0,1],

where y is the unknown function and K, Ko, f are given functions.

Table 1.
f(x) y(x) | A= A=0.5
1+ 2[vb—z+2/x] 1 1.43-10716{ 2.39. 107 1°
x4+ 2X/3[Vb — (b + 2z) + 423/?] T 4.45-10716 | 7.78 . 10716

22 +2X2/5[v/b — 2(b® + 4x(b+2x)/3) | 2> |6.16-10"7 | 5.50- 1017
+162°/2 /3]

23+ 203 /7[v/b — (b + 626 /5 3 19.08-10717 | 3.60- 10716
+82%(b 4 2x)/5) 4 3227/2 /5]

ot + 201 /9[vb — z(b* + 826 /7 z4 1 1.88-107° | 1.29-107°
+4812b2 /35 + 6423(b + 22)/35)

+25627/2/35]

In all cases the interval [0, b] has been divided by m = 11 equispaced simple
nodes z; = (0.1)jb, (j = 0,1,...,10), except for z¢ and x1¢ of multiplicity
p = 4. The corresponding vector t has n + p = 17 components.
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The unknown function is approximated in n = 13 nodes belonging to [0, b].

In Table 1 we show the results obtained with the choice K (z,t) = Ky(z,t) =
—|t—2|7Y2,b=1, A= 1and A = 0.5. For A = 0.5 we have the equation (3.2),
considered in Example 3.2. For brevity we indicate the mean of the absolute
values of the errors evaluated in the interval. Our computer programs are
written in MATLAB 7.3.
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