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ON THE CONVERGENCE OF STEFFENSEN-TYPE METHODS
USING RECURRENT FUNCTIONS

IOANNIS K. ARGYROS* and SAID HILOUT'

Abstract. We introduce the new idea of recurrent functions to provide a new
semilocal convergence analysis for Steffensen—type methods (STM) in a Banach
space setting. It turns out that our sufficient convergence conditions are weaker,
and the error bounds are tighter than in earlier studies in many interesting
cases [1]-[5], [12], [14]-[17], [23], |[24], |26]. Applications and numerical examples,
involving a nonlinear integral equation of Chandrasekhar—type, and a differential
equation are also provided in this study.
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1. INTRODUCTION

In this study we are concerned with the problem of approximating a locally
unique solution x* of equation

(1) F(z) + G(z) = 0,

where F' is a Fréchet—differentiable operator defined on a convex subset D of a
Banach space X with values in X', and G : D — X is a continuous operator.

A large number of problems in applied mathematics and also in engineering
are solved by finding the solutions of certain equations. For example, dynamic
systems are mathematically modeled by difference or differential equations,
and their solutions usually represent the states of the systems. For the sake
of simplicity, assume that a time—invariant system is driven by the equation
& = T(z), for some suitable operator T', where z is the state. Then the equi-
librium states are determined by solving equation . Similar equations are
used in the case of discrete systems. The unknowns of engineering equations
can be functions (difference, differential, and integral equations), vectors (sys-
tems of linear or nonlinear algebraic equations), or real or complex numbers

x Cameron University, Department of Mathematics Sciences, Lawton, OK 73505, USA,
e-mail: iargyros@cameron.edu.

t Poitiers University, Laboratoire de Mathématiques et Applications, Bd. Pierre et
Marie Curie, Téléport 2, B.P. 30179, 86962 Futuroscope Chasseneuil Cedex, France, e-mail:
said.hilout@math.univ-poitiers.fr.


www.ictp.acad.ro/jnaat

2 On the convergence of Steffensen—type methods 131

(single algebraic equations with single unknowns). Except in special cases,
the most commonly used solution methods are iterative — when starting from
one or several initial approximations a sequence is constructed that converges
to a solution of the equation. Iteration methods are also applied for solving
optimization problems. In such cases, the iteration sequences converge to an
optimal solution of the problem at hand. Since all of these methods have the
same recursive structure, they can be introduced and discussed in a general
framework.
We introduce Steffensen’s-type method (STM)

(2) Tpy1 = Ty — ALY (F(zn) + Glap)) (n>0), (20 € D),
A, = A(xn) = [xnaCI(mn);F]i%

has been used to generate a sequence {x,} approximating z*, when G = 0 on
D [, [12], 1417, [23], [24], [26].

Here, [x,y; F] denotes a divided difference of order one of F' at points x, y,
satisfying

(3) [z, y; Fl(y —2) = F(y) — F(z), x,yeD, x#y,

and ¢ : X — X is a continuous operator.

Note that if G = 0, and ¢(z) = x, then, reduces to Newton’s method
[B1, [, [12], [20]-]23], [24]-[28]. Moreover, if ¢(z) = z, (STM) reduces to
Zincenko’s method [4], [28].

Case G = 0. If g(x) = z for € D and under Kantorovich—type assumptions,
Rheinboldt [25] established a convergence theorem for Newton—type
method (NTM), which includes the Kantorovich theorem for the New-
ton method (A(xz) = F'(z)) as a special case [I], [4], [14]. A further
generalization was given by Dennis in [I0], Deuflhard and Heindl in
[11], [12], Potra in [23].

Miel [20], [21] improved the error bounds for Rheinboldt [25]. Moret
[22] obtained a convergence theorem as well as error bounds for (NTM)
under stronger conditions than those of Rheinboldt.

Case G # 0. If A(z) = F'(x), (x € D), Zabrejko and Nguen [27] established
a convergence theorem for the Krasnoselskii—Zincenko—type iteration
[28]. Later, Yamamoto and Chen [§] extended the results in [27], [28],
when A(z) is not necessarily equal to F’(z). Under the same condi-
tions, the results were specialized in [7], [9], [18], [19] for Broyden-like
methods. More recently, Argyros [5] provided a unified convergence
theory for even more general (NTM).

In this study, we provide a semilocal convergence analysis for (STM) by in-
troducing recurrent functions. This new idea leads to an analysis with weaker
sufficient convergence conditions than before [1]-[5], [12], [14]-][17], [23], [24],
[26].
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Numerical examples and special cases are also given in this study, to show:
our results can apply to solve equations, where earlier ones cannot, and also
provide tighter error bounds.

2. SEMILOCAL CONVERGENCE ANALYSIS OF (STM)

We need the following result on majorizing sequences for (NTM).

LEMMA 1. Assume: there exist constants K > 0, M > 0, p > 0, L > 0,
and n > 0, such that:

(4) 2M<K;
Quadratic polynomial f1 given by
(5) fils)=2Lns*— (20 ~Ln)~Kn)s+2(Mn+p),
has a root in (0,1), denoted by g, and for
(6) 8o = T AL,
(1) N 2 (K—2 M)

T k+VEK2+8L (K -2 M)
the following holds
(8) Jp <0 <2a.
Then, scalar sequence {t,} (n >0) given by

K (tnt1—tn)+2 (M tn+
(9) to=0, t1=mn, tpy2=tnp1+ ( +21 (1—)L tn-(i—l) ! (tnt1 — tn)

1s increasing, bounded above by
2
(10) = %,

and converges to its unique least upper bound t* € [0, t**].
Moreover the following estimates hold for alln > 1:

(11) tns1 —tn <5 (tn —taz1) < (3)" n,
and

2 o\"
(12) —tn < 375 (5)"

Proof. We shall show using induction on the integer m:

_ K (tm _tm)""z (M tm+11)
(13) 0 < tmy2—tmy1 = +21 (I=L tmi1) (thrl - tm)

< S (tms1 —tm),

and

(14) Lt < 1.
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If and hold, we have holds, and
tmt2 < tmg1 + 3 (tmg1 — tm)
tm + 3 (tm — to1) + 3 (tm+1 = tm)
+
n+(5) n+-+(3)"

§\m+2
1-13 2
Dnegg=r iy

Estimates and hold by the initial conditions for m = 0. Indeed
and become:

<
<

K (t1—to)+2 (M to+
0<to—t; = K(lQQ(E)PL(tl)O ©) (51—750)
2(%%(tl—to):é)(h—to)ﬁg(tl—to),
Ln<1,

which are true by the choices of dp, and §, (), @, and the initial conditions.

Let us assume , and hold for all m <n + 1.
Estimate can be re-written as

K (tmst —tm) +2 (Mt + 1) < (1 — L typsn) 8

or
(15) K (tmy1 —tm) +2 (M ty,+p) +6 Lty <0,
or
d\m sym+1
(5) -3

77+u)+5L_12)677—6§().
2

(16) K (§)"n+2 (M=

[Nelfs2!

Replace by s, and define functions f,, on [0, +00) (m > 1):
2

(17) fm(s) = Ksmn—l—Q[M(l—{—s—f—sQ—l—-'-—{—sm_l)n—l—,u}
+2sL(1+s+---+s")n—2s.

We need to find a relationship between two consecutive f,:
(18)
ferl(S) = K8m+177+2<M(1+5+52+"‘+5m_1+8m)n—|—u>
+2sL (1+s+-+sm+sm)p-2s
= Ks"n—Ks"n+Ks™n
+2 (M(1+8+52+...+8m—1)77+u)
+2M s n+2sL (1+s+---+s")n+2s Lsmln-25
= fm(s)"‘KSmHU—Ksmn+2Msmn+23Lsm+1n
= fm(s) +g(s) s™ n,

where

(19) g(s)=2L s +Ks+2M-K.
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Note that in view of , function g has a unique positive zero « given by

@, and

(20) g(s) <0 s € (0,a).
Estimate certainly holds, if
(21) fm(3) <0 (m=>1).

Clearly, holds for m =1 as equality. We then get by , f:
£2(3) = fi(§) +9(3) §n=9(3) §n <0,
Assume holds for all £ < m. We shall show for m replaced by
m + 1. Indeed, we have

frn1(3) = fm(3) +9(3) (5)"n <0,
which shows for all m.
Moreover, we obtain

foo($) = lim fm($) <0.

m—o0

That completes the induction.

Moreover, estimate follows from by using standard majorization
techniques [2], [4], [14].

Finally, sequence {t¢,} is increasing, bounded above by
converges to its unique least upper bound t*.

That completes the proof of Lemma [l

t**, and as such it

REMARK 2. The hypotheses of Lemma [I| have been left as uncluttered as
possible. Note that these hypotheses involve only computations only at the
initial point x¢. Below, we shall provide some simpler but stronger hypotheses
under which the hypotheses of Lemma [I] hold. O

We can also show the following alternative to Lemma

LEMMA 3. Let K >0, M >0, u >0, with L >0, and nn > 0, be such that:
p<a, 2M<K,

and

(22) 0<ha=an<s3,

where

(23) a=gaoy max{2La®+2La+Ka+2M K+2al}.

Then, the following hold:
f1 has a positive root %, max{dp, 0} <2 a,
and

the conclusions of Lemma hold, with o replacing g.
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Proof. 1t follows from , that

(24) fm(a) = fi(e) <0, m=>1,
which together with f1(0) = 2 (M n+p) > 0, imply that there exists a positive
root g of polynomial fi, satisfying

(25) 5§<2a.
It also follows from @, and that
(26) 00 <2 a,

and holds, with « replacing % (by ) Note also « € (0,1) by .

That completes the proof of Lemma
We shall show the following semilocal convergence theorem for (STM).

THEOREM 4. Let ' : D C X — X be a Fréchet—differentiable operator,
G : D — X be a continuous operator, [x,y; F] be a divided difference of
order one of F' on D, satisfying , q : D — X a continuous operator, and
let A(x) € L(X,X) given in be an approximation of F'(x). Assume that
there exist an open convex subset D of X, xog € D, a bounded inverse Aal of
Ag, and constants K > 0, My >0, 8 >0,b>0, po >0, ug >0, n > 0,
parameter « € [0,1), such that for all x,y € D:

(27) 145" [F(20) + G(zo)]|l <,

(28) 145 [F'(z) = F'(y)]ll < K [l =y,

(29) 145 [F'(x) = A@@)]|| < Mo ||z = q(@)[| + po,

(30) 145" [A(2) — Aol < B (lz — woll + llg(x) — a(zo)[)),
(31) 145" [Ga) = Gl < m |z = yll,

(32) la(z) — q(zo)l| < b |lz— xol|,

(33) > lrozabooll,

(34) U(zo,t*) ={z € X, ||z — x| < t*} C D,

and the hypotheses of Lemmas[1, or[3| hold with
= po + p1, M:M0(1+b)a

po = Mo [lzo —q(xo) ||, and L= (1+0) B
Then, sequence {xn} (n > 0) generated by (STM) is well defined, remains
in Ul(xo,t*) for all n >0, and converges to a solution z* of equation F(x) +
G(z) =0 in U(xzg, t*).
Moreover, the following estimates hold for all n > 0:
(35) Hxn—‘rl - xn” < tn—l—l —ln,
and

(36) [zn — 2| < 7 —tn,
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where sequence {t,} (n >0), and t* are given in Lemma .7
Furthermore, the solution x* of equation is unique in U(xg,t*) provided
that:
(E+M+L)tr+p<1
5 .

Proof. We shall show using induction on m > 0:

(37) ||$m+1 - xm” <tmt1 — tm,
and
(38) U(Zmi1, 1" = tmy1) C U(Zm, t° — ).

For every z € U(z1,t* — t1),
Iz = zoll < [lz — 2l + [lz1 — ol

< =ty +Ht =t —ty,
implies z € U(xg,t* — tg). We also have
21 = @oll = [ 45" [F(w0) + G(o)]|l <1 =t1 — to.
That is and hold for m = 0. Given they hold for n < m, then:
m—+1
[Zmi1 — 2ol < > llwi — 2]
i=1
m—+1
< Y (ti—tic1) = tmg1 — to = tmy,
i=1

and
tm + 0 (g1 — tm)
t*,

me +0 (xm—l—l - wm) - CCO” <
<
for all 6 € (0,1).

‘We have:

llg(zma1) — ol lq(zma1) — q(zo)ll + [lg(xo0) — ol
b || Tmi1 — ol + ||g(x0) — zo|
b (tms1 — to) + |lg(xo) — zol|

bt* 4 ||q(wo) — zof| <t < 1

INIAIAIA

by .
Using , , and the induction hypotheses, we get:

145" [Ami1 — Aol B ([|zm+1 — zol| + la(@m+1) — g(@o)[)
B ([lem+1 — zo|| + bl|zm41 — @ol])
L |[zms1 — o

L (tm—i-l — to) =1L tmt1 < 1.

It follows from (39)), and the Banach lemma on invertible operators [4], [14]
that A;ZIH exists, and

(40) 1475 Aol < (1= L ting1) ™

(39)

VAN IR VAVAN



8 On the convergence of Steffensen—type methods 137

We have for z € U(zg,t*):
(41)
IAGY [F'(x) — A=) My ||z — q(z)||
My |[(x—z0)+ (0 —q(0)) +(q(70) —q(x))]
Mo (lz—zol|+S|w0—g(xo)l| + b |z —z0l])
Mo (1 +0) flz — 2ol + [lzo — g(z0)|])
M ||z — zol| + po.

I VA VAR VAR VAN

Using , we obtain the approximation:
(42)
Tm+2 — Tm+1 = _A;@h-l (F(zmt1 + G(rmy1))

= A Ao A

1
(/0 F'(xmp +0 @m—2mt1) — F' (2m)] (Tms1—2pm) db
H(F (2m) = Am) (#ms1 = ) + Glami1) = Glom)

Using , , , 7, and the induction hypotheses, we obtain

in turn:
(43)
[Zmi2 = Tmya|| < (1L tm—i—l)_l (% |Tm+1 — $mH2
HM =01+ 0T 1~ ol + 1 [T 1~ )
< (1_L tm-‘rl)il (%(tm—i-l_tm)_'_th"i‘M) (tm-‘rl_tm)
= tm+2 - tm—&-h

which shows for agm > 0.
Thus, for every z € U(zy42,t* — timt2), we have:

12 = 2miall < [z = 2mgall + [[eme2 — Zma |
< - tm—|—2 + tm+2 - tm—l—l =t* - tm—l—ly

which shows for all m > 0.

Lemmas (1| or 3| imply that sequence {t,} is Cauchy. Moreover, it follows
from and that {x,} (n > 0) is also a Cauchy sequence in a Banach
space X, and as such it converges to some x* € U(zg,t*) (since U(zg,t*) is a

closed set).
We also have by (42) and (43):

146 (F @1 + Glam)|

K
< |:2(tm+1 —tm) + Mt,, + M} (tmt1 — tm)

K
< <2(tm+1 —tm) + Mt" + M) (tm+1 —tm) = 0

as m — 00.
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Hence, by the continuity of operators F' and G we obtain
F(z*) 4+ G(z*) = 0.
Furthermore estimate is obtained from by using standard majoriza-

tion techniques [2], [4], [14]. Finally to show that * is the unique solution of

equation (1)) in U(zo, t*), as in and , we get in turn for y* € U(xo, t*),
with F(y*) + G(y*) = 0, the estimation:

(44)
ly* = zmell < AL Aol

N 1
(] 145" (P @0 (57 =) =F @) 00
HIAG [F' () = Anll) lly* — 2m+
145" [Gem) — G}
< (= Litmy)™" (5 lly* —oml?+
(M llzm — 0]l + ) ly* — o]

< (-Ltne) ™ (5 € = )02 tytn) I =

< (1-Lt)! (f; (t* —to) + M t* + u) 2% — |

< y* =zl

by the uniqueness hypothesis.
It follows by that lim z,, = y*. But we showed lim x,, = x*.
m—>r00

m—>r00
Hence, we deduce x* = y*.

That completes the proof of Theorem O

Note that t* can be replaced by t** given by in the uniqueness hypoth-
esis provided that U(xzg,t**) C D, or in all hypotheses of the theorem.

REMARK 5. A direct comparison between earlier results and ours is not
possible at this generality. Let us then set G = 0 on D. Pavaloiu [15]—
[17] has made an extensive research on Steffensen’s method in this case, and
under various conditions. In particular, in [I7], Pavaloiu extended some results
of ours [I] from the Secant method to Steffensen’s method using the set of
hypotheses:

(45) Iy, w; F] = [z,y; F]|| < c1llz — ul| + coflz — yl| + esllu =yl
(46) I, y; FI7H| < ea,

(47) [F(g(x)]l < es||F ()],

(48) |z —q(2)|| < ezl F()]),

to provide the semilocal convergence theorem for Steffensen’s method.
Here, some advantages of our approach:
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(a) Our results are given in affine invariant form. The advantages of affine
invariant over non-affine invariant results have been explained in [4],
[12].
(b) Hypotheses 7, and are simpler, and weaker than (45])—
(48)-
In a future paper, we hope to find a result, similar to Lemma [I] but where
conditions f are used, so we can have a more direct comparison be-
tween our results and the corresponding ones in [17]. O

3. SPECIAL CASES AND APPLICATIONS

APPLICATION 6. Let q(x) = z, G(x) =0 (x € D). We can now compare
our Theorem [4] with the Newton—Kantorovich theorem for solving equations in
the interesting case of Newton’s method [4], [14].

The famous for its simplicity and clarity Newton—Kantorovich hypothesis
for solving nonlinear equations

(49) hk=Kn< %

Note that in this case, functions f,, (m > 1) should be defined by
(50) f(s) = (K s™ ' +2L (1+s+s*++s"))n—2,
and
(51) Fs1() = Fs) + g(s) ™ m.

However, it is simple algebra to show that conditions reduces to:
(52) ha=Ln<j3,
where

L=3 (K+4L+VEK?>+8K L).

Note also that
(53) L<K

holds in general, and % can be arbitrarily large [4].

In view of , and , we get
(54) hg < 5 =>ha <3,
but not necessarily vice versa unless if L = K.

In the example that follows, we show that % can arbitrarily large. Indeed:

ExXaMPLE 7. Let X =Y =R, 29 = 1, and define scalar functions F' and G
by

(55) F(x) =co x+c1+cp sine® | G(z) =0,

where ¢;, 1 = 0,1,2,3 are given parameters. Using , it can easily be seen
that for c3 large and co sufficiently small, % can be arbitrarily large. O
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In the next examples, we show is violated but holds.
EXAMPLE 8. Let X =Y = R?, equipped with the max norm, and
zo=1DTY, Uy={z: |lz—x||<1-¢}, ce [O, %)
Define function F' on Uy by
(56) Fa)=(-e& -0, z=(,&)"
The Fréchet—derivative of operator F' is given by
Fl(z) = [ 305% 3%% } .
Using hypotheses of Theorem [4, we get:
n=3(-¢c), L=3-¢, and K=2 (2—¢).
The Newton—Kantorovich condition is violated, since
(-0 (2—¢)>1 forall cel0,3).

Hence, there is no guarantee that Newton’s method converges to x* =
(Ve, Ve)T, starting at .

However, our condition is true for all c € I = [.450339002, 1), Hence,
the conclusions of our Theorem (4] can apply to solve equation (56 for all
cel. O

EXAMPLE 9. Let X = Y = C[0,1] be the space of real-valued continuous
functions defined on the interval [0, 1] with norm

] = ma. [z(s)].

Let 6 € [0,1] be a given parameter. Consider the “Cubic” integral equation

1
(57) u(s) = w3(s) + Au(s) /0 o, ) u(t) dt + y(s) — 0.

Here the kernel ¢(s,t) is a continuous function of two variables defined
on [0,1] x [0,1]; the parameter A is a real number called the “albedo” for
scattering; y(s) is a given continuous function defined on [0, 1] and z(s) is the
unknown function sought in C[0,1]. Equations of the form arise in the
kinetic theory of gasses [4], [6]. For simplicity, we choose ug(s) = y(s) = 1,
and ¢(s,t) = ==, for all s € [0,1], and ¢ € [0,1], with s +¢ # 0. If we let

s+t
D = U(ug,1 — 0), and define the operator F' on D by

1
(58) F(z)(s) = 23(s) — (s) + A z(s) /0 q(s,t) z(t)dt + y(s) — 0,

for all s € [0, 1], then every zero of F satisfies equation ([57)).
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/Sj_tdt' =1n2.

Therefore, if we set & = ||[F'(ug)~!||, then it follows from hypotheses of
Theorem [ that

We have the estimates:

max
0<s<1

n=¢& (A In2+1—6),
K=2¢(ANI2+3(2-6)) and L=¢ (2 A In2+3(3—6)).

It follows from Theorem |4f that if condition holds, then problem
has a unique solution near ug. This assumption is weaker than the one given
before using the Newton—Kantorovich hypothesis .

Note also that L < K for all § € [0, 1]. O

ExAMPLE 10. Consider the following nonlinear boundary value problem [4]

u// — _u3 — u?
{ u(0) =0, wu(l)=1.

It is well known that this problem can be formulated as the integral equation

1
(59) u(s) = s +/0 Q(s,t) (ud(t) +~ u?(t)) dt

where @ is the Green function:

t(1—s), t<s
Q(S’t):{ s(1—t), s<t.

We observe that

1
-1
Jmax, /0 Q(s, 1) = 3-
Let X =Y = C[0, 1], with norm

] = max [a(s)]

Then problem is in the form , where ' : D — Y is defined as

1
[F(2)] (s) = 2(s) — s — /0 Q(s,t) («°(t) + 2°(t)) dt,

and
G(z) (s) = 0.
It is easy to verify that the Fréchet derivative of F' is defined in the form

1
[F(2)0] (s) = o(s) - /0 Q(s,t) (3 2%(t) +2 7 x(t)) w(t) dt.
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If we set ug(s) = s, and D = U(ug, R), then since ||ug|| = 1, it is easy to
verify that U(ug, R) C U(0, R+ 1). It follows that 2y < 5, then

2
17— F(ug)| < Peolgoliel — St

HF/(UO)_lu < 1_ ?}-5-27 = 578277
8

JF(u)] < Lol et - 2
h 1
I1F(uo) ™" F(uo)| < 5—+277.

On the other hand, for z,y € D, we have

1
[(F"(z) = F'(y))v] (s) = —/0 Q(s,)(32°(£) =3 y*(t)+27 (a(t)—y(1)))v(t)dt.

Consequently,
lz—yll2y+3(z]l+llyl))
g
llz—yll(2y+6R+6]|uoll)

8
Y+6R+3
1 |

[/ (2) = F'(y)]

IA N

—yll;

< ||9E—UOH(2V+§(Hxll+|lwll))
< ||~’C—UOH(2’Y-;;3R+6HUOI|)
2'y+3éR+6 Hff N

[ () = F" (uo) |

U()H

Therefore, conditions of Theorem [4] hold with

_ 14y _ 7y+6R+3 _ 29+3R+6
N=jgay K="7—, L=""F—.
Note also that L < K. O
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