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A NOTE ON BEST SELECTION OF QUASI DESCARTES SYSTEMS

KAZUAKI KITAHARA'

Abstract. Let {uo,...,un} be a quasi Descartes system of C[a, b] and p a pos-
itive number with 1 < p < oo or co. In this note, we search for an m(< n) di-
mensional subspace that possesses the least distance from u,, among all m(< n)
dimensional subspaces of Span{uo,...,Un—1}.
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1. INTRODUCTION

Before stating a purpose of this note, we have to begin with introducing
Descartes systems and quasi Descartes systems.

Let Fla,b] be the space of all real-valued functions on a nondegenerate
compact interval [a, b] of R and Cfa, b] the space of all real-valued continuous
functions on [a,b]. A finite subset {ug,...,u,} of F[a,b] is called a system
if ug,...,u, are linearly independent. The space spanned by {ug,...,u,}
is denoted by Span{ug,...,un}. A system {ug,...,u,} of Fla,b] is called a
Chebyshev system if there exists a constant ¢ = 1 or —1 and for any n + 1
distinct points (a S)zg < -+ < 2, (S b), the n + 1-th order determinant

a.D<x0 xn).—a det(ui(z;)) > 0.

That is to say, a Chebyshev system {uq, ..., u,} is a system satisfying that
(i) any u € Span{ug,...,u,} — {0} has at most n distinct zeros in [a, b];
(ii) for any w € Span{uo,...,un} — {0} there do not exist n + 2 points
(a S)zo < -+ < 2pp1(Z b) such that (—1)%u(w;) is positive for i =
0,...,n+ 1 or negative for i =0,...,n+ 1.
In particular, a system with property (ii) is called a weak Chebyshev system.
It is well known that Chebyshev systems and weak Chebyshev systems are of
much use to study best approximation, interpolation and quadrature formulas
in approximation theory (e.g. Karlin and Studden [3], Zielke [11] and a survey
Zalik [10] and so on). If a Chebyshev system {uo,...,u,} has a stronger
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property such that there exists a constant ¢ = 1 or —1 and for any nonnegative
integers (0 <)ip < -+ < i3y (= n) and any m + 1 distinct points (a <)zp <
< $m(§ b)’

. (TR Us,, L . ) )
o D( zo .. o > =0 - det(u;, (x;)) >0,
then {wg,...,u,} is called a Descartes system. Descartes systems of Cla,b]

have remarkable properties such that Descartes’ rule of signs, comparison the-
orem and selection theorem of best approximations and so on (see Borosh,
Chui and Smith [I], Pinkus and Ziegler 7], Smith [9] and Borwein and Erdélyi
2)).

Let S be the set of all nondegenerate closed subintervals of [a,b]. For
[0, 0], [r1,91] € S, if xop < 21 and yo < yi1, then this relation is denoted
by [z0,%0] < [z1,%1]. Furthermore, if [zo,y0] < [1,y1] or [0, y0] = [21, 1],
then we write [zg,yo] < [z1,y1] for this relation. We easily see that (S, =) is
a partially ordered set.

A system {uo, ..., u,} of Cla,b] is called a quasi Chebyshev system if there
exists a constant ¢ = 1 or —1 such that for any n + 1 closed subintervals
Iy,..., I, € S with Iy < --- < I, the n 4+ 1-th order determinant

J.D<Ig Iﬂ)::g-det(/}ui(x)dx>>0.

J

The definition of a quasi Chebyshev system is introduced by Shi [§]. Quasi
Chebyshev systems are introduced as integral Tchebysheff systems in Kitahara
[4] and Hz systems in Kitahara [5]. Furthermore, if a quasi Chebyshev system
{ug, ..., un} of Cla,b] satisfies that there exists a constant ¢ = 1 or —1 and
for any nonnegative integers 0 < ip < -+ < i, < n and any m + 1 closed
subintervals Iy, ..., I, € S with Iy < --- < I,

o-D < l}io z}im > =0 - det (/ uzk(a:)d:c> > 0,

0 .- m I
then we call {ug,...,un} a quasi Descartes system. Clearly every Cheby-
shev system (respectively Descartes system) is a quasi Chebyshev (respectively
quasi Descartes system). In the rest of this note, we suppose 0 = 1 in the defi-
nitions of Chebyshev, Descartes, quasi Chebyshev or quasi Descartes systems.
For a continuous function f € Cla,b], the value [; f(z)dxz,I € S is denoted
by f[I], and we call a subinterval I € S with f[I] = 0 a vanishing subinterval
of f.

Good properties of quasi Descartes systems analogous to Descartes systems,
that is, Descartes’ rule of signs, comparison theorem and selection theorem of
best approximations are shown in Kitahara[6]. Now we focus on selection
theorem of best approximations. Let {uo,...,u,} be a system of C|a,b] and
| - [p, 1 £ p = oo denote the L, norm for 1 < p < oo on Cla,b] and the
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supremum norm for p = oo on Cla,b]. Let A : (0 )N < M < -+ <
Am(Z n) be given nonnegative integers and p a given positive number or oo
with 1 £ p < oo. Then, for any f € C[a,b] we define the deviation from
G = Span{uy,,...,uy,, } by

E := inf — .
A )p igGHf ullp
If {ug,...,u,} is a Descartes system of Cfa, b], the following hold.

THEOREM A (see Smith [9]). Let {uo,...,un} be a Descartes system of
Cla,b] and p a positive number with 1 < p < oo oroco. If A: (0 )N < -+ <
Am(<n) and A2 (0 S)A) < -+ < N (< n) satisfy Aj S N, fori=0,...,m,
then

Ep (Un)p é EA(un)p 5

where equality holds only when \; = X fori=0,...,m.

Let {up,...,u,} be a quasi Descartes system of Cla,b]. If each u;(x),i =
0,...,n is represented as w(x)v;(x), where each v;(x),i = 0,...,n is contin-
uous on [a,b] and {vg,...,v,} is a Descartes system on (a,b) and w(z) is a
nonnegative continuous function on [a, b] such that {z | w(z) = 0,z € [a,b]}
is nowhere dense in [a,b], then {ug,...,u,} is said to have pc (product of
continuous functions)-property. Then we have

THEOREM B (see Kitahara [0]). Let {uo,...,un} be a quasi Descartes sys-
tem of Cla,b]. Let A : (0 )Xo < -+ < Ap(<n) and A" : (0 2)A) < -+ <
A, (< n) satisfy \i S X, fori=0,...,m. Then, the following statements hold.

(1) En(un)i = En(up)1, where equality holds only when \; = X, for i =
0,...,m.
(2) Moreover if {ug,...,u,} has pc-property, then

En(un)p S Ep(un)p for each 1 < p < oo,
where equality holds only when \; = X, fori=0,...,m.

One could ask whether Theorem B (2) holds or not for all continuous quasi
Descartes systems. The purpose of this note is to give an answer of this
question. That is to say, we prove

THEOREM. Let {ug,...,u,} be a quasi Descartes system of Cla,b] and p a
positive number with 1 < p < 0o oroo. If A: (0 )Ny < -+- < A\p(< n) and
N (02N < -+ <AL (< n) satisfy \i S N, fori=0,...,m, then

Epn(un)p S Er(un)p.

In section 2, we prepare auxiliary results which are necessary to prove The-
orem and show a proof of Theorem in section 3.



4 Quasi Descaretes Systems 157

2. AUXILIARY RESULTS

For a system {ug,...,u,} of F[a,b], the set {x | = € [a,b],u;(x) = 0,i =
0,...,n} is denoted by Vlug,...,uy,] or V for short.

LEMMA 1 (see Lemma 3.3.4 in Kitahara [0]). Let {ug,...,un} be a quasi
Chebyshev system of Cla, b] and m(x) = maxy<;<, |ui(z)|, = € [a,b]. Then, for
each xg € Viug,...,up] =V

li ; d li ; L i=0,...,
x%xo—,i:rg[a,b]—vu (SU)/m(SU) an :c—>aco+,gg[a,b]—vu (ZE)/?TL(SC) ! "

exist, where if xg = a or b, the possible case is considered.

REMARK 1. Let {ug,...,u,} be a quasi Chebyshev system of Cla,b]. By

Lemma 1, we can define a system {so,...,s,} such that for alli =0,...,n
ﬁg, if 2o € [a,b] — V,
s3(0) = %(wo+) or Z(xo—), ifxg€ (a,b)NV,
“i(at), ifxg=a€V,
%(b—), ifrg=0b€eV,
where  “i(zo+) = x_>$0+1’£cré1[a7b}_v ui(r)/m(z) and Ti(zo—) =
lim u;i(z)/m(z). Each s;,i =0,...,n is not always continuous but

z—zo—,2€[a,b]—V
continuous from the left on (a,b) or from the right on (a,b), and continuous
from the right at a and continuous from the left at b. O

Theorem 4 in Kitahara [6] still holds for a quasi Descartes system {uy =
mso, ..., Uy = MSy} in which each s;,7 = 0,...,n is represented as Remark 1.

LEMMA 2 (see Theorem 4 in Kitahara [6]). Let {ug,...,un} be a quasi
Descartes system of Cla,b] and {so, ..., sn} the system introduced in Remark
1. Then each u;,1 =0,...,n, is represented as

ui(z) = m(z)s;(x), € [a,b
and {so,...,Sn} is a Descartes system on (a,b).

REMARK 2. If {ug,...,u,} is a quasi Chebyshev system of Cla, b], then the
system {so, ..., Sp} introduced in Remark 1 is a Chebyshev system on (a,b)
(see Theorem 3.3.5 in Kitahara [5]). O

DEFINITION. Let {ug,...,u,} be a quasi Chebyshev system of Cla,b] and
v o= Y roaui(z) = mx)d g aisi(z) = m(x)s(x) a function in
Span{ug,...,uy} — {0}. By Lemma 2, each u;,i = 0,...,n is represented
as
wile) = m@)s:(x), @ € a,B].
One element xo € (a,b) is called an essential zero of u if (i) or (ii) is satisfied;
(i) s(zo) = 0;
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(ii) m(zo) = 0,s(xp) # 0 and there exists a 6 > 0 such that s(x)s(y) < 0
for all x € (xg — 0,x0), y € (xg,x0 + ).

LEMMA 3. Let {ug,...,un} be a quasi Chebyshev system of Cla,b] and
{50,...,8n} the system for {ug, ..., u,} introduced in Remark 1. Letyo,...,Yyn

be any given n + 1 distinct points in (a,b) with yo < --+ < y, and {yfk)},z’ =

0,...,n any n + 1 sequences which satisfy that limg_~o ygk) =yi,1=0,...,n
and yék) << y,(f), k € N. Then, there exists a positive number p such that
S0 . S
D< *) ) ) >p, keN. (%)
Yo -+ Yn

Proof. Suppose on the contrary that () does not hold. Then, there exist
subsequences {yfkm)} of {yz(k)},i =0,...,n such that

im D ( so ... Sn, > 0

im =0.

e —00 y(()km) o ygkm)

But this contradicts the result from Lemma 2 and Remark 2. O
LEMMA 4 (see Proposition 10 in Kitahara [0]). Let {ug,...,un} be a quasi

Descartes system of Cla,b]. For any f € Cla,b] — Span{ug,...,un}, if 4 €
Span{uo, ..., u,} is the unique best Ly(1 < p < oo) approzimation to f, then
f — @ changes sign at least n + 1 times in [a,b)].

LEMMA 5 (see Theorem 8 (2) in Kitahara [6]). Let {uo,...,un} be a quasi
Descartes system of Cla,b]. Let

k k
p=uq+ Zaiu)\i and ¢ = uq + Zbiu%,
i=1 i=1

satisfying that 0 S A < -+ <A Sn, 05y <+ <9 S n,
0Svish<a,i=1,....m anda< X <v,<n,i=m+1,...,k,
where at least one of the above inequalities between A\; and ~y; strictly holds. If p
and q have k common vanishing subintervals I, ..., I of S with Iy < -+ < I,

then for any J € S —{I1,..., Iy} such that {1y, ..., I, J} is a linearly ordered
subset of S

Ip[J]| < [q[J]]-
3. PROOF OF THEOREM

Now we are in a position to state a proof of Theorem.
First we show that

(1) Ep(un)p S Ep(uy)p for all p € (1, 00).
For any given p with 1 < p < 00, let 4 be the unique best L, approximation
to u, from Span{uy,,...,uy,, }. By Lemma 4, since u,, — @ changes sign just

m + 1 times in [a, b], it has m + 1 essential zeros zp, z1,...,2m (@ < 20 < --- <
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Zm < b). We note that u,, — @ changes sign at z;,i = 0,...,m. For each
1 =20,1,...,m, there exist a sequence of subintervals IZ.(k) = [z — 5£k), zi +

6§k)], k € N which contain z; and satisfy that
(i) a<z0—(5(k) m e < b keN;

ii zz—i—e ) < 2 5-(),2:0,1,..., —1, keN;
() i+1 i

(iii) limg_yo0 & ():O limk_,oosl(-k):(),i:(),l,...,m;
(iv) (k)(un—u)dm—o t=0,1,...,m, ke N.

For each k € N, let #®) = fo‘oc(k)ux be the unique function of
Span{uy, ..., uy, } such that (u, — w(k))[l(k)] =0,:=0,1,...,m. By the
property of w( )k €N, since u,, — w*) changes sign just m + 1 times in [a, b],
it has m + 1 essential zeros ygk) € IZ-(k),z' =0,1,...,m at which u,, — @®
changes sign. From (iii), noting that the sequences {ygk)},i =0,...,m satisfy
the condition of Lemma 3, we have

sup [ef")] < 4oc.
0<i<m,keN

Hence, we obtain
(2) supgen un — 59 oo < +oc.
For each k € N, we put

HEY = [a,20 = 867), HiwLy o= [om + 208, 0]

and

Hl(k) = [zi_l + Eik)l, Z; — 5Z(k)], 1=1,...,m.
Furthermore, we decompose each H, (k) ,t=0,1,...,m+ 1,k € N to subinter-
vals Hy), .. .,Hf’jf(i oy e HY = H(k) U---U H(’“)( 1w and HY nHS)

empty set or a one point set for p # ¢, such that Hl(o), .. HZ(Z)(Z k) have the
(k )

same width h;
n(i,k)

(3) /H(k)‘ —uPdz — Z |(up — @) (z; £)|P (k) < % for all z;, € ng)?
6:0,..., (z,k)) and
(4) / @ |ty — w(k)|p dx — Z |(up — w<’€>)(:ni,g)|p P < %
=0
for all z;, € H; (k ),E =0,. i,k). However, without loss of generality, we
il

can assume that limy_, o hz(-k) =0.
For each k € N, let

k k k k k k
Sk = {I(g )7"'7IT(N)}U{H(S,O)7""H(g,TZ(O,k)}U'”U{Hrgl—)&-l,OV"’Hr(n—)‘rl,n(m+1,k)}’
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Since Sk is a linearly ordered subset of (S, <), from Lemma 5 we have
(5) (= &ENHP| < [ — D) [H)

(2

for all Hi(lz), ¢=0,...,n(i,k), i=0,...,m+1, k € N. Since ug,...,u, are
continuous functions, we easily see that

(6) (up—1u) [Hi(lz)] = / (k)(un—ﬁ) dz = (un—ﬂ)(cgl?)-h(k) for some cgkz € HZ.(’Z)
) H y 7 )

7

7,0
and
@ @) = [ = 00 do = a — () 1P
3 H’L"e 3
for some dgf? cH i(,];)-
From (5), (6) and (7), we have
n(i,k) n(i,k) ®) ®)
S tn — FONHAP = 3 [ — @) @E)p - (hFyp
=0 =0
n(z,k) n(i,k) k
<7 N — D) Hf]P = > | — @) ()P - (17,
(=0 (=0
1=0,...,mkeN.
Furthermore, we obtain
(3,k) n(i,k)
(8) S (= @™ @) b < S (= @) (el Y,
(=0 £=0

i=0,....m, keN.
For each k € N and any subinterval K; of Ky := [a, 20, K1 := [20, 21], - - -,
Kppt1 = [2m, b], without loss of generality say K; = [z;_1, 2|, we have

(k)

zi—1+€;_
/ g — P da :/ ol — P d +/ lup — P da
K; H; Zi—1

i .,
—alPd
+/zi—5§k) [un — 4P da

and

(k)

zi—1+€;_
/K fuy — P Ay = /H(k) lu — PP d + / tp — WP da
i B 2i—1
z
+ / |ty — @) |P du.
zi—5£k>

Then we obtain an estimation of / “ lup, — WP da:
H}

7
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n(i,k)
. . k k

(by (4) and (7)) /H(k) lup — P Pdz < E | (un — w(k))(dg,z))‘p , hz( )+%

g =0

k3

(i,k)
~ k k
(by (8)) < Z |(un — u)(c£7£))|p : hg ) + %
=0
(by (3)) < [ i+ 2
H®
From this inequality stated above, we observe that for each i = 0,...,m + 1

and each k € N

(k)
zi—1+€;
/ |un—u~;(/f)‘pdx</(k) |un—apdx+i+/ up — W PP da
H

K; i Zi—1
2
+ / uy, — PP dz
2;—8F)
Zi—1+5§,i)1
</ |un—&|pdm+i+/ Uy — PP dz

K; Zi—1

2
+ / |ty — 0P da.
zif(SEk)

Hence we see that for each &k € N

~(k ~ 2(m+2
un — @B < [y — @]t + 22
m+1 Zifﬁfl(.li)l z
+ Z / lup — @ P da + / |t — 0P P dz |
i—0 Zi_1 ziﬁgk)

where z_1 = a, zy+1 = b. If we put
m+1 Zi71+£§ﬁ>1 ) zi )
— _ k)P AT
A= 3 ( L 0 de /Zi_agm i — ) dx>,
then A(k) satisfies A(k) — 0 (k — oo) by the condition (iii) and (2). On the
other hand, if w is the unique best L, approximation to wu, from
Span{u%, ...,uy }, then we have

it = 15 < in flun — 3.

Consequently, we obtain that
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[un — UN}H;]Z = limy oo [Jun — w(k)llﬁ
<1 —allp £ 2mt2) oAy — _alp
S limy o ( [Jun —allp + =7+ A(K) ) = [un —all}.

This means that (1) holds.
Finally we show that

To show this, we observe some general results. For each p with 1 < p < oo,
let @, = >", cgp 0y A, be a best L, approximation to wu, from
Span{uy,, ..., ux,, }. Since |lup — Gpllp = ||unllp, {l|@pllp} is bounded in R.
Noting that ug, ..., u, is linearly independent, we have

sup |cl(-p)| < +00.

0<i<m,pe(1,00)

Then, there exists a sequence pi € (1,00),k € N with py — oo (k — o0) and
each sequence {cgp ’“)},i = 0,...,m converges to a c;. Since we easily see that

[un = tpy llpy = llun = toollps

we obtain

m
*
Up — Ciuy,
i=0

Here we use the result that lim, . || f|l, = || flle for all f € Cla,b] and the

convergence of the sequences {cl(-p’“)}, i =0,...,m. This means that Y ;" ciuy,
is a best Lo, approximation to wu, from Span{uy,,...,uy,, }-

Now we turn to the proof of (9). Suppose on the contrary that Ey/(uy)eo >
EA(up)oo- From the result stated above, we can find a sufficiently large positive
number p € (1,00) such that

=l = il < = -

[e.9]

(10) |EA’(Un)oo — EA/(un)p] < ¢ and ]EA(un)oo — EA(un)p| <eg,
where € = EA’(”“”)"";EA(u”)“. By (10), we get Enr(upn)p > Ea(up)p, which
contradicts (1). This completes the proof. O

We have proven Theorem, but the following problem is still open.

PROBLEM. Let p be a positive number p with 1 < p < oo or oo and
{ug,...,un} a quasi Descartes system of Cla,b]. If A : (0 )N < -+ <
Am(<n) and A= (0 )N, < -+ < AL (< n) satisfy \i S N,,i =0,...,m and

77
Aj < Aj for some j with 0 = j = m, then is it true that
Epr(un)p < Ex(un)p ?

ACKNOWLEDGEMENT. The author heartily expresses his gratitude to the
referee who gave him valuable comments on this article.



10 Quasi Descaretes Systems 163

REFERENCES

[1] BorosH, 1., CHul, C. K. and SMmITH, P. W., Best uniform approzimation from a
collection of subspaces, Math. Z., 156, pp. 13-18, 1977.

[2] BorwEIN, P. and ERDELYI, T., Polynomials and Polynomial Inequalities, Springer,
New York, 1995.

[3] KARLIN, S. and STUDDEN, W. J., Tchebycheff Systems: With Applications in Analysis
and Statistics, Wiley-Interscience Publ., New York, 1966.

[4] KiTAHARA, K., On Tchebysheff systems, Proc. Amer. Math. Soc., 105, pp. 412-418,
1989.

[5] KiTaAHARA, K., Spaces of Approzimating Functions with Haar-like Conditions, Lecture
Notes in Mathematics, 1576, Springer, 1994.

[6] KITAHARA, K., Some results related to Descartes’ rule of signs, East J. Approx., 14,
pp. 467-484, 2008.

[7] PinkuUS, A. and ZIEGLER, Z., Interlacing properties of the zeros of the error functions
in best Ly, approximations, J. Approx. Theory, 27, pp. 1-18, 1979.

[8] SHI, Y. G., The Chebyshev Theory of a variation of L approzimation, J. Approx. Theory,
67, pp. 239-251, 1991.

[9] SMITH, P. W., An improvement theorem for Descartes systems, Proc. Amer. Math.
Soc., 70, pp. 26-30, 1978.

[10] ZALIK, R., Cebysev and Weak Cebysev Systems in Total Positivity and Its Applications,
M. Gasca and C. A. Micchelli (eds.), Kluwer Academic Publishers, Dordrecht, pp. 301—
332, 1996.

[11] Zi1ELKE, R., Discontinuous Cebysev Systems, Lecture Notes in Mathematics, 707,
Springer, 1979.

Received by the editors: February 26, 2009.



	1. Introduction
	2. Auxiliary Results
	3. Proof of Theorem
	References

