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INVERSE THEOREM FOR THE SZASZ-DURRMEYER OPERATORS

TOMASZ SWIDERSKI*

Abstract. In the present paper we establish direct and inverse local properties
for the Szdsz-Durrmeyer operators. These operators are introduced in [I] and
independently considered in [4] as the generalized integral operators proposed
by S.M. Mazhar and V. Totik in [2].
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1. INTRODUCTION
S.M. Mazhar and V. Totik in [2] introduced the modified Szasz-Mirakyan
operators defined on [0, 00):
o
0

Ln(fax) = nzpn,k(x)/ pn,k(t)f(t)dta
k=0

where p, (z) = e (n,f!)k and n € N.
The Szasz-Durrmeyer operators are defined as
o 00
M(fa) =3 pus(e) [ paa®)f (),
k=0 0
where v € (—1,00). Let us notice, that M2(f) = L,(f).

Some asymptotic properties of the operators M} in polynomial weight
spaces, global approximation theorem and Voronovskaya type theorem have
been given in [4]. Moreover, the connection between these operators and
boundary problem was shown, using the relationship discussed in [5].

The Szasz-Durrmeyer operators were introduced by A. Ciupa and 1. Gavrea
[1]. In the same paper the commutativity these operators, use in the proof of
theorem [I] was shown.

In this paper we give relation between local smoothness of function f and

local convergence of Szdsz-Durrmeyer operators M). Results of this type for
Berenstain-Durrmeyer operators have been given by Ding-Xuan Zhou [6] and
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Song Li [3]. By Ki(a,b) or K;(a,b,c), i € N* we denote suitable positive
constants depending only on indicated parameters.

2. AUXILIARY RESALTS

Let B, denote set of measurable function f : [0,00) — R such that
A >0V ¢ € [0,00) [F(pe ()] < M

where po(t) = 1 and p,(t) = H#ﬂ for r € N*. The norm on B, is defined by
formula

I £l = sup |f(£)p.()].

te[0,00)
In [4], it has been given that M} exist for f € B, and M} € B,.
Later on we use the following formulas [4]:

k=0
[e.e]
(2) Z kpni(z) = na,
k=0
k=0
(4) /k:o tTpn,k‘+y(t)dt = n*(r«}l)%’
(5) MY(1,z) =1,

where r € N, n € N* and x € [0, 00).
Let E C [0,00), t € [0,00) and « € (0,1]. We denote

Gun(t) = (£)F +n7" + (d(t. )"
where d(t, F) is the distance between ¢ i F defined as
at, B) = inf It — o1}
We shall prove the following:
LEMMA 1. Let a € (0,1] and E C [0,00). Suppose, that f € By satisfies
(7) [f O] < ¢an(t), t€0,00).

Then, we have

(8) Mo (f,0)] < Kl n)y Edan(@), @€ (0,00).
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Proof. We start with observations

()2 < (1) + (jt—a])2
and
(d(t,E))* < (d(z,E))* + |t —z|* for t,z € [0,00).
By we get

| My (f,2) | < kx”””pn,k(ar)/ F )Py (t)dt |
k=0 0

<23l nalpaale) (D)3 407 4 dlt B) e (O
k=0 0

< 1Y |k — nlpnp(2) don ()
k=0
+ = Z |k — na|pyg(x) / (%) 2 D ko (t)dE
k=0 0
+ 23 P nalpu(o) [ e ol pus ()
k=0 0

= Il —+ IQ —+ I3.
By Cauchy inequality and (1H3) we have

[e.e]

1 1
Iy = 3dan() Y [(k = nx)?po ()2 [pop(2)]2
k=0
. > 1 1
< xgban(x)[Z(k_nx pnk 2 pnk 2
k=0
Y Pan(2)
Similarly, by the Holder inequality and , we obtain
I3 < %Z |k — m;]pmk(x)[n/ (t— x)zpn,kJrV( )dt] 2 [n / pn,kJru(t)dt]li
k=0 0 0
=1 Z \k — nx|pn g (@)n " *[(k+v +1)(k+v+2) — 2(k+ v+ 1)nz +(nx)?] 2
k=0

k= nz|(pog(x)' "2

3] I\l)—'
NE

X

— ﬁ‘
3 o
N]je)

Tk +v+1)(k+v+2) =2k + v+ Dnz + (nz)*p, i (2))
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1 52— 1-<
< =) |k —na|2ap, p(x)] 2

k=0
o3
2

xn (i[(/ﬂ +rv+1)(k+v+2)—-2(k+v+1)nx + (”x)Q]pnk(x)>
k=0

Applying (1H3)), we get

@
2

n= (i[(k: +v+1)(k+v+2)-2k+v+1ne+ (nCC)Q]pn,k(SU))
k=0

= n *2nz+ (1/ +1)(v+ 2)]%
< Koo, n)[(5)T +n70),
Using the Holder inequality and (1H3[), we have

@
2

s 2 1-
;[z - myzapn,k@)} _
k=0

0 1a1_
= (k- nePpusta sznk =

(NI}

I
8=
—~
N

8
~
N |—
I
8][3

Hence,

Iy < Kp(a,v)y/21()2 +n7)

Now, we estimate I5. First, we remark that

a
()2 < St [ —2f*), ta e 0,00), me N

n

Hence,

‘[2 2.1: n= Z ’k - nw\pn k( ) / pn7k+,,(t)dt

o0
£ LS k= nalpuae)n /0 = 2o (D)t = Jay + T
k=0

By Cauchy inequality and (1H4) we get

[e.9]

Jz’l = %n_a[Z(k - n$ pnk 5 ank

k=0

n “vnx < < Lp~

—
[\D\H

| /\
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By Hélder inequality and ([1{{4) we obtain
00 00 o
Jop = & Z |k — nx]pnk(:r)[n/ (t — 2)*pp pyr (£)dE] 2
k=0 0
<l [ e 0’8
0

o
2

< =S Ih—nalpop(@) (0 (k+v4+1)(k +v+2)—2(k-+v+Dna-+(nz)?])
k=0

IN

1 > _2 2—a
3> |k —na|2=ap, x(x)] 2
k=0

o0

x D Pk +v+ 1) (k+v+2) =2k + v+ Dna + (n2)?])pp k()]

o|Q

I < (Ks(a,v) + 5, /2[(2)2 + 07
and finally we get . O

LEMMA 2. Let o € (0,1], E C [0,00). Suppose that f € By satisfies (7).
Then

9) ]%Mn(l/)(f,xﬂ < Ky, v)ngan(x), =z €[0,00).
Proof. Observe that

S0 (2] = 12 S puse) / FOPags140(t) = Prgern (D))
k=0 0
<02 pur(a) [ GanOlpupren ) = pras (OIdt
k=0 0

<n?S posl) [ 103 4 (2)3
kz_op k /0

+n" " +d(x, E)* + |t — 2] [P kr140 () + Drro (2)]dE.
By the estimation similar to the proof of lemma |1}, we get @D O
THEOREM 1. Let f € By, a € (0,1),2 € [0,00), © E C [0,00). Then
(10) [f(@) = f)| < Ks(f,a,v)|lz —y|* fory e E
if and only if
(11) | My (f,2) — f(2)| < Ko(f, ., v)dan(@).
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Proof. Suppose that holds. Let xp € clE such that |z —zg| = d(x, E).

So we have

[f(t) = f(zr) < Ks(f,a,v)[t —2|* fort €[0,00)

and

(Moo () = )] < |Mno (f(8) = fzp), 2)[ + [f(xE) — f(2)]
< Ks(fs o, v) (| M ([t — 2p[, @) + |2 — 2p5])
< Ks(fs o, v) M, ([t = 2|, 2) + Moy (2 — 2p[% 2) + |2 — 28],

Thus, by we obtain

2|

(Mo (£,2) = F(@)] < Ks(f,0,0)[(2 + D) Loja — o]

n n

< Kﬁ(fa «, V)¢a,n(x)'

And the proof sufficiency is complete. We note that this part holds also for

a=1.

Suppose that is valid. Let z € [0,00), y € E. If x = y the is

obvious. If [z — y| € (%, 00) we have
[f(@) = f)l <2 fI< K7 (f, a)|lz —y|*

If |z —y| € (0, %), we take n € N and n > 4, such that

(12) vl < 5, (2, y) < |z —yl,

where 6, (x,y) = max { 2,11,2, No—=1XV. Qny,Q} .

This implies that

(13) Paon () < Kg(a)|z —yl|*.
We have

[f(z) = fy)] <
< [Man (f,2) = f(@)| + M3 (f,y) = F(W)] + My (M (f, ) = f )]

+ [Man (Mynr (f, ) = [, 9)| + [ Mg (Mg (f, ), 2) = Man (Mynr (£,2), )]

= A1+ Ay + Az + Ay + As.

By assumption, and we get
(14) Al S K6<f7a7V)¢Oé,2”(x) S Kg(f7a7y>‘x_y‘a7

(15) A2 < K6(f7a7 V)¢a,2”(?/) < KlO(f: «, V)|$ - y|a7
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By , @ and we have

M (G201, %) < G zem 1<w> + M2n<(2
< QZ)O[ on— 1 1M2n (

N\Q

) >+M2n<\t 2/, 2)
0% 2) + $ME(It - 2l @)

< ¢a,2n-1<x> () % (Mgn«t L
< Kolf, o 0| — |

and by we get

(16) A3 g KG(OZ,I/)Kg(f,O(,V)’l'—yrl.
Similarly
(17) Ay < Ke(o,v)Kio(f, a,v) |z — y|“.

In the next step we estimate As. By commutativity of M} (see [1]) we obtain

M2n( 2n 1 Z 21 1 ) - 52'—2(.]07 ')7t)

+ M4 (M2(f7 ')7 )

Furthermore we have

| M (M1 (f,.), ) — My (MY, (f,.),y)| <
<Z/ [de My (M (f,) = Myi»(f, ), 1)l dt

+/ |%M4V(M2(f7)vt)‘dt:145,1 +A572.
X
By simple calculation we get

Aso < Ki(f, )|z —y| < Ku(f, )|z —y|“.

Moreover,

[M3:(f,t) = Myi2(f,1)] < [Mgi(f, 1) = f(O)] + [Mi—=(f, 1) — f(2)]
< Kﬁ(fv Q, V)(¢a,2i (t) + ¢a,2i*2 (t))
< Kl?(fa «, V)¢oc,21*1 (t)

Now, we assume that z < y. Thus we have

b, y) = max { i, /5 |
and
d(t,E) < |z —y| fort e [z,y].
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We estimate As 1 in two cases. First, let d,,( =/ gn=z- Then 27 2 <y
and
(18) e —yl < /5 <z —yl.

Let i € {3,4,...,n}. If 2772 <y, then by (12), lemma [1] and inequality

y*ﬂ =yl
Pt = 7555, BED),

we get

I—/ |dt 211 ;z(fa)_ 21 2( ) )‘dt

< Ky(a,v)Kio( f,ay/ \/7¢an

<KBUaLMTIW—w/'—z(ﬂ+uzwwz{/thu

x xT

i—1 -1 Y v._1
+ (@2 Sy [ 2a
x

< Kulfoan) [ () lo—al+ (Vo) e -]

If 2772 > ¢, then by lemma [2 and we obtain

y
Ii < K4(Oz, Z/)Kn(f, «, l/)/ 2z_l¢a,2i—1(t)dt

xT

; a o . ,
< Kas(f,0,0) (7)1 28 e — gl + ()10 — g + 27 o — 1)

< Kl | () lo—al+ (Vo) e

Above inequality and imply

tsa <>t Kuthon) (Vo) oo+ (a) -]
=3

= 2K17(f7 «, V)’m - y’a
In the next step we suppose that ,(z,y) = . In this case y < 27 "*?2

thus by lemma [2 I and . we have
LSIQAﬂaw)QT“f‘%ﬁM—yk+@“5”ﬂx—w+2“Ww—mHﬂ
and

n
A < S BKus(fronn) (22— g2 (@02 )
=3
S 3K18(f,a7V)‘I—y‘a.



190 Tomasz Swiderski 9

Hence,

(].9) A5 < K19(f’aa V)‘l‘ - y‘a

Finally, , , , and imply that
[f(@) = fly)| < K(f,a,v)|z —y|*

for all z € [0,00) and y € E. O

1]
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