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Abstract. In this paper the exact orders in approximation by the complex
Bernstein-Stancu polynomials (depending on two parameters) and their deriva-
tives on compact disks are obtained.
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1. INTRODUCTION

In the recent paper [1] the following upper estimates and Voronovskaja’s
theorem in approximation by complex Bernstein-Stancu polynomials depend-
ing on two parameters were proved.

THEOREM 1.1. Let Dp = {z € C;|z| < R} be with R > 1 and let us suppose
o0
that f : Dg — C is analytic in Dy, i.e. f(2) = Y cx2¥, for all z € Dg. Also,

k=0
for 0 < a < B (independent of n) let us define the complex Bernstein-Stancu
polynomials by

n

SN =30 (1= 2"k +a)/(n+ ), z€C.

k=0
(i) For 1 <r < R and n € N, we have

o M (f)
1SS (f) = fllr < =255,

where 0 < M{J(f) = 22 33 j(j = Dlejlr9=2 + 281 3 jleslrd ™! < oo,
Jj=2 j=1
Here || f||; = sup{|f(2)]; 2| <7}
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(ii) If 1 <r <ry < R, then for all n,p € N, we have

a MP) (fptr
ISP (P = F2, < W

(iii) For allm € N, we have
a,B Be1— nei(l—e1) en M(a’m(f)
[0 — £+ Zzpr - SR < P
where e1(z) = z and 0 < Ml(a’ﬂ)(f) < oo depends only on «, 3 and f.

REMARK 1.2. Following exactly the lines in the proof of Theorem 1.1, (iii)
in [1], it is immediate that in fact for any 1 < r < R we have an upper estimate
of the form

M) (f)
e G

HSSLB)( )— f+ Be+,3 . nelniﬁ?)f//

where the constant MT(Q’B )( f) > 0 is independent of n and depends on f, r, «
and S. This estimate will be useful in Section 3. O

The goal of this paper is to show that in Theorem 1.1, (i) and (ii), also lower
estimates hold. Thus, in Section 2 we prove that if the analytic function f is

not a polynomial of degree < 0 and 1 < r < R, then we have HSfla’ﬂ)(f) —fllr =
(a,8)
M, n € N, that is in Theorem 1.1, (i), in fact the equivalence HST(LO"ﬁ)(f)—

n
fllr ~ holds In Section 3 we prove that for any p € N and 1 <r < R, if fis
not a polynomlal of degree < p — 1 then we have ||[Sh ’ﬁ)(f)](p) — O, ~ L
where the constants in the equivalence depend only on f, «a, 3, r and p.

Since the case a = f = 0 (i.e. the case of classical Bernstein polynomials)
was already considered in [2], in the rest of the paper we will exclude it.

2. EXACT ORDER OF APPROXIMATION FOR COMPLEX BERNSTEIN-STANCU
POLYNOMIALS

The main result of this section is the following.

THEOREM 2.1. Let R > 1,0 < a < fwitha+ > 0, D = {z € C; |z| < R}
and let us suppose that f : Dr — C is analytic in Dg, that is we can write

f(z) = § cp2®, for all z € Dg. If f is not a polynomial of degree 0 and

1 <r < R, then we have

\B)
HS7(1aﬁ ( ) f”"“ = n+6(f),n € N:

where the constant Cﬁa’ﬁ)(f) depends only on f, r, a and 3.
Proof. For all z € Dr and n € N we have

S~ 1) = g {82 = 0 () + 52 ()4 7ty
482 (S ()= F(2)+ g () - 552 () ) - 2 1 2}
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Note that in the case @« = = 0 in [2], necessarily f was supposed to be
not a polynomial of degree < 1.
In what follows we will apply to the above identity the following obvious

property:
IE+ Gl = HIFl = Gl | = [E ]l = 1G]]

It follows
1

1SB £y — £, > ﬁ {H_ Ber —a)f' + Mf” g

o+ B> (S8 — 1+ Bt - ) - ey
Since by Remark 1.2 we have

|0+ 8% ($LP(f) — £ + Bz f — mtliosd ) — Balmad g

<MD (F) + B |

and denoting H(z) = —(Bz—a)f’(z)—i—@f”(z), if we prove that | H||, > 0,
then it is clear that there exists an index ng depending only on f, « and §,
such that

b

<

1 HH
n+8 2

B)
Forn € {1,2,...,n9—1} we have | S (f)— f||r_Tﬁ() ithA,(f;B)(f):

(o,8) . . : (@.B) D (f)
(n+8)-||Sx "’ (f) = fll» > 0, which finally implies ||Sn" """ (f) — fl» > W

for all n € N, with C'“?(f) = min {Aﬁf:m, ALY, AR (), @}

no—1,r

”T,Vn > ng.

ISP (F) = fllr 2

Therefore it remains to show that | H||, > 0. Indeed, suppose that ||H||, =
0. We have two possibilities: 1) 0=a<for2)0<a<f.

Case 1). We obtain H(z) = —Bzf'(z) + 252 f7(z) = 0, for all |2| < r
and denoting y(z) = f/(z), it follows that y(z) is an analytic function in Dg,
solution of the differential equation —Szy(2) + @y’(z) =0,|z|] < r, which
after simplification with z # 0 becomes —fy(z) + lfz) y'(2) =0,]z| < r. Now,
seeking y(z) in the form y(z) = Z bipz® and replacing it in the differential

equation, by the identification of theocoefﬁments we easily obtain b, = 0 for all
k=0,1,.... Therefore y(z) = 0 for all |z| < r, which by the identity theorem
on analytic (holomorphic) functions implies y(z) = 0 for all z € Dg and the
contradiction that f is a polynomial of degree < 0.

Case 2). Denoting y(z) = f’(z) by hypothesis it follows that y(z) is an
analytic function in Dp solution of the differential equation (—f3z + a)y(z) +
z2(1—2) _
=5y (2) =0,z <.

Taking z = 0 it follows ay(0) = 0, which means y(0) = 0. Seeking y(z) in

o0
the form y(z) = . bpz* and replacing it in the differential equation, by the
k=1
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identification of the coefficients we easily obtain by = 0 for all £k = 1,2,...,
which finally leads to the contradiction that f is a constant. O

Combining now Theorem 2.1 with Theorem 1.1, (i), we immediately get the
following.

COROLLARY 2.2. Let R > 1,0 < a < fwith a4+ >0, D = {z €
C;|z| < R} and let us suppose that f : Dr — C is analytic in Dgr. If f is not
a polynomial of degree 0 and 1 < r < R, then we have

1
(c,B) ( £y _ ~—
||Sn (f) fHT n_i_B)neN?

where the constants in the equivalence depend on f, r, a and (3.

3. EXACT ORDERS OF APPROXIMATION FOR DERIVATIVES OF COMPLEX
BERNSTEIN-STANCU POLYNOMIALS

The main result of this section is the following.

THEOREM 3.1. Let Dp = {z € C;|2] < R} be with R > 1, 0 < a < f8
with a + B > 0 and let us suppose that f : Dr — C is analytic in Dg, i.e.

f(z) =X cp2®, for all z € Dg. Also, let 1 <r <r; < R andp € N be fized.
k=0
If f is not a polynomial of degree < p — 1, then we have
1

(@8)( Y1) _ £~ 1
IS O = F2 0 ~

where the constants in the equivalence depend on f, o, B, r, r1 and p.

Proof. Taking into account Theorem 1.1, (ii), it remains only to prove the
lower estimate for H[S}la’ﬁ)(f)](f’) — f?,.

Denoting by I' the circle of radius r; > r (with » > 1) and center 0, by the
Cauchy’s formulas it follows that for all |z] < r and n € N we have

@B \(u) — Fu
[S@B) (£ (2) — FP)(2) = p!/FSn (v(f)(z>)p+1f( )dv,

2

where we have the inequality |[v — z| > 71 — r valid for all |z| < r and v €T
As in the proof of Theorem 2.1 (keeping the notation for H), for all v € T’
and n € N we have

D)) = f(v) =
= b {HW) + 745 [(n + 82 (S0P ()W) = Flo)+
Bt () - A8 () — 247 ()] }
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which replaced in the above Cauchy’s formula implies

[SEPDP(E) ~ 1P() = 35 {HD (@) + 7ty

| { 2 (249 (587 (D)5 )+ 555 11 (0)- 557 1" W))
r

CEREE dv—

!
- % 20— z)p“f”( v)d }}
Passing now to absolute value, for all |z| < r and n € N it follows

ISED NP ()~ fP )] 2 oty {HO )] - ity

[ n / (046 (557 (1)) -1+ 2 1 0)- 5255 )
27i

r
L Bu(1—v) "(v)dv

CEREE dv—
2mi . 2(v—2)PHT ] } ’

where by using the Remark 1.2, for all |z| <7 and n € N we get

y / (w48)? (S50 (1))~ F(0)+ 2521 (0) - %J‘”(v))d
2mi
r

(v— )p+1

< p! 27rr1MT(a”B) p! 27T7’157‘1(1+T1)||f//||rl
= 27 " (ri—r)pFI 2 2(ry—r)ptl

p Bv(1—v) ( )dv

T 2mi p 2=2)P Tt

Denoting now F,(2) = H®)(z), we prove that ||F, |, > 0. Indeed, if we suppose
that || Fp||, = O then it follows that f satisfies the differential equation

~Bzf'(2) + 2" (2) = Qpa(2). Vel < 7,
where Qp—1(2) is a polynomial of degree < p — 1. Simplifying with z, making
the substitution y(z) = f’(2), searching y(z) in the form y(z) = Z brz* and
then replacing in the differential equation, by simple Calculamons we easily

obtain that by = 0 for all & > p — 1, that is y(z) is a polynomial of degree
< p—2. This implies the contradiction that f is a polynomial of degree < p—1.

Continuing exactly as in the proof of Theorem 2.1 (with ||S,(1a’ﬂ)(f) — fll»

replaced by ||[Sn (o8) (f)]® (P)||,.), finally there exists an index ng € N de-
pending on f, r, r1 and p, such that for all n > ng we have

ISP NP = f Pl = - G

Also, the cases when n € {1,2,...,n9 — 1} are similar with those in the proof
of Theorem 2.1. O
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