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MODIFIED BETA APPROXIMATING OPERATORS OF THE FIRST
AND SECOND KIND
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Abstract. By using the modified beta distributions of the first kind (MB1) and
of the second kind (MB2) we obtain a general class of modified beta first kind
operators and modified beta second kind operators. We obtain several positive
linear operators as a special case of this modified beta operators.
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1. INTRODUCTION

We continue our earlier investigations [5], [6], [7], [8], [9], [10], [I1], [12] con-
cerning to use Euler’s beta function for constructing linear positive operators.

We first review the definitions of the generalized beta distributions of the
first kind (GB1) and the second kind (GB2) and special cases.

The Euler beta distribution of the first kind is defined for p,q > 0 by the
following formula

(1.1) B(t;p,q) = B(;la q)tpfl(l — t)qfl for ¢t € (0,1),

and zero otherwise, where B(p, ¢) is the beta function.
The generalized beta distribution of the first kind is defined by the proba-
bility density function (pdf) (see [4])

(1.2) GBI(y;e,d,p,q) = 0OV for 0 <y < af

and zero otherwise, where the parameters d, p, ¢ are positive.
The defined kth-order moments of GB1 random variables are given by [4]

(1.3) Egpi (") = St for ptk/e >0,

This four-parameter pdf is very flexible and includes the modified beta
distribution of the first kind for e = 1.

—1/7_ .\g—1
(1.4) MBl(y;d,p,Q):GBl(y;ezl,d,p,q):%, 0<y<d.
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The distribution M B1(y;d, p,q) with p,q > 0 and 0 < d < 1 is said to be
the Beta-Stacy (BS) distribution (see [13]).

The standard beta distribution of the first kind (1.1]) corresponds to (|1.4))
with b= 1.

The Euler beta distribution of the second kind is defined for p, ¢ > 0 by the
following formula

—1
(1.5) B(u;p,q) = B(;,,q) : uf;m, u>0

and zero otherwise.
The generalized beta distribution of the second kind is defined by the pdf
(see [])

(1.6) GB2(v;e,d,p,q) = depB(p’(‘]§|(1{+(v/d)e)p+q

ep—1

for v>0

and zero otherwise.

The defined kth-order moments of the GB2 are given by [4]
(1.7) Egpa(v®) = d’“B@;’gfég—’“/e) for —p<kle<gq

Letting e = 1 in (1.6) gives the modified beta distribution of the second
kind (MB2)

-1
(18)  MB2(vid,p,q) = GB2(v,e = 1,d,p,q) = pratimopras v > 0-

The standard beta distribution of the second kind ((1.5)) is obtained by ([L.8])
for d =1.

2. THE MODIFIED BETA FIRST KIND OPERATORS

Let us denote by M]0,00) the linear space of functions defined on [0, c0),
bounded and Lebesgue measurable in each interval [c,d], 0 < d < ¢ < 0.

By using the modified beta distribution of the first kind (MB1), defined by
we can define the following general transform:

d
By f = wetapg /0 Y d =) (Y (d - y))dy

or, equivalent

1
(2.1) BEN f = 505 /O tPTHA — )T p(dohe (1 — ¢)b)dt

where a,b € R and f € M[0,c0) such that B},?q’b)|f| < 00.

We determine d such that B](ff’b)el = ey, that is d®Tt = %7 and we

obtain from the (a,b)-modified beta operator (see also [9])
1
(22) (B f)(@) = by /O 1= )1 (R (1 - ) ) dt

where f € M0, 00) such that (BY%”|f])(z) < co.
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If we put in b = 0 we obtain the modified beta first kind operator
1
(a) - _1 -1 1 B(p,9) ;a
@3 BINE = w00 () a
where f € M0, c0) such that (B](,aq)|f|)($) < 0

One observe that Bz(o?q) is a linear positive operator.
I. If we choose in (2.3) @ = 1 we obtain the modified beta first kind operator

1
24 Bruhla) = BNE) = gy [ 0700 ()

THEOREM 2.1. The moments of order k of the operator B, , have the fol-
lowing values

k
(Byaer)(w) = (5%) G

Proof. The result follows from ([1.3]) for e = 1. O
Consequently, we obtain
2
(2.5) Bp,q((t — x)Q;x) = p(pz_xq+1)~

Special cases 1. If we choose in (2.4) p > 0, ¢ > 0 such that Z%q =z, or

p= B ,q= 8 (1 —x),z € (0,1), a, f > 0 then we obtain the following linear
posmve operators considered by the author in [11] (see also [7])

(2.6) (B f)(z) = ) /0 e - plasamtpga

1
B(gx, g(l —x)
. _n 1 . s
2. If we put in 1D P =347 4= 737, * € N, we obtain a new positive
linear operator

1 n

1
(2.7) (Bnf)(x) = B(nll>/ AT (1 — ) nH f () dt.

ntl’ ntl
COROLLARY 2.2. The following relation holds

Bn<<t—x>2;x> =L

2n°
Proof. 1t is obtained from for p = 1 and g = 1 O

For another special cases of the operator 1 see [9].
IL. If we put a = —1 in (2.3]) we obtain the modified beta first kind operator

(28) (Byaf)(a) = (B @) = 5y / P ()
where f € M0, 00) such that (B, ¢|f])(z) <
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THEOREM 2.3. The moments of order k (1 < k < p) of the operator By,
have the following values

k
+q—1)...(p+q—k —1
(Byger) (@) = PREP=tah) (o=t )

Proof. The result follows from ([1.3)) for e = —1. O

Consequently, we obtain

(29) Bp7q(<t — I’)2, x) = mﬁﬁj, p > 2.

Special cases
1. If we choose in || p > 0 and ¢ > 0 such that }%Il =z, >1or

=1+ g, q= ﬁ(a:— 1),z > 1, a,8 >0, 8> « then we obtain the following
hnear positive operators, considered by the author in [11] (see also [7])

(210)  (B@9 f)x) = 1 )/twvw%” ()

14 8 fx—l

a’a

2. If we put in p=2+19.9= % n € N we obtain a new positive
linear operator

(2.11)  (Bnf)(z) = ﬁ /1 t1+n+l (1-— t)ini-l—lf <§Zi; . %) dt.

B<2+ n+1’ n+1

COROLLARY 2.4. The following relation holds
2

Bn((t — )% 1) = o
Proof. 1t is obtained from forp=2+ 77 and ¢ = #. O

For another special cases of the operator (2.8 see [9].

3. THE MODIFIED BETA SECOND KIND OPERATORS

We shall define a linear transform by using the modified beta distribution
of the second kind (MB2), defined by ((1.8)

ab) p . d4 > pp—1
7;’("1 )f_ B(M)/O d+v)”+qf ( dtv a+b) dv

or, equivalent
a,b _ 1 o uP—1 1 u®
(3.1) T f = 5o /0 i (@ - e ) du

where a,b € R and f € M[O,oo) such that ’T(ab |f] < oc.
We determine d such that 7,2”e; = e, that is d— = %:ﬂ and we
obtain the (a, b)-modified beta operator (see also [10])

ab o up71 B(
B2 TN =gy | e (e i) o
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where f € M0, 00), such that (%Sg’b)]f\)(m) < 0.
If we put in (3.2) a+b = 0 we obtain the modified beta second kind operator

a I B(p.q)u’z
(33) (%Sq)f)(x) ~ B(py) /; (1+u)Pta <B(pl—)&-((lz,q—a)) du

where f € M0, 00), such that (E(Z)]f\)(x) < 00.
One observe that 7;%) is a linear positive operator.
If we choose in (3.3) @ = 1 we obtain the modified beta second kind operator

(3.4) <7;,qf><x>=<7;€?f><x>=Bé,q)/o et () du

THEOREM 3.1. The moment of order k (1 < k < q) of the operator T, 4 has
the following value

k J—
(Tpaen) (@) = (L) Mol 1 <k <y

Proof. The result follows from (1.7]) for e = 1. O

Consequently, we obtain

—1
Tpallt —a)%ia) = Bk g >0,

Special cases
1. If we choose in 1) p > 0, ¢ > 0 such that % =z, orp = 2z,

(67

q =1+ Bz > 0, a,8 > 0 then we obtain the following linear positive

o’
operator, considered by author in [12] (see also [§])

B

——1

35) (TP f)(a) = — 1 ) /OOO o™ ),

B
B(gaj’ 1 +§ (14u) T a@+D

2. For p = ¢ = n we obtain from (3.4)) the operator

(3.6) (Tuf)(@) = 5 /0 S (%) du

considered by V. Totik in [14].
3. A double sequence of positive linear operators (names beta operators by
Uprety [15], see also [3]) defined as

m—1

(3.7) (Fm,nf)(x) = B(#L,n) /0 (1j:u)m+n (%Ux) du

is similar with (3.4]).
4. For ¢ = p+ 1 we obtain by (3.4)) the positive linear operator

Tf)o) = g || e f(ua)du

considered by S.M. Mazhar for p = n (see also [9]).
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5. For ¢ = p 4+ 2 we obtain by ({3.4]) the positive linear operator

(T,)(@) = s / ()

considered by H. Karski in [I], [2], for p =n + 1.
6. For ¢ = p 4+ 3 we obtain by ({3.4]) the positive linear operator

T @) = pbey | et f(ue)du

For p = n we obtain a new positive linear operator

o0 un— 1
(Tu))@) = sy | ol (u)d

and
To((t — z)%2) = 222,

REMARK 3.2. If we put @ = —1 in (3.3) we obtain the following modified
beta second kind operator

TONE) = Tal)w) = g | et (552 2)

and we observe that 7, , is similar with T}, (see [10]). O

REFERENCES

[1] KARsLI, H., Rate of convergence of new Gamma type operators for functions with deriva-
tives of bounded variation, Mathematical and Computer Modeling, 45, pp. 617-624,
2007.

[2] KarsLl, H. and GUPTA, V., Rate of pointwise convergence of a new kind of gamma
operators for functions of bounded variation, Appl. Math. Lett., 2007, doi:10.1016.

[3] KHAN, M.R., Approzimation properties of beta operators, in Progress in Approximation
Theory, Academic Press, New York, pp. 483-495, 1991.

[4] McDONALD, J.B., Some generalized functions for the size distributions of icome, Econo-
metrica, 52, pp. 647-663, 1984.

[6] MIHESAN, V., Approzimation of continuous functions by means of positive linear oper-
ators, Ph. D. Thesis, “Babes-Bolyai” University, Cluj-Napoca, 1997.

[6] MIHESAN, V., On the gamma and beta approzimation operators, Gen. Math., 6, pp. 61—
64, 1998.

[7] MIHESAN, V., The beta approzimating operators of first kind, Studia Univ. Babes-Bolyai,
Mathematica, vol. XLIX, 2, pp. 65-77, 2004.

[8] MIHESAN, V., The beta approzimating operators of second kind, Studia Univ. “Babeg-
Bolyai”, Mathemativa, vol. XLIX, 2, pp. 79-88, 2004.

[9] | MIHESAN, V., On the modified beta approzimating operators of first kind, Rev. Anal.
Numér. Théor. Approx., 33, no. 1, pp. 67-71, 2004. [

[10] | MIHESAN, V., On the modified beta approzimating operators of second kind, Rev. Anal.
Numér. Théor. Approx., 34, no. 2, pp. 135-138, 2005. 2


http://ictp.acad.ro/jnaat/journal/article/view/2004-vol33-no1-art8
http://ictp.acad.ro/jnaat/journal/article/view/2004-vol33-no1-art8
http://ictp.acad.ro/jnaat/journal/article/view/2005-vol34-no2-art2
http://ictp.acad.ro/jnaat/journal/article/view/2005-vol34-no2-art2

7 Modified Beta approximating operators of the first and second kind 75

[11] MIHESAN, V., On a general class of beta approzimating operators of first kind, (in press).

[12] MIHESAN, V., On a general class of beta approrimating operators of second kind, (in
press).

[13] MIHRAM, G.A. and HULTQUIST, R.A., A bivariate warning-time/failure-time distribu-
tion, Journal of the American Statistical Association, 62, pp. 589-599, 1967.

[14] ToTIK, V., Uniform approzimation by positive operators on infinite interval, Analysis
Mathematica, 10, pp. 162-182, 1984.

[15] UPRETI, R., Approzimation properties of beta operators, J. Approx. Theory, 45, pp. 85—
89, 1985.

Received by the editors: March 2, 2009.



	1. Introduction
	2. The modified beta first kind operators
	3. The modified beta second kind operators
	References

