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MODIFIED BETA APPROXIMATING OPERATORS OF THE FIRST

AND SECOND KIND
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Abstract. By using the modified beta distributions of the first kind (MB1) and
of the second kind (MB2) we obtain a general class of modified beta first kind
operators and modified beta second kind operators. We obtain several positive
linear operators as a special case of this modified beta operators.
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1. INTRODUCTION

We continue our earlier investigations [5], [6], [7], [8], [9], [10], [11], [12] con-
cerning to use Euler’s beta function for constructing linear positive operators.

We first review the definitions of the generalized beta distributions of the
first kind (GB1) and the second kind (GB2) and special cases.

The Euler beta distribution of the first kind is defined for p, q > 0 by the
following formula

(1.1) B(t; p, q) = 1
B(p,q) t

p−1(1− t)q−1 for t ∈ (0, 1),

and zero otherwise, where B(p, q) is the beta function.
The generalized beta distribution of the first kind is defined by the proba-

bility density function (pdf) (see [4])

(1.2) GB1(y; e, d, p, q) = |e|yep−1(1−(y/d)e)q−1

depB(p,q) for 0 < ye < de

and zero otherwise, where the parameters d, p, q are positive.
The defined kth-order moments of GB1 random variables are given by [4]

(1.3) EGB1(yk) = dkB(p+k/e,q)
B(p,q) for p+ k/e > 0.

This four-parameter pdf is very flexible and includes the modified beta
distribution of the first kind for e = 1.

(1.4) MB1(y; d, p, q) = GB1(y; e = 1, d, p, q) = yp−1(d−y)q−1

dp+q−1B(p,q)
, 0 < y < d.
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The distribution MB1(y; d, p, q) with p, q > 0 and 0 < d ≤ 1 is said to be
the Beta-Stacy (BS) distribution (see [13]).

The standard beta distribution of the first kind (1.1) corresponds to (1.4)
with b = 1.

The Euler beta distribution of the second kind is defined for p, q > 0 by the
following formula

(1.5) B(u; p, q) = 1
B(p,q) ·

up−1

(1+u)p+q , u > 0

and zero otherwise.
The generalized beta distribution of the second kind is defined by the pdf

(see [4])

(1.6) GB2(v; e, d, p, q) = |e|vep−1

depB(p,q)(1+(v/d)e)p+q for v > 0

and zero otherwise.
The defined kth-order moments of the GB2 are given by [4]

(1.7) EGB2(vk) = dkB(p+k/e,q−k/e)
B(p,q) for − p < k/e < q

Letting e = 1 in (1.6) gives the modified beta distribution of the second
kind (MB2)

(1.8) MB2(v; d, p, q) = GB2(v, e = 1, d, p, q) = dqvp−1

B(p,q)(d+v)p+q , v > 0.

The standard beta distribution of the second kind (1.5) is obtained by (1.8)
for d = 1.

2. THE MODIFIED BETA FIRST KIND OPERATORS

Let us denote by M [0,∞) the linear space of functions defined on [0,∞),
bounded and Lebesgue measurable in each interval [c, d], 0 < d < c <∞.

By using the modified beta distribution of the first kind (MB1), defined by
(1.4) we can define the following general transform:

B(a,b)
p,q f = 1

dp+q−1B(p,q)

∫ d

0
yp−1(d− y)q−1f(ya(d− y)b)dy

or, equivalent

(2.1) B(a,b)
p,q f = 1

B(p,q)

∫ 1

0
tp−1(1− t)q−1f(da+bta(1− t)b)dt

where a, b ∈ R and f ∈M [0,∞) such that B(a,b)
p,q |f | <∞.

We determine d such that B(a,b)
p,q e1 = e1, that is da+b = B(p,q)x

B(p+a,q+b) , and we

obtain from (2.1) the (a, b)-modified beta operator (see also [9])

(2.2) (B(a,b)
p,q f)(x) = 1

B(p,q)

∫ 1

0
tp−1(1− t)q−1f

(
B(p,q)x

B(p+a,q+b) t
a(1− t)b

)
dt

where f ∈M [0,∞) such that (B(a,b)
p,q |f |)(x) <∞.
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If we put in (2.2) b = 0 we obtain the modified beta first kind operator

(2.3) (B(a)
p,qf)(x) = 1

B(p,q)

∫ 1

0
tp−1(1− t)q−1f

(
B(p,q)

B(p+a,q) t
ax
)

dt

where f ∈M [0,∞) such that (B(a)
p,q |f |)(x) <∞.

One observe that B(a)
p,q is a linear positive operator.

I. If we choose in (2.3) a = 1 we obtain the modified beta first kind operator

(2.4) (Bp,qf)(x) = (B(1)
p,qf)(x) = 1

B(p,q)

∫ 1

0
tp−1(1− t)q−1f

(
p+q
p tx

)
dt.

Theorem 2.1. The moments of order k of the operator Bp,q have the fol-
lowing values

(Bp,qek)(x) =
(
p+q
p x
)k

(p)k
(p+q)k

.

Proof. The result follows from (1.3) for e = 1. �

Consequently, we obtain

(2.5) Bp,q((t− x)2;x) = qx2

p(p+q+1) .

Special cases 1. If we choose in (2.4) p > 0, q > 0 such that p
p+q = x, or

p = β
αx, q = β

α(1− x), x ∈ (0, 1), α, β > 0 then we obtain the following linear
positive operators, considered by the author in [11] (see also [7])

(2.6) (B(α,β)f)(x) = 1

B

(
β
αx,

β
α(1− x)

) ∫ 1

0
t
β
αx−1(1− t)

β
α (1−x)−1f(t)dt.

2. If we put in (2.4) p = n
n+1 , q = 1

n+1 , n ∈ N, we obtain a new positive
linear operator

(2.7) (Bnf)(x) = 1

B
(

n
n+1 ,

1
n+1

) ∫ 1

0
t
− 1
n+1 (1− t)−

n
n+1 f

(
n+1
n tx

)
dt.

Corollary 2.2. The following relation holds

Bn((t− x)2;x) = x2

2n .

Proof. It is obtained from (2.5) for p = n
n+1 and q = 1

n+1 . �

For another special cases of the operator (2.4) see [9].
II. If we put a = −1 in (2.3) we obtain the modified beta first kind operator

(2.8) (Bp,qf)(x) = (B(−1)
p,q f)(x) = 1

B(p,q)

∫ 1

0
tp−1(1− t)q−1f

(
p−1
p+q−1 ·

x
t

)
dt

where f ∈M [0,∞) such that (Bp,q|f |)(x) <∞.
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Theorem 2.3. The moments of order k (1 ≤ k < p) of the operator Bp,q
have the following values

(Bp,qek)(x) = (p+q−1)...(p+q−k)
(p−1)...(p−k)

(
p−1
p+q−1 · x

)k
.

Proof. The result follows from (1.3) for e = −1. �

Consequently, we obtain

(2.9) Bp,q((t− x)2;x) = q
(p−2)(p+q−1)x

2, p > 2.

Special cases
1. If we choose in (2.8) p > 0 and q > 0 such that p+q−1

p−1 = x, x > 1 or

p = 1 + β
α , q = β

α(x− 1), x > 1, α, β > 0, β > α then we obtain the following
linear positive operators, considered by the author in [11] (see also [7])

(2.10) (B(α,β)f)(x) = 1

B

(
1+

β
α ,

β
α(x− 1)

) ∫ 1

0
t
β
α (1− t)

β
α (x−1)−1f

(
1
t

)
dt.

2. If we put in (2.7) p = 2 + n
n+1 , q = 1

n+1 , n ∈ N we obtain a new positive
linear operator

(2.11) (Bnf)(x) = 1

B
(

2+
n
n+1 ,

1
n+1

) ∫ 1

0
t
1+

n
n+1 (1− t)−

n
n+1 f

(
2n+1
2n+2 ·

1
t

)
dt.

Corollary 2.4. The following relation holds

Bn((t− x)2;x) = x2

2n .

Proof. It is obtained from (2.9) for p = 2 + n
n+1 and q = 1

n+1 . �

For another special cases of the operator (2.8) see [9].

3. THE MODIFIED BETA SECOND KIND OPERATORS

We shall define a linear transform by using the modified beta distribution
of the second kind (MB2), defined by (1.8)

T (a,b)
p,q f = dq

B(p,q)

∫ ∞
0

vp−1

(d+v)p+q f
(

va

(d+v)a+b

)
dv

or, equivalent

(3.1) T (a,b)
p,q f = 1

B(p,q)

∫ ∞
0

up−1

(1+u)p+q f
(

1
db
· ua

(1+u)a+b

)
du

where a, b ∈ R and f ∈M [0,∞), such that T (a,b)
p,q |f | <∞.

We determine d such that T (a,b)
p,q e1 = e1, that is d−b = B(p,q)

B(p+a,q+b)x and we

obtain the (a, b)-modified beta operator (see also [10])

(3.2) (T (a,b)
p,q f)(x) = 1

B(p,q)

∫ ∞
0

up−1

(1+u)p+q f
(

B(p,q)
B(p+a,q+b) ·

uax
(1+u)a+b

)
du
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where f ∈M [0,∞), such that (T (a,b)
p,q |f |)(x) <∞.

If we put in (3.2) a+b = 0 we obtain the modified beta second kind operator

(3.3) (T (a)
p,q f)(x) = 1

B(p,q)

∫ ∞
0

up−1

(1+u)p+q f
(

B(p,q)uax
B(p+a,q−a)

)
du

where f ∈M [0,∞), such that (T (a)
p,q |f |)(x) <∞.

One observe that T (a)
p,q is a linear positive operator.

If we choose in (3.3) a = 1 we obtain the modified beta second kind operator

(3.4) (Tp,qf)(x) = (T (1)
p,q f)(x) = 1

B(p,q)

∫ ∞
0

up−1

(1+u)p+q f
(
q−1
p ux

)
du.

Theorem 3.1. The moment of order k (1 ≤ k < q) of the operator Tp,q has
the following value

(Tp,qek)(x) =
(
q−1
p x
)k

p(p+1)...(p+k−1)
(q−1)...(q−k) , 1 ≤ k < q.

Proof. The result follows from (1.7) for e = 1. �

Consequently, we obtain

Tp,q((t− x)2;x) = p+q−1
p(q−2)x

2, q > 2.

Special cases
1. If we choose in (3.4) p > 0, q > 0 such that p

q−1 = x, or p = β
αx,

q = 1 + β
α , x > 0, α, β > 0 then we obtain the following linear positive

operator, considered by author in [12] (see also [8])

(3.5) (T (α,β)f)(x) = 1

B

(
β
αx, 1 + β

α

) ∫ ∞
0

u
β
α−1

(1+u)
1+
β
α (x+1)

f(u)du.

2. For p = q = n we obtain from (3.4) the operator

(3.6) (Tnf)(x) = 1
B(n,n)

∫ ∞
0

un−1

(1+u)2n
f
(
n−1
n ux

)
du

considered by V. Totik in [14].
3. A double sequence of positive linear operators (names beta operators by

Uprety [15], see also [3]) defined as

(3.7) (Fm,nf)(x) = 1
B(m,n)

∫ ∞
0

um−1

(1+u)m+n f
(
n
mux

)
du

is similar with (3.4).
4. For q = p+ 1 we obtain by (3.4) the positive linear operator

(Tpf)(x) = 1
B(p,p+1)

∫ ∞
0

up−1

(1+u)2p+1 f(ux)du

considered by S.M. Mazhar for p = n (see also [5]).
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5. For q = p+ 2 we obtain by (3.4) the positive linear operator

(Tpf)(x) = 1
B(p,p+2)

∫ ∞
0

up−1

(1+u)2p+2 f(ux)du

considered by H. Karski in [1], [2], for p = n+ 1.
6. For q = p+ 3 we obtain by (3.4) the positive linear operator

(Tpf)(x) = 1
B(p,p+3)

∫ ∞
0

up−1

(1+u)2p+3 f(ux)du.

For p = n we obtain a new positive linear operator

(Tnf)(x) = 1
B(n,n+3)

∫ ∞
0

un−1

(1+u)2n+3 f(ux)du

and

Tn((t− x)2;x) = 2
nx

2.

Remark 3.2. If we put a = −1 in (3.3) we obtain the following modified
beta second kind operator

(T (−1)
p,q f)(x) = (Tp,qf)(x) = 1

B(p,q)

∫ ∞
0

up−1

(1+u)p+q f
(
p−1
q ·

x
u

)
du

and we observe that Tp,q is similar with Tpq (see [10]). �
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