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Abstract. In this paper, Voronovskaja-type results with quantitative upper es-
timates and the exact orders in simultaneous approximation by some complex
Kantorovich-type polynomials and their iterates in compact disks in C are ob-
tained.
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1. INTRODUCTION AND AUXILIARY RESULTS

The complex Bernstein polynomials, the complex Bernstein-Stancu polyno-
mials depending on two parameters 0 < « < 5 and the complex Bernstein-
Stancu polynomials depending on one parameter 0 < v, are defined by the
same formulas as in the case of real variable, by

Bu(f)(2) = 3 pus(2) f(k/n), see eg. [9],
k=0
SED(F)() = 3 pusl2) Fllk + )/ (n + B, see [14],
k=0

Ss77(f)(=) = Zp:l>(z)f(k‘/n), see [13],
k=0
respectively, where z € C, py, 1(2) = (Z)Zk(l — 2)"F and
Pk (2) =

(n) z2z4+7)..z+EkE-Dy)(1-2)1—-2+7)..0—z+(n—k—1)y)
k (1+7)(1+29)..(1+ (n—1)y) '
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In the very recent book [2] and the papers [3], [4], [5], results on simultane-
ous approximation and of Voronovskaja-type, with quantitative estimates in
compact disks, for the above defined complex Bernstein-type polynomials and
their iterates were obtained.

The main aim of this paper is to extend these kind of results to the following
Kantorovich variants of these polynomials, defined by

n (k+1)/(n+1)
En(f)(2) = (n+1) Y pui(2) / F(H)dt, see [8],
k=0 k/(n+1)
and
5 n (k+1+a)/(n+1+8)
KD = 0+1+6) Y pn(e) [ F(t)at, see [1]
=0 (k+a)/(n+1+8)

For our purpose, we need the following known results.

THEOREM 1.1. Let f : Dr — C be analytic in D = {z € C;|z| < R} with
o0

R>1,ie f(2) =3 cxz¥, for all z € Dgr. Suppose 1 <r <11 < R. Then
k=0

for all |z] <r and n,;o e N, we have:

(i) (a) (see [2, pp. 264, Theorem 3.4.1 (v)] or [4 , Theorem 2.1, the case

Ms Iy
B (f)(2) — fP(2)| < 2ol

where 0 < M., (f) =2 32 j(7 = Dleslr] < oo;
j=2
(b) (see [3, Theorem 2.1 (ii)])

[Ba()(2) = f(2) = 22 ()| < M2 L 2ELD,

where M,(f) = ioj ekl k(k — 1) (k — 2)%rF2 < oo;
k=
(ii) (a) (see [4, Theorem 23.1])

« M(Br) (f)p!T
&P () - FO(z)] < ez

where 0 < Méﬁr)l(f) =2 §2j(j — 1)\cj]r{ +2pr iojlj\cﬂrjfl < 00
= j=
(b) (see [4, proof of the Theorem 2.2])
[SEA($)(2) = f(2) + Z52(2) - 393 (2)| = O [

where the positive constant in O(1/(n+ 3)?) depends on f,r,a and f3,
but is independent of n and z;
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(c) (see [4, Theorem 3.2]) Denoting the mth iterate by mS,(La”B)(f)(z), we
have

"SSP (f)(2) = )] < 2 Z k| - 1Bk + k(k = 1)|r"
(iii) (see [5, Theorem 2.1])

1557 (NP () — 7O(2)] < BaalDEn,

(Tl*?")p"rl
where
oo 0
41 .. . 1
0< M2<771>n = %Z g3 —1) |CJ|T + 7(217«1 ) Z](] —1)(25 — 1)|cj|7"{ < 00.
: j:2

(iv) (see [6, Theorem 3.1]) If f is not a polynomial of degree < max{l,p—
1}, then we have
IBPS) = FPllr ~ 3,
where ||f||» = sup{|f(2)|; |z| < r} and the constants in the equivalence
depend only on f, r and p.

(v) (see [T, Theorem 3.1]) Let 0 < o« < B with a+ > 0. If f is not a
polynomial of degree < p — 1 then we have

NSO — FP, ~ L,

where the constants in the equivalence depend only on f, «, B, r and
p.

REMARK 1.2. The Voronovskaja-type result in [4, Theorem 2.2] holds for
|z| < 1. The proof of the above point (ii) (b), is immediate by replacing in the
proof of Theorem 2.2 in [4] the condition |z| <1 by |z| < r. O

2. COMPLEX BERNSTEIN-KANTOROVICH POLYNOMIALS
For our purpose also will be useful the next classical result.

THEOREM 2.1. (see e.g. [9, pp. 30]) Denoting F(z) = [; f(t)dt, we have
the relationship

Kn(f)(2) = By (F)(2), 2 € C.

Now, as a consequence of Theorem 2.1 and Theorem 1.1, (iv), we immedi-
ately get the following.

COROLLARY 2.2. Let f : D — C be analytic in Dp with R > 1 and
1<r<R.

(i) If f is not a polynomial of degree < 0 then for all n € N we have
15K () = fllr ~ 5

where the constants in the equivalence depend only on f and r.



162 Sorin G. Gal 4

(ii) If f is not a polynomial of degree < max{1l,p— 1} then for allp,n € N
we have
1P = P~ 3
with the constants in the equivalence depending only on f, r and p.
Proof. We combine Theorem 2.1, (i) with Theorem 1.1, (iv).
(i) We get

HKH( ) er - HBn+1( ) — F/HT ~ %Ha

if F'is not a polynomial of degree < max{1,1} = 1, which ends the
proof.
(ii) We obtain
1)
IKP(f) = fP|, = |BELV (F) = FEHD|, ~ L
if F' is not a polynomial of degree < max{1,p} = p, which ends the
proof.

g

Upper estimates with explicit constants in Voronovskaja’s theorem and in
approximation by K, (f) can be derived as follows.

THEOREM 2.3. Let f Dgr — C be analytic in Dp = {z € C;|z| < R} with
R>1, de f(2)= chz for all z € Dg. Suppose 1 <r <ry < R. Then
forall |z] <r andn p € N, we have:

(1)
KP(£)(2) — f7)(2)] < 2,
where 0 < Cop, (f) =2 Z (j— 1)’63‘_1‘7“1 <00
(i) ~
[Ka(£)(2) = [(2) = 225 - f(2) = 5053 1()| < 2l

where

[ee]

S fen—1l(k—1)(k—2)2r} 2
Cm,n(f) = 5(1—2:1)2 - B8 n

Proof. (i) Combining Theorem 2.1 with Theorem 1.1, (i) (a), we obtain
Mo ., (F Iy
KD (1)) = fP)] = BE (F)(2) - PO ()] < Tyt

(n+1)(ry—r)pt2

where 0 < Mo, (F) =23 j(j — 1)\Cj]r{ < oo and F(z) = Z Crz*, 2z € Dp.
j=2 k=0

But we also get

9= [ [ St ar = X gk - Sk

0 Llk=o

k=1
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(f)=2 Z (J = Dlej- 1‘7"1

(ii) Replacing in Theorem 1.1, (i) (b), n by n+1, r by r1 and f by F, for
all |z| <r; and n € N, we obtain

)2 M (F
|Bui1(F)(2) — F(2) — 33 P (2)| < Sl 2l

which implies Cy, = %=

where

Fy =" [Culk(k — 1)(k — 224 =
k=3
= Sl = Dk = 20252 = A (1)
k=3

o0
Here again we wrote F(z) = Y. Cp2*, for all z € Dg.

k=0
Now, denoting C, »(f) = 5(1;’;1)2 A’”l( ) by T the circle of radius r; > r
and center 0, and E,(F)(z) = Bpi1(F)(z )—F(z) S0 FY (), since for any

|z| <rand v €T, we have |v — z| > r; —r, by the Cauchy’s formula it follows
that for all |z] < r and n € N, we obtain

EAF)E) = 3 | [ Fdw
r

But by Theorem 2.1 we obtain

E(F)(2) = Kn(£)(2) = f(2) = g5 /(2) = 5t - £7(2),

which proves the theorem. O

< Cm n-‘rl(f)% (7«217:T11)2 = Crl,n—f—l(f) ’ (T17'_1r)2 .

3. COMPLEX STANCU-KANTOROVICH POLYNOMIALS DEPENDING ON TWO
PARAMETERS

For our purpose will be useful the next result.

THEOREM 3.1. Denoting F(z) = [; f(t)dt, we have the relationship

KO (f)() = "2 (F) (). € C.

Proof. The theorem is immediate by the following formula

SEDENE) = 00+ 149) S pas(a) [F (eth) - 7 (qhiz)]
k=0

-0 () [P (s233) - P (335)]

= K®9(f)(2) = itz KD (f)(2).
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As a consequence of Theorem 3.1 and Theorem 1.1, (v), we also get the
following.

COROLLARY 3.2. Let f: Dr — C be analytic in D with R>1,1<r <R
and 0 <a<fB,a+p>0.

(i) If f is not identical 0, then for alln € N we have

IKSD(F) = flls ~ .

where the constants in the equivalence depend only on f, r, a and 5.
(ii) If f is not a polynomial of degree < p—1 then for all p,n € N we have

a,f 1
LD = 0], ~ L,

with the constants in the equivalence depending only on f, r, a, B and
p.

Proof. We combine Theorem 3.1 with Theorem 1.1, (v).
(i) We get
KD F) = Flle = NSGDEN = Fllr ~ 55,

if F'is not a polynomial of degree < 0, which ends the proof.
(ii) We obtain

IELA(HIP — |, = [ (F PP+ — P, ~
if F'is not a polynomial of degree < p, which ends the proof. O

Upper estimates with explicit constants in Voronovskaja’s theorem and in
approximation by Ky, (a8 )( f)(2) polynomials can be derived as follows.

THEOREM 3.3. Let f Dgr — C be analytic in D = {z € C;|z| < R} with
R>1,ie f(2)= chz for all z € Dr. Suppose 1 < r <ry < R. Then
forall |z] <r andn p € N, we have:

(i)

N o5 (D@D
IELDDP (=) = 1P < Gmenmes + azallf

where 0 < Céﬁ) (f)=2 ZQ(j - 1)’63‘_1‘7“{ + 20 Zl |cj_1]'r{ < 00
J= J=
(i)
(KD () () = 1)+ (B - siiZgy) F'(2) - iz [ ()] <

< C(f77“170476) . T1
= (n+1)(n+B8+1) (r1—-1)%>

where C(f,r1,a, ) is a positive constant depending only on f, r1, «

and f3.
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Proof. (i) Combining Theorem 3.1 with Theorem 1.1, (ii) (a), for all |z| < r
we obtain

PP (2) = fP(2)] =

= =L (5D () D (2) - FEH(z)|

n+1
< B |5l ()04 (2) — FOD(2)| 4+ 25| FOHD (z))
(8)
nilrs M (F)p+1)in
< n+1/8 ' (n—iﬂ}kl)(m—r)ﬁz + ni—i—l ' ’f(p)(z)|

Mé@l (F)(p+1)tr1

< e O 1P,

and reasoning exactly as in the proof of Theorem 2.3, (i), we get

MY (F) =235 — VI + 28> 4151
j=2 j=1
=23 = Dlejalr] 283 Jejlr] == 82 ().
j=2 j=1

(ii) Replacing in Theorem 1.1, (ii) (b), n by n+ 1, r by 71 and f by F, for
all |z| <r; and n € N, we obtain

S (F)() = Fe) + 58 F/ () — s ()| < Tl

where the positive constant C'(f,r1,«, ) depends only on f,r,a and (. Let
us denote

En(F)(2) = SGP(F)(2) - F(2) + L5240 F'(2) - G20 P ().

If T is the circle of radius 1 > r and center 0, and since for any |z| < r and
v € I', we have |v — z| > r1 —r, by the Cauchy’s formula it follows that for all
|z| <7 and n € N, we obtain as in the proof of Theorem 2.3, (ii)

|E;L(F)(Z)| S C(f7 7"1,0{,5) : (TlT_lr)2 : (n+61+1)2'

But by Theorem 3.1 we obtain

B/ (F)(2) = 72545 K7 ()(2) = F(2) + s [(B2 — ) f(2))
e (CEO VO
- n—TIL—E—lH -4,
where
A=EKPD(F)(2) = F2) + P () (B - wo8y) — segaen (2);
which immediately proves the theorem. O

Concerning the mth iterates m e leP )( f)(2), we obtain the following result.
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THEOREM 3.4. Let f Dr — C be analytic in D = {z € C;|z| < R} with
R > 1, de f(z2)= chz for all z € Dgr. Suppose 1 <r <ry < R. Then

for all |z| <r andn p € N, we have

KON E) - FO ) _nHleck 18+ (k= Dl

Proof. First we easily observe that
TR () = &S (F))(:),
where F(z) = [; f(t)dt = 3 Cyz*. Taking into account Theorem 1.1, (ii)
k=0

(c), the Cauchy’s theorem and reasoning exactly as in the proofs of Theorem
2.3, (i) and 3.3, (i), it follows

KD (HIP(2) — O (2)] = PSP (F) P (z) — FEH(2))

. > Iy
E—wg (Cx| - 1Bk + k(k — V)| - £,

IN

o
+1)!
= 22> fem] - 18+ (k= Dt - @
k=1

which proves the theorem. O

REMARK 3.5. For § = 0 in Theorem 3.4 we get corresponding results for
the iterates of classical complex Kantorovich polynomials. Note that in the
real case, some asymptotic results for the iterates of Kantorovich polynomials
were obtained in [10]. O

REMARK 3.6. If Z» — 0 when n — oo, then by Theorem 3.4 it is immediate
that
(MK ()P (2) = fP)(z),

uniformly with respect to |z| <1, for any 1 <r < R. O

REMARK 3.7. The Stancu-Kantorovich polynomials depending on the pa-
rameter 0 < -y were introduced in [12] by

(k+1)/(n+1)

K (f)(2) = (n+1) Zp<”> /k F(t)dt,

/(n+1)

where

P (2) = M\ 2(z49).. (s (k=1)7) (1=2) (1= 247)... =2+ (n—k—1))
Pk k T+ (+27) (T +(n=1)7) :

To prove analogous results for these polynomials too, we would need a similar
connection between [Sy 77 (F))'(2) and K37 (f)(2), with those in Theorems
2.1 and 3.1. But this study is left as an open question. O
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REMARK 3.8. The complex Kantorovich polynomials of second order can
be defined as in the case of real variable ([11]) by

Qn(f)(2) = [But2(H)(2)]", 2 € C,
where H(z) = [§ F(u)du, F(u) = [’ f(t)dt and By, is the (n + 2)-th Bern-
stein polynomial.
It is easy to see that similar approximation results with those for K, (f)(z)
in Section 2 can be obtained for @, (f)(z) too. O
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