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Abstract. Recently, C. Mortici defined a class of linear and positive operators
depending on a certain function ¢. These operators generalize the well known
Szasz-Mirakjan operators. A convergence theorem for the defined sequence by
the mentioned operators was given. Other interesting approximation properties
of these generalized Szasz-Mirakjan operators and also their bivariate form were
obtained by D. Barbosu, O. T. Pop and D. Miclaus. In the present paper we
are dealing with the Kantorovich form of the generalized Szasz-Mirakjan opera-
tors. We construct the Kantorovich associated operators and then we establish a
convergence theorem for the defined operators. The degree of approximation is
expressed in terms of the modulus of continuity. Next, we construct the bivari-
ate and respectively the GBS corresponding operators and we establish some of
their approximation properties.
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1. INTRODUCTION

Let N be the set of positive integers and Ng = NU {0}.
Considering an analytic function ¢ : R —]0, +o00[, C. Mortici [19] defined
the operators
©Sp : 02([07 +o00[) = C*°([0, +o0),

given by

(1.1) (PSu)@) = i 3 ED () g (E),
=0
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for any = € [0, 400 and any n € N.

The operators are called the @-Szasz-Mirakjan operators, because in
the case when ¢(y) = €Y, they become the classical Mirakjan-Favard-Szasz op-
erators [2], [14], [18], [23], [25]. Some nice and interesting approximation prop-
erties of operators (|1.1)) were obtained by C. Mortici [19] and by D. Barbosu,
O. T. Pop and D. Miclaus [8], [20].

REMARK 1.1. Similar generalization of this type are the operators defined
and studied by Jakimovski and Leviatan [15] or the operators defined by
Baskakov in 1957 (see, e.g., the book [2], subsection 5.3.11, p. 344, where
they are attributed to Mastroianni).

REMARK 1.2. The classical Mirakjan-Favard-Szasz operators S,
C5([0, +o00[) — C([0, +00[) are defined by
[ee]
—ne na)k
(Snf) (@) =em= Yl f (k)

k=0

where

Ca([0, +00]) := {f € C([0,400]) : lim [(@) ovists and is ﬁnite}.

Fyo0 1+a?

In what follows, we shall use the classical definition of Mirakjan-Favard-Szasz
operators, i.e. f € Cy([0,+0o0]).

The main goal of the present paper is to construct the Kantorovich type
operators, associated to the -Szdsz-Mirakjan operators (|1.1)).

Using the method of parametric extensions [7], [12], the bivariate ¢1pa-
Szasz-Mirakjan-Katorovich operators are constructed and some of their ap-
proximation properties are established. The last section is devoted to the
construction of the associated GBS ¢1p2-Szasz-Mirakjan-Kantorovich opera-
tors and to study some of their approximation properties.

2. gO-SZASZ-MIRAKJAN—KATOROVICH OPERATORS

Let ¢ : R —]0,+o0o[ be an analytic function. Following the idea of L. V.
Kantorovich [16] we define the operators

oK+ Ca([0,+0[) — C([0, +0]).
given by
oo k1
2.1) (K@) = iy D S na)t [ s,
k 5

=0 n

for any x € [0, +oo[ and n € N.

The operators will be called the @-Szasz-Mirakjan-Kantorovich op-
erators, because in the case when ¢(y) = €Y, they reduce to the classical
Szasz-Mirakajan-Kantorovich operators [1], [17].
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REMARK 2.1. The operators (2.1)) are linear and positive. O

In order to obtain the convergence of the sequence (9K, )nen we need the
following:

LEMMA 2.2. Let ej(z) = 27, j = 0,1,2 be the test functions. The p-Szdsz-
Mirakjan-Kantorovich operators satisfy the following relations:

i) (pKneo)(r) =1,
i) (pKner)(x) = 200y 4 L

¢(n)
) (nx 1) (nx
iii) (pKnes)(z) = £ oa? 4 22005 4 1,

Proof. Taking that the function ¢ is analytic into account, it follows

2 o)
ST Ok = o(y)

k=0
and next, by differentiation
>N (k) X (k)
0), k-1 1 0), k—2 2
S(akfg)!)y =Wy, > cfkfé)!)y =P (y).
k=1 k=2
For the test functions eq, e1, e2, the following identities
k+1 k+1 k+1
n n k n k2 k
. eo(t)dt = 1, ﬁ er(t)dt = 2L, ﬂ eo(t)dt = B3l
n n n
hold.

Recall that, the images of test functions by the operators p-Szasz-Mirakjan
[19] are

(pSneo)(z) =1,

O (nz
. n€1)\T) = x
(2.2) (¢Sner1)(x) @w(ém)) )
2) (nx D (nz
(pSnez)(z) = “D@T(a;))f + %%T(x))x’
then
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k+1
n

o)
(PKner)(@) = D S (na) [, ereya
k=0 n

n

00
(k)
_ n »%(0) k 2k+1
- @(nx)z k! (nx) 2n2
k=0

o) k)
= Wlw) Z @ k!(O) (nx)kg + ﬁw(}w) Z ® k!(O) (nl,)k:
k=0

= (pSper)(w) + ﬁ(@sneo)@)
T+ %

= (k)
(pKpez)(z) = 2(nz) Z z k!(O) (nx)k ﬁ ea(t)dt

= ((PSTLQQ)(J?) + (pSne1) (@) + (¢Sneo)(x)

n 3n2

_ ¢@na) 2 | 2Wmz) 1
=S T T © e -

Applying Lemma 2.2. we shall prove the following:

THEOREM 2.3. Let ¢ : R —]0,+00[ be an analytic function having the
properties

(2.3) lim €20 — 1, lim £2W _ 1,
y—oo W) y—oo PW)

Then, for any function f € Co([0,+00[) and any x € [a,b], it holds
(pKnf)(x) = f(z)
uniformly on [a,b], where [a,b] C [0,+00] is a compact interval.

Proof. Applying the Lemma 2.2. and the hypothesis , it follows

(¢Kner)(z) = lim (M“ﬁ) .

lim
n—oo

s ()

and

lim (oK e2)(z) = lim (‘p@)(m) 2 + 20 (nz) . + L) =z
n—oo

nisoo \ @(nx) n @(nz) 3n?
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uniformly on any compact interval [a, b] C [0, +00].
Next, from the well known Bohman-Korovkin Theorem one arrives to the
desired result. 0

In order to obtain the degree of approximation of f € Cs([0, +0oc]), by means
of the ¢-Szasz-Mirakjan-Kantorovich operators, let us to recalling some known
results, concerning the modulus of continuity.

Let I C R be an interval, C(I) be the set of real-valued functions continuous
on I, B(I) be the set of real-valued functions bounded on I and Cg(I) be the
set of real-valued functions continuous, bounded on I.

DEFINITION 2.4. Let f € Cg(I) be given. The function w; : [0,+oo[— R
defined by

(2.4) wi(f;0) :=sup{|f(zx+h)— f(z)| : 2, x+hel, 0<h<{}

is called the modulus of continuity (the first modulus of smoothness) of the
function f.

REMARK 2.5. [ts properties can be found in the monograph [1]. ]

In 1968, O. Shisha and B. Mond [21] established the following:

THEOREM 2.6. [1] Let L : C(I) — B(I) be a linear positive operator and
let the function ¢ be defined by

ea(t) =t — x|, (z,t) €I xI.
If f € Cg(I), then for any x € I and 6 > 0 the following
(25) (LH)@) — f@)] < 1F@)ll(Leo)() — 1

+ ((Leo)(@) + 671 V(o) @) (Le2) (@) ) wr (£:9)

holds.

For obtaining the degree of approximation of f € C3([0,400[), on any com-
pact interval [a,b] C [0, 4o00[, by means of the p-Szasz-Mirakjan-Kantorovich
operators we need the following:

LEMMA 2.7. Let the function @, be defined by v, = |t — x|, (z,t) € [a,b] X
[a,b]. The operators (2.1)) verify the relation

(2.6)

() (ne 1) (na D (nz
(pKngs)(z) = (ww(éx)) —2f2 00 1) G (2@@(7(136)) - 1) T+ g

Proof. Because the operators ¢-Szasz-Mirakjan-Kantorovich are linear, then
taking the definition of ¢, into account, we get

(PKnps)(2) = (pKne2)(x) = 22(pKne1)(2) + 2*(9Kneo)(x)-

Next, one applies Lemma 2.2. O
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In the following, we suppose that the analytic function ¢ : R —]0, 400]
satisfy the conditions ([2.3) and taking these conditions into account, it results

lim (*0(2)(’””) _geWna) 4 1) _0.
p(nz

Then we suppose that, there exists 0 < v < 1, so that

(2.7) lim n” (“0(2)("96) _ o) 1) = B2(z),

A o(ne) o(n)

for any = € [0, +o00[ and where (2 is a function, 53 : [0, +00[— R.

THEOREM 2.8. For any function f € C3([0,+00[), any compact inter-
val [a,b] C [0,+00], any = € [a,b] and any 6 > 0, the @-Szdsz-Mirakjan-
Kantorovich operators verify the inequality

(2:8) (K f)(@) = f(@)] < Koy (f:522)),

where

ma([a, b]) :== sup |Ba(z)]
z€[a,b]

and

K=1+ ﬁ\/(mz([a, b)) + 1)b2 +2b + 1.

Proof. The relation (2.8) yields from (2.5)), if we choose § = \b/:l% and if we

take the definition of limit and relation (2.7 into account. O

3. THE BIVARIATE ¢4 QOQ-SZASZ-MIRAKJAN-KANTOROVICH OPERATORS

Suppose that o1, @2 : R —]0, +00[ are analytic functions. The operators

1KY - C22(]0, +00[x[0, +00[) = C([0, +00[x[0, +00[),

1KY+ C2(]0, +00[x[0, +00[) = C(]0, +00[x[0, +00]),

given by
© 5 k+1
B K@) = 5l Y S mo) [ (e,
k=0 m
J+1

O @ R
32 @K@ = ol 2 ) [T fasds
Jj=0 n

n

are called the parametric extensions of the p-Szasz-Mirakjan-Kantorovich op-
erators; (for the notion of “parametric extensions” see [7], [12]).
It is immediately the result contained in the following;:
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LEMMA 3.1. The parametric extension of the p-Szdsz-Mirakjan-Kantorovich
operators defined at and are linear and positive. They commute on
C2,2([0, +00[x [0, +00[) and their product are the bivariate @ip-Szdsz-Mirak-
jan-Kantorovich operators

0192 Km n : C22(]0, +00[x [0, +00[) = C([0, +00[x[0, +00])
defined by
(3.3) (prp2Kmnf)(z,y) =

) (0) o9 (0) il I
rma) w2 () ZZ = ﬂf)’“(ny)J/k /j F(t, s)dtds,
k=0 j=0 m b=

for any x,y € [0, +oo[ and m,n € N.

LEMMA 3.2. Let e;j(z,y) = 2y, i,5 € No, i +j < 2 be the test functions.
The operators (3.3)) verify the followz'ng identities:

i) (pr1o2Kmneno)(z,y) =

( )
(192K mmne10)(x %( o) T+ 5,

)
i) (9102 Komme01) (2, ) = 2 2 )y 4 L,
. w?)( 2) 2 2 ¢ (ma) 1
V) (901902Km,n€0 2)(z,y) = %Q(S«Ly%) + Z@;Q(g;z;)y + 32

Proof. One applies relation and takes Lemma 2.2. into account. [
LEMMA 3.3. Let @,y : [0, +00[x[0,4+00[—= R be defined by
pa(s,t) = |s — x|, @y(s,t) = [t —yl.
The operators (3.3)) satisfy
(3.4) (P192Km nl) (x,y) =

(2) (1)
_ [ ¢1 (mz) 1’ (mz) 2,1 oV (ma) 1
= ( pima) 2 eitma) T 1) AR <2 pitma) 1) TF 3z

(3.5) (192K mnl)(z,y) =
(2) (1)
_ [ es(ny) w5 ' (ny) o5 (ny) 1
= ( )~ 2 T 1) " <2 patm) 1) v+ g

Proof. Taking the linearity of operator (3.3]) and the definitions of the func-
tions ¢, ¢, into account, one obtains

(<P1<P2Km,n<P?c)(33a y) = (<p1<p2Km,n€2,o)($,y) - 2$(<P1@2Km,n€1,0)(30, y)
+ 22 (102K ne0 o) (z,9),
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(L192Kmnl) (m,y) = (192K mne02)(w,y) — 2y(p102Kmme01)(z,y)
+ 12 (192K mne00) (2, y).-
Next, applying Lemma 3.2. one arrives to (3.4)) and (3.5)). O

Suppose now that ai,b1,a2,bs € R such that a1 < b1, as < by and let
f i [a1,b1] x [az,b2] — R be a bounded function.

The function wy : [0, 4-00[x [0, +00[— R defined by
(3.6) wy(01,02) = sup {[f(2",y) — f(&",9")| = (@,9)), (=", 9") €

[a1,b1] X [GQ,bQ], |:17/ — $//| S (51, ]y/ — y"] S 52}

is called modulus of continuity of the bivariate function f.

Its properties are similar with the properties of the modulus of continuity
for univariate functions [3], [7].

It is known from [7], [24] the following analogous of Shisha-Mond Theorem
for the bivariate case:

THEOREM 3.4. Let L : C(Jay, b1] X [ag, ba]) = B([a1,b1] X [ag, ba]) be a linear
positive operator. For any f € C([a1,b1]x[ag,b2]), any (z,y) € [a1, b1] X [az, ba]
and 61 > 0, do > 0 the following inequality

(3.7)
(Lf)(,y) — F@.y)| < |f (@)l (Leow) (@) — 1|+
+ ((Leoo) (@,9)+37 v/ (Leoo) (2 ) (L) (&, y) + 65\ (Leoo) (, y) (L) (w, )
37105/ (Leoo) (@, 1) (L) (2, 9) (L) (w,9) ) wy (61, 62)
holds.

Suppose that the analytic functions 1, 2 : R —]0, +00[ satisfy the condi-
tions

(1) @)
e W) e (y)
(3.8) AT — Ty =1

and taking relation (3.8]) into account, it follows

(2) (1)
D) oD ) B
Jm < oinm) ~ Zortna) T 1> =0,

for k € {1,2}.
Then we suppose that, there exists 0 < v < 1, so that
(2) (1)
ok [ (Pe(03) o (na) _

for any = € [0,4+o00[ and where 3 are functions, B2 : [0, +oo[— R, with
ke {1,2}.
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THEOREM 3.5. For any function f € C22([0,400[Xx][0,+00[), any bivariate
compact interval a1, bi] X [az,ba] C [0,4+00[%[0, 400, any (z,y) € [a1,b1] X
[ag,ba] and 51 > 0, d3 > 0, the operators (3.3) satisfy the following inequality

(3.10)  [(p1p2Kmaf)(a.y) = fla.y)] < Koy (=2, b=tz )
where
(3.11) mak([ak, bx]) == sup |Bai(2)],

xe[akvbk}

for k € {1,2} and

(3.12) K= (1+blial\/(mz,l([al,bﬂ)+1)b%+2b1+é)

. <1 + ﬁ\/(ﬁlgg([ag,bg]) + 1) b% + 2by + :15) .

Proof. In the Theorem 3.4. one replaces L by ¢1¢2K,,, and next, one
takes the proof of Theorem 2.8. into account. g

It is known from [7], [24] the following analogous of Bohman-Korovkin The-
orem for the bivariate case:

THEOREM 3.6. Let (Lymn)mnen be a sequence of linear positive operators,
Ly p - C([ar, bi[X[az, ba]) = C([a1, b1[x[ag, b2]) and let e;j(x,y) = 2'y, i,j €
No, i +j < 2 be the test functions.

Suppose that the following relations

1) (Lm,neOO)(:pay) =1,
ii) (Lm,nem)(:ﬂ: y) =z + Um,n(@"a Y),
i) (Lineo1)(,y) =y + vma(,y),
iV) (Lm,n(ego -+ 602))(:6, y) = 2 + y2 + wmvn(a:, y)
hold, for any (z,y) € [a1,b1] X [ag, ba].

If the sequence (um ), (Umn) and (W), m,n € N converge to zero uni-
formly on [a1,b1] x [ag,ba], then Ly, nf converges to f uniformly on [ay,bi] X
[az, ba], for any f € C([ay,b1] x [az,ba]).

THEOREM 3.7. Suppose that the analytic functions p1,¢2 @ R —]0,+o00]
satisfy the conditions (3.8)).
Then, for every function f € Ca2([0,400[x[0,+00[) it holds

(Prp2Kmnf)(2,y) = f(z,y)
uniformly on any bivariate compact interval [aq,b1]x [ag, ba] C [0,400[%[0,400].

Proof. Applying Lemma 3.2. and the hypothesis (3.8)), it follows

lim
m,n— 00

(p1902Kmne10)(r,y) =z,

lim
m,n—00

lim (SﬁlSOQKm,neOl)(:E» y) =Y
n—00

m,
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and
lim  (p192Kmn(e20 + €o2))(z,y) = ? +y°

m,n— oo
uniformly on any bivariate compact interval [a1, b1] X [az, ba] C [0,400[x [0,+00].
Next, using Theorem 3.6. one arrives to the desired result. O

4. THE GBS ¢, QOQ-SZASZ-MIRAKJAN-KANTOROVICH OPERATOR

In this section we shall construct the 1 p92-Szdsz-Mirakjan-Kantorovich op-
erator associated to a B-continuous function.
A function f : I x J — R is called B-continuous function in (zg, yo) € I X J,
if
lim  Af[(z,y), (w0, y0)] = 0,
(z,y)—(z0,y0)
where

(4.1) Afl(z,y), (xo,v0)] = f(z,y) — f(@0,y) — f(z,90) + f (0, v0)

denotes a so-called mixed difference of function f. A function f: 1 x J — R
is called B-continuous function on I x J, if it is B-continuous at any point of
I x J. The definition of B-continuity was introduced by K. Bogel in [10]. The
function f: I x J — R is B-bounded on I x J, if there exists k > 0 so that

|Afl(z,y), (s,1)]] <k, for any ((z,y),(s,1)) € I x J.

We shall use the function sets:
B(IxJ)={f|f:IxJ—R, fisbounded on I x J},
with the usual sup-norm || - ||s0,
By(IxJ)={f|f:1IxJ—=R, fisB-bounded on I x J},
Co(I xJ)=A{f|f:IxJ—R, f is B-continuous on I x J}.
Let f € By(I x J). The function wpized(f; *, *) : [0, +00[x[0, +00[— R defined
by

(4.2)  wWmized(f;01,02) := sup{|Af[(z,y), (s, )]  [x = s| <01, |y —t] < da},

for any (61, d2) € [0, +00[x[0, +00[ is called the mixed modulus of smoothness.
The notion of mixed modulus of smoothness was introduced by I. Badea in [3]
and then studied by I. Badea, C. Badea, C. Cottin and H. H. Gonska [4], [6].

DEFINITION 4.1. [4] Let I,J C R be compact intervals and let L : Cy(I X
J) = B(I x J) be a linear positive operator. Suppose that f(-,*) € Cp(I x J).
The operator U : Cy(I x J) — B(I x J) defined for any f € Cp(I x J) and
(x,y) eI xJ by

is called the GBS (Generalized Boolean Sum) operator associated to L.

REMARK 4.2. The notion of GBS operator was introduced by C. Badea and
C. Cottin [4]. O
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REMARK 4.3. The most natural way to construct the GBS operator U is
the following:

e one considers the univariate operators
LY : Cy(I) = B(I), LY:Cy(J)— B(J);
o if
LY, LY : Cy(I x J) — B(I x J) are their parametric extensions [7], [12], then
(4.4) U=L7+L§—LTLY.
O
LEMMA 4.4. The GBS operator associated to the bivariate pip2-Szdsz-

Mirakjan-Kantorovich operators is defined for any f : [0,4+00[x][0, +00[— R
and (z,y) € [0, +00[x [0, +oo[ by

(k) J)(O
(4.5) (%DlSDQUm,nf)(x’y) =

kO]O
k+1  j+1

- (ma)*(ny) // kg (sd) (k1)) s

Proof. One applies relation with LY := ¢1S%, LY := ¢3Sy and one
takes Lemma 3.1. into account. ]

The analogous of Shisha-Mond Theorem in terms of mixed modulus of
smoothness is the following:

THEOREM 4.5. [4] Let L : Cy(I x J) — B(I x J) be an linear and positive
operator reproducing constants and let U : Cy(I x J) — B(I x J) be the GBS
associated operator.

For any (z,y) € I x J and (81,02) €]0, +00[x]0, +-00[ the following inequal-
ity:

(4.6)

Fey) = UNG )| < (1467 VT, y) + 65"/ (L) ()

071051\ (L) (@,9)(L63) (. ) ) wmizeal 361, 52)

holds.

For the GBS operator associated to the ¢jp9-Szasz-Mirakjan-Kantorovich
operator we have the following:

THEOREM 4.6. For any function f € Cy([0,+00[%x[0,4+00[), any bivariate
interval [ay, b1] X [ag, ba] C [0, +00[x[0, +00[ and (x,y) € [a1,b1] X [az, ba], the
GBS operator (4.5) satisfies the following inequality

(7)1 @9) — (102U )0 < Kemigea (15 522, a2z )

where K is defined at - and -
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Proof. One applies the Theorem 4.5. with L := 192Ky, , respectively
with U := ¢1902Up 1. ]

Next we recall the Korovkin type theorem for B-continuous functions due
to C. Badea, I. Badea and H. H. Gonska in [5].

THEOREM 4.7. [5] Let (Lmn)mnen be a sequence of linear positive opera-
tors, Lymn : Cp(I X J) — B(I x J). If

1) (LmneOO)( )

11) ( mnelo)( )_$+umn($ y)

iii) (L m,nGOI)( y) = Y+ Um, n(7,9),

1V§ (L m,n(€2o+€02))(w,y)—$ + 4% + wnn(z,y),

v }HEOO Um,n(l‘, y) = m,lrizrgoo Um,n (xa y) = m,l%rgoo wm,n(x7 y) =0

uniformly on I x J,

then for any f € Cy(I x J), any (x,y) € I x J, the sequence (Unmn)mnen
converges to f uniformly on I x J, where the operator Up, ,, m,n € N is
defined by

(4'8) (Um,nf)(x7y) = Lm,n(f('??J) + f(ZL‘, *) - f(a *))(.7}, y)'

For the GBS operator associated to the 1ps-Szdsz-Mirakjan-Kantorovich
operator we have the following:

THEOREM 4.8. Suppose that the analytic functions p1,¢2 @ R —]0,+o00]
satisfy the conditions (3.8)). Then, for any function f € Cy([0, +o00[x[0, +00])
and any (x,y) € [a1,b1] X [ag, ba], it holds

mlrllgloo((pl@QUm,nf)(x7 y) - f($7 y)

)

uniformly on any bivariate compact interval [a1, b1]X [ag,bs] C [0,400[x[0,4+00].

Proof. One applies Theorem 4.7. with Ly, ,, := ©192 K,y , respectively with
Um,n = (PlSDZUm,n- O
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