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BERNSTEIN-TYPE OPERATORS ON TRIANGLES

PETRU BLAGA* and GHEORGHE COMAN'

Abstract. The aim of the paper is to construct some univariate Bernstein-
type operators on triangle, their product and Boolean sum, which interpolate a
given function on the edges respectively at the vertices of triangle. Using the
modulus of continuity and the Peano’s theorem the remainders of corresponding
approximation formulas are studied.
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1. INTRODUCTION

Beginning with the paper by R.E.Barnhill, G. Birkhoff and W. J. Gordon
[2], the blending interpolation operators on triangle were largely studied [3]
4, 5 [7, 9, 10, 16l 17, 21, 22 24]. We also mention the applications of such
interpolation schemes to computer aided geometric design and to finite element
analysis [T}, 3, 11, [13], 14} 15 [18, 19} 20, B33].

The aim of this paper is to construct Bernstein-type operators wich also in-
terpolate the value of a given function on the border of triangle. Using modulus
of continuity respectively Peano’s theorem the remainders of the corresponding
approximation formulas are as well studied. The accuracy of approximation
is also illustrated by graphics of given functions and of the suitable Bernstein-
type approximation.

By affine invariance it is sufficient to consider only the standard triangle
Th:{(x,y) €R2\x}O,y)O,m+y<h},f0rh>0.

2. UNIVARIATE OPERATORS

Let f be a real-valued function defined on Tj,. Through the point (z,y) € Th,
one considers the parallel lines to the coordinate axes which intersect the edges
I;, i = 1,2,3, of the triangle at the points (0,y) and (h — y,y) respectively
(x,0) and (x,h — ) (Figure |1)).
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Fig. 1. Standard triangle.

m

Let A* = {z’h_y, i=0,m; and A} = {jhn;“”, j =0,n} be uniform parti-
tions of the intervals [0, h — y| and [0, h — x| respectively.
One considers the Bernstein-type operators B¥, and Bj, defined by

(B ) (09) = 3 pms 00 £ (1152 3).
=0

where
respectively

=0
with

G (@) = (D (k=2 =y)"7 [ (h=2)", 0<a+y<h

THEOREM 1. If f is a real-valued function defined on T}, then:
(i) BrLf=1f on FQUfg;
(i) (Bpeio) (z,y) =2, i=0,1 (dex(By) =1),
(Bjezo) (w,y) = a® + 2520,
Yt 1=0,1, 7 €N;
(Bmel]) (x’y) y]— (ZL‘Q + x(h—az—y)) L i=2 j¢€ N;

m

where e;; (z,y) = x'y! and dex (BZ,) is the degree of exactness of the opera-
tor By,
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Proof. The interpolation property (i) follows from the relations

1, fori=0,
Pm,i (0,y) =
0, fori >0,
and
1, fori=m,
P (h—y,y) =

0, fori< m.

Regarding the properties (ii), we have

=1
m-l ey {2\ N
=3 (") (55) (1)
=0
. . m—1
=T|\p—y + 1- fy) =T

=2
m—1_2 - e )2 R N ()
=" Z(m)(ﬁ) <1— —y) S
=2
= mrglx2 + w(fir:y) 22 4 2 T:*y),

(B?nez]) (xvy) = y] (BrxneZO) (l',y) ) 1= 07 1727 j € N.
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REMARK 1. In the same way it is proved that:
BYf =f onlIjUI5;
(Beoj) (z,y) =4, 5 =0,1;
(Blen) (z,y) = y? + Ll=2=0),
xlyd ji=0,1, i eN;

Yo.. =
(Bnew)(w,y){ (y +M), j=2, ieN

Now, let us consider the approximation formula
f=Bnf+R,[.
THEOREM 2. If f (v,y) € C'[0,h — y] then

&) (Rof) @] < (14 5525 ) @ ( ()39) y € 0,],

where w (f (s,y);0) is the modulus of continuity of the function f with regard
to the variable x.
Moreover, if § = —= then

7m
@) (Bef) @) < 0+ B w(fewik). veln.
Proof. We have
’(Raff ‘ mez 2,y ‘f x,y) f(Z%y)‘
As,

£ @) = £ (152 w) | < (3o =it + 1) w (£ (0)30)

one obtains

(5.5 ()| < mew( =it 1) w(f (9):0)

m

(me,z v.y) x—z—) )1/2] W (f (+9)5)
A

(3) max [z (h —z —y)] = 2,

it follows that
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For § = 1/4/m, one obtains (2. O
THEOREM 3. If f (.,y) € C?[0,h] then

(4) (Rif) (w.y) = "0 2 fC0 (€y), €€ (0,h—y]

and

(5) |(Be.f) (@.)] < Moo, (w,) € T

where

Mi;f = max ‘f(i’j) (ﬂfa?ﬂ’ :

Proof. As, dex (Bf,) = 1, by Peano’s theorem, one obtains
h—y
(Bof) @y) = | Ka(y:8) F20 (s.) ds,
0

where the kernel
Kgo(a:,y;s)::an[(fc—s)J (x—s), meZ x,y) (z——s)Jr

does not change the sign (Ko (z,y;s) <0, z € [0, h —y)).
By mean value theorem, it follows that
h—y

(RZf) (z,y) = fP0 (&,y) Koo (z,y;8)ds, €€[0,h—y],

0

(Rpf) (w,y) = — 20520 f20) (¢ y).
Now, using it is also obtained . O
REMARK 2. From it follows that
e if f(.,y) is a concave function then (R%, f) (z,y) >0, i.e.

(Bhf) (z,y) < f(2,9),
e if f(.,y) is a convex function then (RZ f) (z,y) <0, i.e.

(Bif) (2,9) > f (x,y),
for x € [0,h — y] and y € [0, h]. O

REMARK 3. For the remainder R}, f of the approximation formula,
f=Blf+Rf,

i.e.

we also have:
A.if f € C[0,h — x] then

(6) (BLf) ()| < (1+ 55 @ (f @.2)50), @€ 0.h],
and
(7) (f) )| < 1+ B)w (f () L), v,

respectively
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B. if f € C?[0,h] then
(8) (RYF) (z,y) = 2522 O (), € [0,h — 2]

and

©) (1) (@.)| < BMaf, (w.9) €T

3. PRODUCT OPERATORS

Let P, = BZ B} respectively Q. = BiBZ, be the products of operators

B% and Bj,.
We have
h
( mnf Zzpmz i y qn,j <1W7y) f ('LW,JW>
=0 57=0
REMARK 4. The nodes of the operator P,,, are as in the Figure for
i=0,m,j=0,n,and y € [0, h]. 0
(0, )7

(i(h=y)im, [(m=i)h+iy)J/m)

(0, jh/n) (ith=y)/m, j[(m-=i)h+iy)}/(mn))

/

(h-y, jy/n)

00 ([(h-yym, 0)  (h-y, 0) 00

Fig. 2. Nodes of operator Py,

THEOREM 4. The operator Pp,, satisfies the following relations:
(i) (Banf) (2,0) = (B, f) (x,0),

(i) (Pmnf) (0,9) = (B} f) (0,) ,

(i) (Punf) (@, h—x) = f(x,h—2x), x,y€[0,h].

The proofs follow by a straightforward computation.
The property (i) or (ii) imply that (P, f) (0,0) = f(0,0).

REMARK 5. The product operator P, interpolates the function f at the
vertex (0,0) and on the hypothenuse x + y = h of the triangle T},. O
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The product operator Q,,, given by

(@un ) .9) =32 Y o (3152 i () 1 (1001

mn
=0 j=0

has the nodes as in Figure |3 for i = 0,m, j = 0,n, = € [0,h], and the

(0.h)]

(0, h—x

(i[(n=ph+pJi(mn), j(h=x)/n)

(O, jth=x)/

((n=h+px)Vn, j(h=x)/n)

>

(0,0) (ih/m, 0) (h,0)

Fig. 3. Nodes of operator Qnm,.

properties
() (Qnm/[) (2,0) = (B, [f) (x,0),
(i) (Qumf) (0,y) = (B} f) (0,9),
(i) (Qumf) (h—y.y)=f(h—y,y), xy€0,h].
Let us consider the approximation formula
f = Ponf + Ripp .
THEOREM 5. If f € C (T},) then

10)  |(RhD) @y)|<Q+mw(fidnd), @y e
Proof. We have
m n
() )] < [ 302 b ) g (522) [ 82
1=0 5=0
m n
h
+éz Pm,i $QQn,]< may> ‘y (mnl@)nJrly
=0 57=0
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After some transformations, one obtains

m n
- h— h— h—z—
DY o ) g (1150 y) [o - it | <

i=0 j—O

Yt hz—
ZZPW T, Y) n.j (zﬁy) ‘y moihiy| ) fulboomy)

=0 j=0

while

ZZPW Y Qn,]( = y) 1.

=0 j=0

It follows,

(BRI 1) (@,9)] < <&v w”hwy+1> (f:01,2).

Taking into account that

z(h—x—y)

one obtains

[(REf) ()| < (5t + gt +1) 0 (Fi00.82)

hence
|(Riad) (@,0)| < (1 myw (£ s )
4. BOOLEAN SUM OPERATORS
Let
Smn = By, & BY = B, + BY — B, BY,
Tom := B}, & B}, = B} + By, — BYBy,,

be the Boolean sums of the Bernstein-type operators B¥, and Bj.

THEOREM 6. If f is a real-valued function defined on T}, then

S f

=/

Ty,

aTh'
Proof. We have
Smnf = (By, + By — By, By) [
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The interpolation properties of BY,, Bj and the properties (i)—(iii) of the
operator Py, imply that

(Smnf) ($,O) = (Brmnf) (CE, 0) +f (x70) - (Bg@f) (x’ 0) =f (mv 0) )

(Synf) (x,h —2x)= f(z,h—2)+ f(z,h—x) — f(x,h —x) = f(z,h—x),
for all z,y € [0, h]. d
Let RY . f be the remainder of the Boolean sum approximation formula
f = Swnf + Ry -

THEOREM 7. If f € C (T},) then
(BSf) )| < 1+ ) w (Fw)ih) + 1+ 8w (F 20 L)
++nw(fid &), (@y) €
Proof. From the equality
f=Smnf=[f-Bnf+f—Bf—(f— FPunlf)
one obtains
|(Bounf) (. 9)| < [(BoS) (@9)| + [(BLF) (@, 9)| + [(Bon f) (2,9)].
Now, from , and , the proof follows. O

REMARK 6. Analoguous relations can be obtained for the remainders of the
product approximation formula

f = Qumf+ R, f=DBiB.f+RS, [
and for the Boolean sum formula

f=Tunmf+RL,f=(BY®BL) f+R.,f.

5. EXAMPLES

Finally, one considers two test functions, generally used in literature (see,
e.g. [22])

2 2
firlwy) = fexp -3 (o= 1)+ (= 1)),
5 5
1 T+cos Ty

fa(@,9) = §iGm

In FIGURE 4] we plot the graphs of f; and fo.
FIGURE [5| and FIGURE [f] contain the graphs of BZ f, BAf, Ponf, Smnf,

with h =1, m =5, n =6, for f; and f5 respectively.
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Fig. 6. Graphs of BZ, fa, BY fa, Ponf2, and S fo.
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