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Abstract. In this paper we consider the modified Szasz-Mirakyan-Kantorovich
operators for functions f integrable in the sense of Denjoy-Perron. Moreover, we
estimate the rate of pointwise convergence of M, f(z) at the Lebesgue-Denjoy
points x of f .
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1. PRELIMINARIES

In [6], Z. Walczak introduced and considered some approximation properties
of the modifed Szasz-Mirakyan operators defined by

Mof(z) = poi(w;an) f(k/bn) (z € Ro,n € N),
k=0

k
where p, (2;an) = exp(—anw)(a’;j) , Ry =[0;00), N ={1,2,...} and (a,)$°,
(by,)3° are given increasing and unbounded sequences of positive numbers, such
that

(1) hmn%ooi:o and %:1+O<i)'

If a, = b, = n, for all n € N, then M,, become the classical Szasz-Mirakyan
operator examined for continuous and bounded function in [4]. Some approx-
imation properties of the operators M,, for continuous functions f on Ry, can
be found e.g. in [I] and [6].

Denote by M the Kantorovich type modification of operator M,, and define
it for measurable function f on Ry as:

(k+1)/bn

(2) M f(x) = by, ;Opn,k(x;an) /k/bn f(t)dt z € Ry,n € N,
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where the integral is taken in the sense of Lebesgue or Denjoy-Perron. Con-
vergence Theorems for the classical Szasz-Mirakyan-Kantorovich operators
(an, = b, = n) are presented in [2], [3]. Some approximation properties of
M f can be found in [7].

The aim of this paper is to examine the rate of the convergence of operators
MY f, mainly, at those points x € Ry at which

h
limp_y 1 /0 (F(z+1) — f(z)dt = 0.

The general estimate is expressed in terms of the quantity

h
F[ o s 6>o.

Clearly, if f is locally integrable in the sense of Denjoy-Perron on Ry, then

we (05 f) = SUPo<|h|<s

lims 04 wy(9; f) =0 for almost every z.
In view of this property, we deduce that in some classes of functions,
lim,, oo M, f(x) = f(z) almost everywhere.

Moreover, using some other properties of w,(J; f), we present the estimate
of the rate of M} f(z) the pointwise convergence of in terms of the weighted
moduli of continuity.

Throughout the paper, the symbol K(...), K;(...), (j = 1,2,...) will mean
some positive constants, not necessarily the same at each occurrence, depend-
ing only on the parameters indicated in parentheses.

2. AUXILIARY ESTIMATES

It is easy to see, that for every x € Ry and for all integers n € N ,

(3) an,k(x;an) =1,
k=0

(4) i (% - :B) Pnk(T;an) = (‘g—: - 1) ,i (ﬁ — ac) Pni(T;an) = 0.

k=0 k=0
By properties , we have that exists a positive, absolute constants K, K1,
such that

()

for all m € N.
For ¢ € Ng = NU{0}, 1 € Ny, n € N we define

(6) Sg;) (x;bn) = by, i (% - :c)q (% - x)lpn,k(x; ap,).
k=0

an __ K 1 K an
E 1)<bn7 angbn and n SKl
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LEMMA 1. Suppose that ¢ € N and (an)3° ,(bn)° are fized. Then, for
n € N, z € Ry we have

(1) SE(@sbn) = wan Y (15" 7 S (ia) + @ (32— 1) 81 o w5 bu),
j=0
q—1
(8) Séﬁ) (x;bp) =@ Z (;]) bgzl,j SJ(»’%) (x;by),
§=0
(n) - (m)
(9) Sq;n2 ($7 bn) = ﬁ (3) bql—j SJT(L) (.1177 bn)
j=0
q—1 7j—1 ‘
+2? (;I) bqlﬂ (7) bﬂlfi Sz(%) (; bn)
=1 n i—0 )
ote that the symbo i_p ... denotes zero.
(Note that the symbol Y ... d )
Proof. In view of the definition @
n s anz)k q
Sé,o) (x5 by) = Zexp(—anx)( k!) (% — JJ)
k=0
> @ )kl q—1 n
- % Z exp(—anr) ( (712—)1)! (% - a:) - xSé_)LO(:L‘; bn)
k=1
> a z)F q—1 n
= %2 exp(—an2) P (%1 - 96) — 28" o3 bn)
k=0
q—1 00 j
- (q;l) ;gzl—xl an,k:(x; an) (b - 1:) - 'rsgi)l,o(x; bn)
7=0 k=0
q—2
= za, Z (qgl) bg}j S](-?)) (23bn) + (‘g—: — 1) Syi)l’o(x; b).
j=0

This mean that is true.
Next, assuming @, we have

Séﬁ) (z;50) = iexp(—anw) (mif)k (b% - x)q (% - w)
k=0

> anx)k+L q
k=0




80 Grzegorz Nowak and Aneta Sikorska-Nowak 4

q
2> (5

0
-1

bn) — 28U (3 bn)

QK\
I

x (‘JJ) L S’J%) (x;bp).

b

Il
o

J
o} is true. Hence we get

S(gg)(x;bn) Zexp —an) ) <bk; :B)q (% - x>2

an T k
= xZexp(—anac)( k')
k=0

—mS(") (x;by)

_ xz L (S(”) (z:by) + éSj%)(x;bn)) — 28" (@;b,)

7=0
q—1
=23 ()7 (ST @sba) + RS @ib) + 250 @b
j=0
Applying the desired equality @ follows. ]

LEMMA 2. For everyn € N, g € N and q € Ry the following inequality is
true

(10) 85 @bl < K(a) (21 +2)" s + 2@+ Dk )
where (an)3°, (bn)3° are fized.

Proof. Using , @ and the method of induction one can easily verify that
forallm € N, g € N, x € Ry there holds

(1) 15 (@3b)] < K (@) (1 + )" sty

Simple calculation, (3] @ 4)) give us

S(()z)(a:;bn) Zexp —anT) a"x) (%—x)z

— 1 Zexp —an) )). (i —x) - xS(()fll)(x;bn)
= xZexp —anx) (a"x)k <k+1 :c) —azSéle)(az;bn)

= % (()Z))(m;bn) = =,

an
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and
S (b, = iexp(—anx)( ) (& :U)2 (& =)
P
— L iexp<_anm) ey (& = 2) - 8§33 b0)
= a3 expl—apa) @521 ( (£-o) +2
+ a{_();jL —x)> —mS(()2)(x bn)

Applying we obtained (10)) for ¢ = 1. Hence

2
S @b) =23 () b21]Sj(%)(x bn) + 22 2 S (25 ba)
j=0
=L (éS((L )(x bn) + %Sgg (x;0p) + S%) (x; bn))

+252 500 (3 bn).
Clearly, in view of , and

S5 @ibn)l < KEZ(E+gre+a)d)+ 23

bn
SKl{ (1 +93bi(* ) ai}f)}
e

< K2{ ( + Z‘ b2 m(lJr:r

Hence for ¢ = 2 the inequality is true.
Analogously we have for ¢ =3

S5 (; bn) =

T

an

Mw

s ) e S (b w22y (s Do (Dt S0 (3 bn)
JZO j=1 i=0
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2 (550 (sb) + 8T8 (5bn) + £ 550 (2:bu) + S50 (3 0))
a2 S0 (@i bn) + 0% (S0 @30a) + £ 5 (@iba) )|
Sai(b3+Ka:b5+z(1+x)b2 z(1+2)%; )+K( b5+x3é)

( 1+m 1+m)> -

If ¢ > 4 then, in view of @D,

1) (5 b)) <

q q—1 j—1
<= (Ot )5 S8 (@ b) 2y v Y (0)h 1S (5 b))
Jj=0 7=1 =0

= o L‘gb 00 (@3 bn)| + 37 1|510($b ’+Z e J|S]o($b)’
7j=2

2(
-1 7j—1

+ (?)bg}j <Z<)b] 1|SzO(xb)‘
3 =2

Jj=

bL S(()% (z;0n)] + (g) pi2 <b2 |Soo($ b )|+ |SIO( ;b )|)

185 (@5 ba)] + i S5 (@60 ))

q
. . —1
Z—n—l"f— ) () g K1+ ) W

< K@) (g7 e +a(+ fﬂ)q_l‘buqfln/z])

q—1
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2 -1
< Ki(q) (I (14 ) W
I4a)7-3 1+
+o (B + 3 + ) + )
2 -1 1+
< K>(q) (w (14 )1 b[,f“l?’)/z] + mg%ﬂx)) )
and inequality follows now immediately. O
Identity , estimate and the known Schwarz inequality lead to

LEMMA 3. Let g € Ny, x € Ry . Then, forn € N

(12) S|k el | o pustasan) <
k=0
14-2)a+1/2 z(14x)
S K(Q) <m( bq72)+1 + bq+3/2 ) ’

where (an)3°, (bn)3° , are fized.

3. MAIN RESULT

In this Section, we consider only the points z € [0; 00) at which w,(0; f) <
oo for all § > 0.

THEOREM 4. Let f : Ry — R is integrable in the Lebesque or Denjoy-Perron
sesnse on every compact interval contained in Ry and let n € N, x € Ry.
Given any number ¢ € N, we have

1) M@ - )< K@ (@ ()"

gww (%) (v+11)‘1'

Proof. For the sake of brevity we will write f(z +t) — f(z) = .(t) and
wg (65 f) = wy(0). In view of we have

M@ - @) = b puseian) / T ) - paa
~flx)— f(z = b, (T3 an, — f(z
kzop ' F/bn
et (k+1)/bp—=
_b’l’l n b n €T d
> puslian) / CLT
00 k/bp—zx
= by (pn,kfl(x;an) _pn,k(x;an))/ Sox(t)dt
k=1 0

—bpexp(—anx) / e (t)dt.
0
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It is easy to see that

P i1 (7300) — po(500)) = pos(san) (& — 7).

Consequently
o0 k/bp—a
2(M; f () = f(2)) = bu Y pug(wsan) (£ - o) / pa(t)dt.
k=0
Applying the obviously inequality ‘ foh Oz (t)dt‘ < |h|wg(|h|), we obtain
e o -2)

<ZT (A 2)we (v + 1)),

x| My f(x) = f(x)]  <bn an,k(m;an)

where X is an arbitrary positive number and

VAL |k/bp—z|<(v+1)A

We shall estimate the factors qun)()\;x) for v = 0 and v > 1, respectively.

Clearly, in view of
T (nz)  <be Y
k=0

1/2
<K (x(l + )%+ (—m(ﬁj’”)) / > .

Next, if v > 1, we have, by Lemma 3,

b ol|k — | pusleian).

an

k Hk

% _‘T‘ ‘% - pn,k(x;an)

00
q+1
. bn k k .
qun)()\,x) < DING Z an x‘ ’E - .%" pn,k(xaan)
k=0
< K(@ (24012 | 512 (140)1
> Lo bi/? paiti/2 .

Now, taking \ = 1/b%/2 , we easily get

* 21/2 2)1/2
oMif (@)~ @) < (a1 + a4 2RO

(e () @0 S (5) )

This last relation is equivalent to (13)). ]
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REMARK 5. Let D} (R) be the class of all functions integrable in the
Denjoy-Perron sense on every compact interval contained in R. Clearly, if

f € D} (R), then the function
0= [

is ACG* on every [a;b] C Ry and F'(z) = f(x) almost everywhere [5]. O
Consequently,
(14) lims_,04+ wy(9; f) =0 a.e. on R.

Suppose that f € D} (R) and that

/vaf(t)dt’) < 00

The operators M} f(z) are well-defined for all n € N. This follows at once

from the inequality
(k+1)/n
/ f(t)dt
k

/n
In view of , given any € > 0 there is a 6y > 0 such that w,(d; f) < €
whenever 0 < § < dy. In case § > §y we have

HfH = SUP_so<v<oo <Sup0§u§1

< I£1l-

h
[ sesnad < @+ 4l

provided that 6 < 1. If 6 > 1, then putting p = [6] + 1 and z; = = + jh/p
(j=0,1,..., 1), we get
J+1
/ f(t)dt

pn—1
/ flz+1) dt' >
7=0
we(6; f) < e+|f (@) + 5 (1+28)]|f]| forall &§>0.
This inequality and the condition ensure that the right-hand side of the
estimate ([13]) (with arbitrary ¢ > 3) converges to zero as n — oc.

Let m € Ny. Denote by C,,(Rp) the class of all measurable functions f on
Ry, such that

wy (05 f) < €+ |f(z)] + sups,<|n<s

< ullfIl < 28] £1I.

Hence

1£llm = supye 129k < 0.

It is easy to see, that operators M f are well-defined for every function f €
Further, for continuous f € Cy,(Rp), let us introduce the weighted modulus
of continuity

w(0; f)m = supjp<s|[f(- +h) = FO (6> 0).
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THEOREM 6. Let m € Ny, x € Ry, f € Cp(Ro) and (a,)5°, (bn)5° are fized.
Then

(L+a?) "My f(x) = f(o)] <
< K(m) (2™ 4 (5) Y ) (%
for alln € N. '
Proof. 1t is easy to see, that for any x € Ry, r € N

r—1
fa+rt) = f(z)] <Y LERELLERO0 4 (2 4 ot)®™)
v=0

r—1

< w(|th Hm Y1+ (] +vlt)>™)

v=0
< (L + (2] + (r = D> rw(|t]; fum-
Therefore, for any x € R, § >0, r € N
we(rd; f) < (14 (22)*™ + (2(r = 1)O)*™)rw(®; fm.
This inequality and Theorem 4, with ¢ = 2m + 5/2, lead to Theorem 6. [
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