REVUE D’ANALYSE NUMERIQUE ET DE THEORIE DE L’APPROXIMATION

Rev. Anal. Numér. Théor. Approx., vol. 38 (2009) no. 1, pp. 87-103
ictp.acad.ro/jnaat

ON LOWER SEMICONTINUITY OF THE RESTRICTED CENTER
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Abstract. Given a finite dimensional subspace V' and a certain family F of
nonempty closed and bounded subsets of Co(T', U), where T is a locally compact
Hausdorff space and U is a strictly convex Banach space, we investigate here
lower semicontinuity of the restricted center multifunction Cy : F XV. In par-
ticular, we establish a Haar-like intrinsic characterization of finite dimensional
subspaces V' of Co (T, U) which yields lower semicontinuity of Cy .
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1. INTRODUCTION

Let us be given a family F of nonempty closed and bounded subsets of a
normed linear space X, and a finite dimensional subspace V of X. For F' € F
and z € X, let

r(Fia) = sup{llz — yl| : y € F}
denote the radius of the smallest closed ball centered at x covering F' and let

ryv(F) = inf{r(F;v):veV},
Cy(F) = {voeV:r(F;uw)=rv(F)}.

The number 7y (F') is called the restricted (Chebyshev) radius of F' in V. It
is easily seen that the set Cy (F) is nonempty, closed and convex. A typical
element vy € Cy (F) is usually called a restricted (Chebyshev) center or a best
simultaneous approximant of F' in V. The multifunction Cy : F XV, with
values Cy (F), F' € F, is called the restricted center multifunction.

Let us note that in case F is a singleton {z}, ry (F) is the distance of  from
V, denoted by d(z, V), and Cy (F) is the set

Py(z) ={vg €V :|x— vl =d(z,V)}
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of best approximants to  in V. The multifunction Py : X =XV, in this case, is
usually called the metric projection onto V. The problems concerning various
continuities of metric projection in the Banach space Co(T") of real-valued
continuous functions vanishing at infinity have been significantly investigated
by a number of authors (cf., e.g., [2], [3], [B], [9], [6], [7], [12], [16]). Some of
these results pertaining to lower semicontinuity of metric projection have been
generalized to the space Co(T,U), where U is a strictly convex Banach space
in ([, [, [12)).

The problems concerning various continuities of the restricted center mul-
tifunction have received some attention recently (cf., e.g., [14], [20], [1], ([I5]
Ch. 8, §5), [18], [8], [19]).

Given a finite dimensional subspace V of an arbitrary real normed linear
space X, we investigate here a sufficient condition for lower semicontinuity
of the restricted center multifunction Cy defined on a certain family F of
subsets of X. This extends certain results in [4] for lower semicontinuity of
metric projection. In [8], a characterization of lower semicontinuity of re-
stricted center multifunction defined on a certain family F of subsets of the
space Co(T) (Theorem 3.2) was studied. This result was in the same spirit as
that of the particular case of ([I1], Theorem 4.1) for metric projections. Here
we extend this investigation to the space Cy(T,U). This approach naturally
leads us to our main goal of exploring an intrinsic Haar-like characterization
of finite-dimensional subspaces V' of Co(T',U) , for which the restricted center
multifunction Cy : F XV, with values Cy (F), F € F, is lower semicontinu-
ous.

2. PRELIMINARIES

Throughout the following, X will be a real normed linear space which for
the most part will be the Banach space Cyo(T', U ), where T is a locally compact
Hausdorff space and U is a strictly convex (real) Banach space, and V will be
a finite dimensional subspace of X.

Let us recall that Cy(T,U) consists of all continuous functions f : T — U
vanishing at infinity, i.e, a continuous function f is in Co(7,U) if and only if,
for every € > 0, the set {t € T': || f(t)|| > €} is compact. The space Co(T,U) is
endowed with the norm:

[fI:= max{[|f(®)[} : t € T}, f € Co(T, V).

Throughout the remainder, V will be a finite dimensional subspace of X.
Let CLB(X) denote the family of all nonempty closed and bounded subsets
of X equipped with the Hausdorff metric H defined by

H(A, B) := max{e(A, B),e(B,A)}, A,B e CLB(X),
where e(A, B) := sup{d(a, B) : a € A} denotes the excess of A over B.
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If ¥ C CLB(X), we regard F as a metric space equipped with the induced
Hausdorff metric topology. By a multifunction T : F XV we mean a set-
valued function whose values T'(F'), F' € F are nonempty closed subsets of
V. Recall that a multifunction 7' : F X V is said to be lower semicontinuous
(resp. upper semicontinuous) abbreviated Isc (resp. usc) if the set {F € F :
T(F)NO # 0} (resp. {F € F: T(F)NK # 0}) is open (resp. closed)
whenever O (resp K) is an open (resp. a closed) subset of V. Let us also
recall the notion of the derived submultifunction T* : F XV of T' defined by

T*(F):={veT(F):lim,d(v,T(F,)) =0,
for every sequence F,, in F convergent to F'}.

It follows immediately from the definitions that T is lsc if and only if T' = T™.
Next, let us recall [I7] that a set F' € CLB(X) is said to be sup-compact
w.r.t. V if for each vy € V, every maximizing sequence {f,}, i.e., a sequence
{fn} € F such that lim, || f,, — vo|| = r(F;vp), has a convergent subsequence
converging in F. Clearly, if F' is sup-compact w.r.t. V. then the set

Qrw = {fo € F: | fo—wol| =7r(F;v)}

of all remotal points of vy in F' is non-void for each vy € V. Sets which are
sup-compact (w.r.t. X) are called M-compact in [21]. Examples of sets which
are sup-compact but not compact are also given there. Let

s-Ky(X) :={F € CLB(X) : F is sup-compact w.r.t V
and ry(F) > rx(F)}.
In the sequel, for some of the results to follow, we will take F = s-Ky (X)

which contains the family Ky (X) of all nonempty compact subsets F' of X
satisfying the same restriction ry (F) > rx(F').

3. A SUFFICIENT CONDITION FOR LOWER SEMICONTINUITY OF THE
MULTIFUNCTION C'y,

Throughout this section X will be a (real) normed linear space whose
normed dual will be denoted by X™*, and V will be a finite dimensional sub-
space of X. The weak® or o(X*, X)-topology of X* will be denoted by w*.
Let Ext(B(X™*)) denote the set of all extreme points of the closed unit ball
B(X™) of X*. For the sake of brevity, let us denote

Ex+ = Ext” (B(X™)),
the closure being taken in the w*-topology. Also, for x € X, let
Ep i={a" € Ex~ 1 a7 (z)| = ||z},

denote the set of all critical functionals. Clearly, £, is nonempty and w*-
compact subset of X* for each z € X. For A C X, we denote by A+ the
annihilator of A :

At = {2* € X" : 2" (A) = {0}}.
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For f € X, let
Er-a = Nacalfa
= {z"e€éx-: 2" (f —a)|=||f — af,Va € A}.
For F' in CLB(X), let us denote by G, the subspace
Gr = span{v; — vg : v1,v2 € Cy(F)}.

Note that
g}JT'_ = U {v— UO}L?
veCy (F)
for any fixed vg € Cy(F). Hence, for F' € CLB(X) such that 0 € Cy(F),
we have Gz = Cy(F)L. We will denote the relative interior of Cy (F) by
relintCy (F).

LEMMA 1. Let V' be a finite dimensional subspace of a normed space X,
and let ' € CLB(X) be sup-compact w.r.t. V. If vy € relintCy (F'), then

(1) Ef—vy = Epy—cy (k) € GF N Ex=,

for every fo € QFu,. Also

(2) Q= () Qrw
veCy (F)

Proof. Let vy € relintCy (F'). Then there exists € > 0 such that for every
v € Cy(F), whenever |A| < €,v9 + A(v —vg) € Cy(F). Let fo € Qpp, and
x* € Efy—y,- Then for any A with |A| <,
|7 (fo = vo = Alv = o)) [[fo = vo = Alv = wo)|
sup || f —vo — A(v — vo) ||
fer

= 1v(F) = [lfo = voll = |#"(fo — vo)l-

Strict convexity of R entails that z*(v — v9) = 0. Hence, z* € Qfﬁ N Exx.
Therefore,

INIA

gfo—vo c g# N EX*-
Also, if * € &f)_y, and v € Cy(F), then
[1fo = woll 2% (fo — )| = 2" (fo — vo)| = rv (F)
1fo =l
This implies that |z*(fo —v)| = || fo —v|| = rv(F'). Therefore, 2* € 4,4, fo €

QF, and we conclude that

ng_'UO = 5f0—Cv(F)7 and QF,UQ = ﬂ QF,’U-
vECY (F)

v v
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THEOREM 2. Let X,V and F be as in Lemma 1. If
(3) gfo—vo C int (gl{“_ N gX*)?

the interior being taken in the induced w*-topology of Ex+, for every fo € QF .,
whenever vy € relintCy (F), then the multifunction Cy : s-Ky(X) XV is Isc
at F.

Proof. It would be enough to prove that Cj,(F) = Cy(F). Let us denote
int (GENEx+) by M. By hypothesis, for every f € F and 2* € Ex«\M, |z*(f -
vo)| < ry(F). Since M is open in Ex+,

sup sup [|z"(f —wo)| < ry(F).

FEF 27 €5\ M
Let

0<e<iqrv(F)—sup sup [2°(f—wo)|p-
fer .Z’*ng*\./\/[

Since V is finite dimensional, Cy is usc. Therefore, there exists a § > 0 such
that d(v',Cy(F)) < € for every v' € Cy(G) whenever G € s-Ky (X) is such
that H(G, F) < 4. Pick v € Cy(F) such that |[v — /|| < e. For G € s-Ky(X)
such that H(G, F') < min{e, 6} and any g € G, we have

(4) sup. |2%(g — (vo +v" —v))| = sup. |27 (g — )| < 1v(G).
For g e GN F,
(5) sup  [2°(g — (w0 + — )| <
2 EExx \M
< sup [zT(g—wo)l+  sup 27 (v — )
2 EExx \M o €€\ M
< ry(F)—4de+e
< ry(F)—e
< ry(F)—H(G,F)
< rv(Q).

Also, for g € G with g ¢ F, pick f € F such that ||f — g|| < d(g, F) + €.
Then

(6) sup  [a"(g = (vo +v' = v))[ <
r*eExx \M
< sup 2N (f-g)l+ sup 2'(f—wo)l+  sup [a"(v' - )
< H(G,F)+e+ry(F)—4e+e
< ry(F) - e <ry(F) - H(G,F)
< rv(G).

From (4 ) (5) and (6), it follows that 7(G,vp +v' —v) < ry(G). Hence, vy +
v/ — v € Cy(G). Therefore, d(vg, Cy(G)) < |lvg — (vo + v' — v)|| < e. Hence,
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vy € Cy(F). Since C}(F) is closed and relintCy (F') is dense in Cy (F), it
follows that Cf,(F) = Cy(F). O

REMARK 3. Since Cy (F —vg) = Cy(F) — v for vy € V, we can say that if
(7) Ep, Cint (Cy(F) N Exx)

for every fo € Qpo whenever 0 € relintCy (F), then the multifunction Cy :
s- Ky(X) XX Vislscat F. O

4. LOWER SEMICONTINUITY OF C'y IN THE SPACE Cy(7T,U)

Let X = Co(T,U), where T is a locally compact Haussdorff space, and U is
a strictly convex (real) Banach space. Throughout the remainder, V will be a
finite dimensional subspace of X. For X = Cy(T,U), f € X and A C X, let

Z(A):={teT:a(t)=0foral o« € A}.
For a € A, let
E(f —a):={teT:|f{t)—a@®) =If—al},

denote the set of all critical points of the function f — «. Also let

E(f—A) = nN{E(f-a):aec A}
— {teT |f(®) = al)] = |If — af for all a € A},

We note that in case X = Co(T,U) the set of extreme points of the closed unit
ball of X* is given by (cf., e.g., [15], p.422),

ExtB(X") = {z,.; : u* € ExtB(U"), t € T},

where
Ty 1(2) = u(2(t)), v € X.

Also note that in this case if U* is also assumed to be strictly convex, then
in the above representation of ExtB(X™*), we may take v* in S(U*), the unit
sphere of U*.

The following theorem for characterization of restricted centers whose proof
follows easily from ([I7], Theorem 2.6) and the above representation of the
extreme points of B(X™) will be required as a tool in the sequel.

THEOREM 4. Let X = Co(T,U),V = span{vi,...,v,} be an n-dimensional
subspace of X, and vg € V. Let F € K(X). The following statements are
equivalent.

(i) vo € Cv (F).
(ii) For eachv €V,

max{u” (fo(t)—vo(t)u*(v(t)): fo € Qru,,t€ E(fo—vo) and u* € &y (p)o(r)} = 0
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(iii) The origin (0,...,0) of R™ belongs to the convex hull co(S) of S, where

S = {(u" ((fo(t) —vo(t))u (v1(t)), ..., u™(fo(t) — vo(t))u™(vn(t))) :
fo € Qrugst € E(fo — o) and u” € Egy1y—vy(1) } -
(iv) There ezist fi € QFu,ti € E(fo —v0),u; € Efyt)—vo(t)y® = 1,---,m
and A, ..., Am >0 with Y ;" \; = 1, where m < n + 1, such that for
every v € V,

D hiwf (filt) = volts))ug (v(t:)) = 0.
=1

The next lemma is an analogue of Lemma 1 for the present case. Its proof
is exactly identical. Let us recall that we are denoting by Gr the subspace
span{vy — v : v1,v2 € Cy(F)} of V, and by relintCy (F), the relative interior
of C\/ (F)

LEMMA 5. Let X,V and F be as in the last theorem. If vy € relintCy (F),
then
E(f —wo) = E(f —Cv(F)) C Z(GF)
for every f € Qpu,- Also Qruy = Nyecy, (r) LPw-

REMARK 6. Note that Z(Gr) = N{Z(v — vg) : v € Cy(F)} for any fixed
vo € Cy (F). Hence, the conclusion of the lemma can be restated as follows:
If 0 € relintCy (F'), then

E(f —wo) = E(f = Cv(F)) € Z(Cv(F))
for every fy € Qpy. O

4.1. An intrinsic characterization of lower semicontinuity of the mul-
tifunction Cy. As before, let X = Co(7,U) and V be a finite dimensional
subspace of X. The next lemma involves perturbation of sets. For F,G in
K(X), and S C T, we write F|g = G|g if for every f € F, thereisa g € G
such that f|s = g|s, and conversely. The proof is a verbatim reproduction of
Lemma 2 in [§] which was given for Co(T"). However, for the convenience of
the reader, we give it once again here.

LEMMA 7. Let F' € K(X) be such that 0 € relintCy (F) and rv(F) = 1.
Let O be any open neighborhood of Z(Cy(F)). If G € K(X) is such that
Glo = Flo and sup,eq ||lgll = 1, then 0 € Cy(G) and Cy(G) C spanCy (F).

Proof. Since 0 € relintCy (F'), by Lemma 5, E(fy) C Z(Cy(F)) for every
fo € Qro. Also ry(F) = supsep || f]| = 1. Hence [|f|mo < 1 for all f €
F, whenever O is an open neighborhood of Z(Cy (F)). Let 0 < A < 1(1 —
supser || fl|B), where B =T\ O. Let p € Cy(G). Then,

(8) sup |lg — pl| <sup|lg]| = 1.
geG geG
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For any f € F,

If = Aplls 11z + Allpllz
£l +2A

sup || fllp +1 —sup | fl|5
fer fer

VARRVANVAN

1.

Therefore, supsep || f — Apllp < 1.
For any f € F and t € O,

1f@) = Ap@)[ = [If() = Af(E) + Af(t) = Ap(t)]]
< @A =NFON+ AlLfE) = p@)]l
< (1=N+A
1.

Therefore,
(9) sup || f — Apllo < 1.
feF
Hence,
(10) sup [|f — Apl| < 1=rv(F).
feFr

The relation (10) implies that Ap € Cy (F). Since this is true for every p €
Cv(G), we get Cy(G) C spanCly (F).

Also strict inequality in (8) gives strict inequality in (9) and hence in (10),
which is not possible. Thus 0 € Cy (G). O

Let us now recall the following well known result for lower semicontinuity
of metric projection due to Blatter, Morris and Wulbert [2].

THEOREM 8. Let X = C(T) and V be a finite dimensional subspace of X.
The metric projection multifunction Py : X XV is lsc if and only if Z(Py(f))
is open for every f in C(T) for which 0 € Py (f).

We are now ready to state and prove our first main characterization theorem
for lower semicontinuity of Cy . This extends Theorem 2 of [8] and Theorems
6 and 9 of [4].

THEOREM 9. Let V' be a finite dimensional subspace of Co(T,U).

(i) If the multifunction Cy = K(X) XV is lsc for all F € K(X) with
0 € relintCy (F), then

E(g—wv) C int Z(Gg)
for every G € K(X),vg € relintCy (G) and g € Qg v, -
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(ii) The multifunction Cy = K(X) XV is lsc at F € K(X) if
E(f —wv) C int Z(Gp)
for every f € Qp,,, whenever vy € relintCy (F').

Proof. (i) For every F' € K(X) with 0 € relintCy (F'), Cy is given to be Isc
at F. If possible let (i) be not true, i.e., suppose there exists G € K(X), vy €
relintCy (G) and an element gy € Qg v, such that

E(go —vo) € int ﬂ Z(vg — v).
’UECV(G)

Let F' = G — vg. Then 0 € relintCy (F'), and by hypothesis Cy is lIsc at F.
Also let fo = go — vo. Then || fo|| = |lgo — vol| = 7v(G) = ry(F). Therefore,
fo € Qro and E(fo) £ int Z(Cy(F)).

By Lemma 5, E(fy) C Z(Cy(F)). Hence there exists a tg € E(fy) such
that t9 € bdZ(Cy(F)), i.e., there exists a net {ty : A € A} such that ¢, ¢
Z(Cy(F)),\ € A, and tx — to. Let {v1,...,v} C Cy(F) be such that
Vi = span{vy, ..., vy} = spanCy (F'). Two cases arise as follows.

Case (i) Since V is finite-dimensional, if necessary by passing to a subnet,
we may assume that for each A € A there exists some z3 € ;) such that
25 (01 (£4)) # 0.

If necessary by passing once more to a subnet, it can be ensured that there

are signs ¢, € {—1,1}, k=1,...,m, such that we have

eixy(vi(ty)) < 0 and
ery(vp(ty) < 0, kE=2,...,m.

For each 6 > 0, the set Bs = {t € T : | fo(to) — fo(t)| < ¢} is a neighborhood
of ty. Hence there exists A € A such that t\ € Bs. Since t\ € Z(Cy(F)),tx &
E(fo). Since Z(Cy(F)) is a closed set, there exists a compact neighborhood
W of ty such that Z(Cy(F)) N W = (). Without loss of generality, we may
assume that W C By. Let p be a continuous function such that 0 < p(t) < 1
fort € T, p(ty) =1 and p(t) =0 for t € T\ W. Define

f5(t) := p(t) fo(to) + (1 = p(£)) fo ().

Then f5 € Co(T, U) and || fs—foll < & Also, for 0 < & < || foll ~maxicw [Lfo()]l,
it is easily seen that ||fs|| = || fol|. Let F5 = F U {fs}. Then Fs € K(X) for
each 0 > 0 and H(F, Fs) < 0.

We now have an F' € K(X) with 0 € relintCy (F') and T\ W is a neigh-
borhood of Z(Cy(F)). Also Fs € K(X) is such that Fs|p\w = F|p\w and
supprep |[f'l = supsep || f||. Hence by Lemma 7, 0 € Cy(Fs) and Oy (Fs) C
spanCy (F) = V;. Since 0 € Cy (Fy),

rv(Fs) = sup |[f'|| = sup [|f]| = rv(F).
f'E€Fs fer
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We now define an open set A in Vj such that Cy (F)NA # (0, but Cy (F5) N
A = (). Define the set A by

A= {Zakekvk:ak>0, k:zl,...,m}.

k=1

Then 0 € bd A (w.r.t. V1) and 0 € relintCy (F). Hence Cy (F) N A # (). But
for any u € A,

sup [|[f —ull > |[[fs —ul

fEFs
> fs(tn) —u(tr)|l
> x\(fs(ta) —u(ty))

23 (folto)) = Y arera (vi(t)

k=1

= | foll = ) arerwi (ve(ta))

ps
> ry(F) =ry(Fs).

In the above set of inequalities, ¢y is a fixed element of the net {t) : A € A}
such that ¢ty € Bs and u = Z;nzl arepvg for some ap > 0,k =1,...,m. Hence
for any u € A,u & Cy(Fy), i.e., Cy(Fs) NA=10.

If the net {t) : A\ € A} does not satisfy the conditions that we assumed in
the first case, then we need to consider the following alternative.
Case (ii) By passing to a subnet, if necessary, we may assume that

u*(vi(tx)) = 0 for all A € A and u* € &y ).

Let u} € Ef,(t9)+u1(ty)- Since U is strictly convex and vy (ty) is not proportional
to fo(to),u & Efy(ty)- Therefore,

ux(fo(to)) < [l folto)ll-
Also, for 2* € & (1,), we have
[fo(to) +v1(t)[l = 2" (fo(to)) + 2" (vi(tx)) = [l fo(to) -

Therefore,

[foCto)ll < [[fo(to) +vi(ta)]l = uX(fo(to) + vi(tr))
< [fo(to)ll +u3(vi(tr)).

Hence, it follows that
(11) 1fo(to) +vi(tn)[| = rv (F)
and u3 (vi(ty)) > 0 for each A € A.
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If necessary by passing once more to a subnet, it can be ensured that there
are signs €, € {—1,1}, k=1,...,m, such that we have
euy(vi(ty)) < 0 and
Gkui(’l)k(t)\)) S 07 k= 27 -, M

For 6 > 0, the set

Bs:={t € T : || fo(to) = fo(t)|| < &/3,[lvr(#)]| < /3 and
| [ fo(to) + w1 (@)l = v (F) | < 6/3}
is a neighborhood of ty. Hence there exists A € A such that ¢, € Bs. Also,
there exists a compact neighborhood W of ¢ such that WNZ(Cy (F)) = (. We
may assume, without loss of generality, that W C Bs. Let p be a continuous

function such that 0 < p(t) < 1fort € T, p(ty) =1 and p(t) =0 for t € T\ W.
Let us define

f5(8) 1= 1v (F) (p(t) pRoefEestial, o (v (F) (1 = pl(t) folt))
Then f5 € Co(T,U), and using (11), for t € By, we have
1£3(t) = fol®) | = v (F)p(t) || piedtstiak, — (ry (F))~ fot)|

rv(F)p

m\%(?ﬁo) fo(t) +v1(ty)

+ (1=l folto) + v (&) (rv (F)) ") fo (1)
< [[fo(to) = fo@) |+ lor (Ea) [+ v (F) = [ fo(to) +vr(EA)]] | < 6.

For t ¢ By, we have fs(t) = fo(t). Hence, ||fs — fo|| < . Also, for

—~

0 <0 <[ foll = max [ fo(®)l],

it is easy to see that || fs]| = || fol|. Thus again defining Fs := F'U{fs}, we have
F5 € K(X) for each § > 0 and H(F, Fs) <.

Exactly as in case(i) we again have an F' € K(X) with 0 € relintCy (F) and
T\ W is a neighborhood of Z(Cy (F)). Also Fs € K(X) is such that Fs|p\w =
F|pw and suppcp, || f'|| = supsep || f||. Hence by Lemma 7, 0 € Cy (Fs) and
Cy (Fs) C spanCy (F') = Vi. Again since 0 € Cy (Fj),

rv(Fs) = sup |[f'|| = sup || f|| = rv(F).
f'E€Fs feFr

Consider again the open set A in V; defined by

m
A::{Zakekvk:ak>0, k‘:1,...,m}.

k=1
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Note that 0 € bd A (w.r.t. V1) and 0 € relintCy (F). Hence Cy (F) N A # 0.
However, for each u € A,

sup ||f —ull > [|fs — ull
feFs

> || fs(ta) — ultx H

fs(ta Zak«fkvk 5) )

o (v () (folto)+v1 (t2)) .
5 (R ) "£§;<lkekuA(vk(tA))
> Tv(F).

Therefore, Cy (Fs) N A = (). Thus in either case the hypothesis that the multi-
function Cy is Isc at F' is contradicted, and we conclude that contrary to our
assumption, E(gyp — vo) € int Z(Gg) must hold. This completes the proof of
().

(ii) The proof of Theorem 2 (ii) of [8] extends verbatim to the present case. [J

Y

I
S

We can now state a global necessary and sufficient condition for lower semi-
continuity of Cy as follows.

THEOREM 10. Let V be a finite dimensional subspace of X = Co(T,U). Then
the multifunction Cy : K(X) XV is lsc if and only if for each F € K(X), we
have

E(f — ’Uo) Q nt Z(gp)
for every f € Qp.,, whenever vy € relintCy (F).

The next theorem partially extends Theorem 4.5 of Blatter, Morris, and
Wulbert [2].

THEOREM 11. Let X,V as in the last theorem. If for every F € K(X)
with 0 € relintCy (F), the set Zp := Z(Cy (F)) is open, then the multifunction
Cy: K(X)XV is lsc.

Proof. Let F € K(X) and v € relintCy (F'). Since Cy (F—vg) = Cy (F)—
and Cy is Isc at F' if and only if it is Isc at F' — vy, we may assume, without
loss of generality, that 0 € relintCy (F). Let fy € QF,,. Since Zp is both open
as well as closed, the function gg : T'— U defined by

), iftez
wlt) = 4 S0l T
0, lftET\ZF,

isin Co(T,U). Let Y :={z* € X* : *(go) > 0}. Then ) is w*-open. Also, if
Tyey € Ex+ N ), then

Ty (V) = u*(v(t)) = u*(0) = 0 for all v € Cy (F).
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Hence, Ex+ N C CF(F) N Ex+. Since
Ef CEx-NDY_ CCp(F)NExe,

Efy C int (CE(F) N Ex+, and by Theorem 2, we conclude that Cy is lsc at
F. U

4.2. Characterization of lower semicontinuity of Cy using Haar-like
condition. Our goal here is to give an intrinsic characterization of finite di-
mensional subspaces V' of Co(T,U) for which the restricted center multifunc-
tion Cy : K(X) XV is Isc.

Let us recall that a finite dimensional subspace V' of Cy(T') is called a Haar
subspace (or that it is said to satisfy Haar condition) if for each v € V '\
{0}, cardZ(v) < dim V —1. It is easily seen that V is a Haar subspace of dimen-
sion n if and only if dim V'|g = n for every subset S of T" such that card(S) = n.
Here card(S) denotes the cardinality of S and V'|g := {v|s : v € V'}. Let us also
recall the generalized Haar condition introduced by Zukhovitskii and Stechkin
[22] for a finite dimensional subspace V of Co(T,U). Consider the following
properties of V.

(T),) For each v € V' \ {0}, there are at most m zeros in 7.

(P,,) For each set of m distinct points t; € T and m elements u; € U, there
exists at least one v € V, such that

o(ti)) =u;y 1=1,...,m.

An n-dimensional subspace V of Cyo(T,U) is said to satisfy the generalized
Haar condition if either dimU = k < n and V satisfies conditions (7},) and
(P,,) where m € N is the unique integer satisfying

mk <n < (m+ 1)k,

or dimU > n, and V satisfies condition (7p). It is easily seen that in case
dimU = k < oo,V satisfies conditions (7},,) and (P,,) if and only if for any
finite set S C T,

dim V|g > min{dim V, k.card(S)}.

For finite dimensional subspaces V of Cy(T'), the following extension of Haar
condition is due to W. Li [10].

DEFINITION 12. V' is said to satisfy property (Li) if for every v € V '\ {0},
cardbdZ(v) < dim{p € V : plins z(v) = 0} — 1.

For finite dimensional subspaces V' of Cy(T,U), the following variant of the
generalized Haar condition is also due to W. Li [12].

DEFINITION 13. A finite dimensional subspace V' of Co(T,U) is said to
satisfy property (1i') if for every v € V '\ {0},

cardbdZ(v) < (dim U) ™" - dim{plpaz(w) : » € V and pling z() = 0}-
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Note that if T is connected, then property (Li) coincides with the Haar
condition. Moreover, in case dimU = k < n = dimV, the property (Li’) is
implied by the generalized Haar condition.

We require the following lemma due to W. Li [12] to prove the next theorem.

LEMMA 14. For a finite dimensional subspace V' of Co(T,U), the following
statements are equivalent.

(i) The metric projection multifunction Py : X XV is Isc.
(ii) V satisfies property (Li').
(i) For any set {t; : 1 <i <m} C T, if there existu; € U*\{0},1 <i<m
such that

D u(v(t) =0, wvev,
i—1

then for any v € V with {t; : 1 <i <m} C Z(v), we have
{ti: 1 <i<m} Cint Z(v).

The next theorem gives an intrinsic characterization of finite dimensional
subspaces V' of Cy(T,U) for which the restricted center multifunction Cy is
Isc. It generalizes Theorem 3 of [§].

THEOREM 15. For a finite dimensional subspace V' of Co(T, U), the following
statements are equivalent.

(i) The multifunction Cy : Ky (X) XV is Isc.
(ii) V satisfies property (Li').

Proof. We imitate here the proof of Thorem 3 of [§].
(i) = (ii) : The statement (i) restricted to singletons is nothing but the lower
semicontinuity of metric projection Py . It follows from Lemma 14 that the
lower semicontinuity of metric projection Py is equivalent to V satisfying
property (Li’). Hence (ii) is true.
(ii) = (i): In view of Theorem 9 (ii), without loss of generality, it is enough
to prove that property (Li") gives,

(12) E(fo) C intZ(Cy(F))

for all fo € Qpo, whenever F' € Ky (X) and 0 € relintCy (F). We prove
this by the method of contradiction. Assume (12) does not hold for some
F € Ky(X) and some fo € Qpp, where 0 € relintCy (F'). For simplicity,
we denote int Z(Cy(F)) by M. Therefore, we have Ay = E(fo) \ M # 0,
for some fy € Qpo. Let Ty := T \ M, Fy := (F)|r,, and Vy = {v|p, : v €
V and v|pr = 0}.

We claim that ry (F') = v, (Fp), 0 € Cy, (Fp), and

Age ={t € To: [fo@®Il = lfollzo }-
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If v € Vp, then v|py = 0. Hence

sup sup || f(¢) — v(#)[| <

feF teT
< sup max {sup 1F() = w(®)], sup uf(t)n} .
feF teTy teM

Since 0 € Cy (F),sup || f(t)| < ry(F). If for some v € Vj,
fer
(13) sup sup L £(2) — v(t)]| < sup sup [ 75,
feF teTy feFteM
then supsup || f(t) —v(t)|| < rv(F). Hence v € Cy(F'). By Lemma 1, fy which
feEF teT

is a farthest point in F' of 0 is also a farthest point of v. By our assumption,
Ay, C Ty, and it contains points of E(fo — Cy (F')). Therefore,

sup sup || f(t) —v(t)[| = rv(F),
fEF teTy

and we get equality in (13). Hence we have,

rv(F) = inf supsup |£(t) — v(?)]
VeV feF teT
< inf supsup [ f(t) — v(t)]]

veVo fep teT

= inf supsup || f(t) — v(t)]
veVo feF teTy

= TVU(FO)-
Also for every f € F,
rv(F) = [lfoll = llfollm,
> £l
> |fln,

ie., ry(F) > supsep | fllmy > rv, (Fo). Hence ry (F) = 7y, (Fo), and || follz, =
v, (Fo), which in turn implies that 0 € Cy;, (Fp).

From the above, it also follows that Ay = {t € Ty : | fo(t)|| = || follm }, i-e.,
Az = E(fo) NTy. Hence Ay, is none other than the set of all critical points
of 0 with fo|r, as the farthest point.

Let Xo = Co(Tp,U). By the assumption 7y (F) > ry(X), and condition
(iv) in the characterization theorem (Theorem 4) applied to 0 € Cy,(Fp),
there exist scalars \; > 0, functionals v; € mw*B(U *), points t; € Ty, and
elements fio € Fy,i=1,...,m such that

(14) S oxi=1, ()] = rv (Fo)
=1
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and
(15) D A (f0(t:))vi (v(t:)) = 0 for all v e V.
i=1
Since f? is of the form f;|z, for some f; € F, we have, in fact, {t1,...,tm} C

E(fi). By Lemma 5, {t1,...,tn} € Z(v) for all v € Cy(F). Since V satisfies
property (Li’), taking u} = A\jvf (f°(t;))v} in Lemma 14 (iii), we get, for every
veCy(F),

{tl, e ,tm} CintZ(v) N Tp.

Since V is finite dimensional, this in turn implies that,

{t,...,tm} Cint [ (Z(v) NTY).
UECV(F)

This contradicts the definition of Ty. Hence E(fp) C intZ(Cy (F')) must hold
for every fo € Qpp, 0 € relintCy (F) and F € Ky (X). We can now apply
Theorem 9 (ii) to conclude that the multifunction Cy is lsc. O

As observed in Theorem D and Theorem 3 of Li [12], in case U is a strictly
convex Banach space such that dimU = k£ < n, and V is an n-dimensional
subspace of X, the generalized Haar condition consisting of (P,,) and (7,)
where m € N is the unique integer satisfying mk < n < (m+ 1)k is equivalent
to the condition

(16) cardZ(v)) < (dim U)~* - dim{plpiz(v) : p € V and pling z(») = 0}
In conjunction with Theorem 3.5 of [I7], this result yields the next theorem.

THEOREM 16. Let U be a k-dimensional Euclidean space and V' be an n-
dimensional subspace of X = Co(T,U). If k < n, then in order that Cy (F')
be a singleton for each F € K(X) it is necessary and sufficient that condition
(16) be satisfied.
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