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ELEMENTARY SPLINE FUNCTIONS

GHEORGHE COMAN* and TEODORA CATINAS*

Abstract. The aim of this paper is to define the elementary spline functions
in analogy with the definition of the polynomial spline functions, given by I. J.
Schonberg. Also, it is described a method for constructing the elementary spline
functions. Finally, some examples are given.
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First, we present the I. J. Schoenberg’s definition of polynomial spline func-
tion given in [7].

DEFINITION 1. [7] Let m’}r_l denote the truncated power function defined as
2" Vifr>0and0ifz <0 (n=1,2,.). Let &, (v = 1,...,k) be a given
finite sequence of increasing abscissae. By a spline function of degree n — 1
we mean a function of the form

k
Sp—1k() = Pp1(x) + Z Cy(z — 51/)1_17
v=1

where P,,_1 is a polynomial of degree < n — 1. Equivalently, this function may
be defined by separate polynomials of degree < m — 1 in each of the k + 1
intervals (—o00,&1), (£2,€3), ..., (&g, 00), such that the composite function has
n — 2 continuous derivatives for all real x.

REMARK 2. As it is mentioned by I. J. Schoenberg, in [9], the polyno-
mial spline functions were already used for approximation of functions by T.
Popoviciu in [4]. In particular, he showed that a continuous non-concave func-
tion of order n in a finite interval [a,b] is the uniform limit of elementary
functions of order n that are also non-concave of order n in [a, b] [4]. O

The elementary spline functions will be introduced here as an approximate
solution of a Cauchy problem regarding linear differential equations, using the
method described in [3].
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One considers the Cauchy problem

(1) y™ +ay™ Y+ ay =0
and

Y(xo) = yo

Y (wo) = yp

(2)
Yy (zo) =y,

with ay, ..., a, € C|a,b).

We set i € [a,b], k =0,...,m as points of a partition of the interval [a, ],
namely a = g < 1 < ... < &, = b.

A method for approximating the solution y of the Cauchy problem (1)-
(2), on the interval [a,b], is that of attaching, on each subinterval [xj_1,xg],
k = 1,...,m, a Cauchy problem regarding a linear differential equation with
constant coefficients and to approximate the solution ¥, on the corresponding
subinterval, with the solution of the attached problem.

More precisely, on each subinterval [xp_1,2], K = 1,...,m, one considers
the Cauchy problem:

(3) y,g") + akly,in_l) + oo + apnyr = 0, a ER,1=1,...,n;

u' Vn) = 4 ), fork=1.m,
with
yo(zo) = %o
Yo(zo) = Yo

-1 -1
IO
The constants ay; € R, ¢ = 1,...,n; k = 1,...,,m may be chosen in several
ways. For example, they may be chosen as

Tp—1t+Tk )
)

ag; = a;(Br), Br € [Tp—1,21], (6.8, Br = ~=5
ag; =  min |a;(z);

T€[TK_1,2k]
ap; =  max |a;(x)|.

T€[TK_1,2k]

In this way, the solving of the Cauchy problem (1)—(2) is reduced to solv-
ing m Cauchy problems (3)—(4) regarding linear differential equations with
constant coefficients.

Let us consider the characteristic equation of (3):

(5) Ty + aklr,g,"—l) + ...+ ag, =0.
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The solution yy, of the problem (3)—(4) depends on the nature of the solution
of the characteristic equation (5).

As a consequence of this statement is that a fundamental system of solu-
tions yk1, ..., Ygn Of the equation (3) depends on the nature of the roots of the
equation (5). Thus, if the characteristic equation (5) has:

e n real and distinct roots rg1, ..., 7kn, then

TE1T TknT

ykl(x) =€ 77ykn(:1:) =€
e p multiple roots rgq,...,7p, with multiplicity orders, respectively,
Ml oy Pokeps (With pg1 + ... 4 pigp = n) then
Yk (2) = ™% ypa(2) = 2™ sy, (2) = 2T

Tk2T.

Yk +1(2) = €% gk 42(3) = 2% Yk gy g (T) = 22 TR

Yk (T) = €% gk 11 () = we™ %5y (1) = otk e,

e complex roots, for example, r = u 4 iv, then the functions e“* cos vz
and e"* sin vz are solutions of the equation (5).

e multiple complex roots, for example, r = u+iv with multiplicity order
1, then the functions

e cosvx, e’ sinvr

xe" cosvx, xe""sinvx

2 1e% cos vz, M e sinvx

are solutions of the equation (5).

If yi1, ..., yrn is a fundamental system of solutions, generated by the roots
of the characteristic equation (5), then

Yk = C1Yk1 + . T Cu¥kn, G ER,1=1,..,n,

is the solution of the Cauchy problem (3)—(4), with the constants cy,...,c,
obtained by the conditions (4).

REMARK 3. The function § € C"![a,b] defined by | =y, for all
[r—1,7k]

k =1,...,m, is considered as an approximation of the solution y of the given

problem (1)—(2), i.e., y = y on [a, b], where g|[zk71,xk} is the restriction of the

function y to the interval [xg_1,xg]. ]

REMARK 4. As yi, k = 1,...,m are elementary functions (polynomials,
exponential or trigonometric functions), ¢ is a piecewise elementary function.

0

Similarly to the definition of the polynomial spline function, as a piecewise
polynomial function, given by I. J. Schonberg, we have the following definition.
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DEFINITION 5. The function y, defined above, is called an elementary spline
function.

Because y was constructed as an approximation of the solution of the n-th
order differential equation (1), Definition 5 can be completed by the following
definition.

DEFINITION 6. The function ¥y is an elementary spline function of order n.

In the case of an uniform partition of the interval, for the approximation
error we have the following estimation.

PROPOSITION 7. If v, = a + kh, k = 0,...,m, with h = (b — a)/m, is an
uniform partition of the interval [a,b] then the following estimation holds:

_ _e(b—a)L
ly — gl < ehe" 5=,
where
L =max{1 + |la1], [[az]l , ..., [lan|l}
e = max {Jlar — gl lan — g} - o]

EXAMPLE 8. Suppose that xp = a+ kh, k =0,...,m; h = (b—a)/m is a
uniform partition of the interval [a,b] and By = (zp_1 + z)/2, k= 1,...,m.
We consider the following Cauchy problem:

Yy + 2z — 1)y =0, z €[0,1]
(6) y(0) =1
y'(0) = 0.

0

Case 1. Consider zy = kh, k =0, ...,4, with h = 1/4. On the interval [0, %]
we have

yi/ - %yl = 07
y1(0) =1
y1(0) =0.

As the characteristic equation in this case has two real and distinct roots,
T2 = :I:@, it follows that

V3 V3
y1(z) =cre” 2% + e’ 2 7,

and after some computation we get the constants
Cl = Cy = 5-
On the interval [, 1] we obtain

/1

Ya
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and it follows

1
/! —5 ! 5
ya(x) = cle” 2% + che2”,

with
(1-V3) (1+v3)
c’l = 1+4\/§e 8 + 1_T\/§e 8
1+v3 V3-1
Cl2 — 1—4\/§e_( 3 ) + 1+4\/§e( S )

In the same way we get

ys(z) = cos L+ cysink, ze[i, ]

with

" / 1 / 1 1 / ~1 / I 1

Cy = (—cje” 1 + cyed)cos 7 + (cje” 4 + cyed) sin g

1 / -1 / 1 (/| 1

¢ = (—cie” 4 4 ched — ¢y sin Z)/cosz
and

ya(z) =’ cos \é_x + ' sin \égx z € [3,1]

with

dy =L ( '(v/3 sin 3\8[ cos 8 —sin 8 cos 3\f) !'(v/3sin 3\[ sin 8+cos £ cos 3\f))

V3
' = (f cos 3 3+ sm% — ¢ sin 3\8/_)/ cos \8/5
REMARK 9. The solution of the problem (6), 7, has the following properties:
y € C0,1] and gj|[0 1 is an exponential function, respectively, y| 1 . is a
) 2

(5,1]
trigonometric function.
For the error we have

1
— 7 =
ly — 9l < 1ge4

=T llyll-
1—e4
O
In Figure 1 we plot the graph of the solution y, for Case 1.
116
Lottt
1141 - o*
112 0.’
¢
¢
11 ‘
¢
¢
1.08 rs
1.06F .
. v %
104 .° P
-

v ¢

vv o v,
s A 4 \vv L L L L L L L
TV o1 0.2 0.3 0.4 05 06 0.7 0.8 0.9 1

Ficure 1: Graph of .
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Case 2. Consider zj, = kh, k =0, ...,3, with h = 1/3. On interval [0, %] we
have

y/1,—91:07 .TE[O,%]
yl(O) =1
y1(0) = 0.
Hence, we get
V3 V3
y1(x) =cre” 2 4 e 2 7,

with the constants

If z € (3, 2] we obtain

It follows that
yo(z) = ¢} + cya,
and after some computation we get the constants

Yy + 3y3 =0, z€[3,1]
y3(§) = yz(%)
y3(35) = y2(3)

Hence, we get
y3(z) = ] cos \/gx + dysiny/ 2,

/! /. / .
Cy = 0151n§\/g+02 (%sm%@%— @cos%@)
= ( +3d— cgsing\/g)/cos%\/g.

REMARK 10. In this case, the solution of the problem (6), g, has the fol-

lowing properties: § € C'[0,1] and g|[0 L is an exponential function, g|[ 12
'3 3'3
is a trigonometric function.

with

is a polynomial function and §|[ 2.
37

For the error we have

l1—e

L=

ly — 3l < ge 1yl -

Wl

1—e
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In Figure 2 we plot the graph of the solution g, for Case 2.
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FiGURE 2: Graph of .
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