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APPROXIMATION BY NONLINEAR HERMITE-FEJER
INTERPOLATION OPERATORS OF MAX-PRODUCT KIND ON
CHEBYSHEV NODES
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Abstract. The aim of this note is that by using the so-called max-product
method, to associate to the Hermite-Fejér polynomials based on the Chebyshev
knots of first kind, a new interpolation operator for which a Jackson-type ap-
proximation order in terms of w1 (f;1/n) is obtained.
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1. INTRODUCTION

Based on the Open Problem 5.5.4, pp. 324-326 in []], in a series of recent
papers [1, 2, B} 4, [5], we have introduced and studied the so-called max-product
operators attached to the Bernstein polynomials and to other linear Bernstein-
type operators, like those of Favard-Szasz-Mirakjan operators (truncated and
nontruncated case), Baskakov operators (truncated and nontruncated case)
and Bleimann-Butzer-Hahn operators.

This idea applied, for example, to the linear Bernstein operators B,,(f)(z) =
> o Pk () f(k/n), where py, x(z) = (})2*(1—2)""*, works as follows. Writ-

ing in the equivalent form B,(f)(z) = Zzi’zpjé’;(xl{g;/ ") and then replac-

ing everywhere the sum operator ¥ by the maximum operator \/ (that is
Y p—oPnj(x) f(k/n) is replaced by the maximum max—,. n} {pni(x)f(k/n)}
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and Y1 pnk(2) by maxgr—o . n3{Pnk(x)}), one obtains the nonlinear Bern-
stein operator of max-product kind

\/ pn,k(x)f(%>
k=0
\/ pn,k(x)
k=0

for which, surprisingly nice approximation and shape preserving properties
were found.

For example, it is proved that for some classes of functions (like those of
monotonous concave functions), the order of approximation given by the max-
product Bernstein operators, are essentially better than the approximation
order of their linear counterparts.

The aim of the present paper is to use the same idea to interpolation poly-
nomials. In the case of the Hermite-Fejér kind polynomials based on the
Chebyshev nodes of first kind, for example, we will obtain that in the class
of Lipschitz functions with positive values, the new obtained interpolation op-
erator has essentially better approximation property than the Hermite-Fejér
polynomials.

Thus, let f : [-1,1] - R and z,; = cos <2(2n(;7_]i);)rl7r) e (-1,1), k €

{0,...,n}, =1 < zpo < Tp1 < ... < Tpy < 1, be the roots of the first kind
Chebyshev polynomial T;,11(z) = cos[(n+1)arccos(z)]. Consider the Hermite-
Fejér interpolation polynomial of degree < 2n + 1 attached to f and to the
nodes (Zn )k,

BM(f)(x) =

H2n+1(f)($) = Z hn,k(x)f(wn,k)a
k=0

with 2
(R (o =)

It is well known that Y hy k(z) =1 for all z € R (and that hy, (x) > 0 for
all x € [-1,1] and k =0, ...,n), which allows us to write

Hopi1(f)(z) = Z’“:z%;:()kh(:)kf(%”k), for all z € R.
Therefore, applying the max-product method as in the above case of Bern-
stein polynomials, the corresponding max-product Hermite-Fejér interpolation
operator will be given by

\/ hn,k(x)f(xn,k)
k=0 )

\/ hn, k()
k=0

M, () (@) =
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REMARK 1.1. Firstly, it is clear that Hé%r)l( f)(z) is a nonlinear (more
exactly sublinear on the space of positive functions) operator, well-defined
for all x € R and a continuous, piecewise rational function on R. Indeed,
by > i ohnk(z) = 1, for all € R, for any z there exists an index k €
{0,...,n} such that h,, x(z) > 0, which implies that \/}/_, hy x(x) > 0. Indeed,
contrariwise would follow that h, () < 0 for all £ and therefore we would
obtain the contradiction > }_, hy(2) < 0. The continuity of the numerator

and denominator of HénMJr)l( f)(x) as maximum of finite number of continuous

functions is immediate, which implies the continuity of Hg(ﬁ_)l( f)(z) on R.
The sublinearity follows from the property of the maximum operator \/.
Also, by the property hy, (2, ;) = 1if k = j and hy, (2 ;) = 0if k # j, we
immediately obtain the interpolation property Héﬁ/i)l( ) (@n;) = f(zny), for
all j € {0,...,n}. O

The plan of the paper goes as follows: in Section 2 we present some auxiliary
results, in Section 3 we prove the main approximation result while in Section
4 we compare the approximation result in Section 3 with those for the linear
Hermite-Fejér interpolation polynomials based on the Chebyshev knots of first
kind.

2. AUXILIARY RESULTS

In all what follows, f will be considered continuous and with positive values,
that is

felCi[-1,1={f:[-1,1] — Ry; f is continuous on [—1, 1]}.

Firstly, we present a general type approximation result, which in fact is
valid for all the max-product type operators (including those of Bernstein
type proved in [1]).

THEOREM 2.1. For all f € Cy[-1,1],n €N, § > 0 and z € [—1, 1] we have

(@) = Hy (D@ < |1+ 3HG (02)@)] wi(:6),

where @, (t) = |t — x| for all t,x € [-1,1], and wi(f;0) = max{|f(z) —

Proof. First it is easy to check that as a consequence of the properties

of the operator \/, f < ¢ implies Hz(%r)l (f) < Hz(ﬁ/_[gl(g) and also we have

M (f + g) < H () + Hania(g), for all f,g € C[~1,1].

Further, we have f = f—g+g < |f—g|+g, which by the above two properties

successively implies HénM_gl(f)(x) < HénMjL)lﬂf —g)(x) + HénMJr)l(g)(:l:), that is

M M M
HY, (D)) — B, (9)(x) < HOD (1 — g)) (@),

Writing now g = g— f+ f < |f —g|+ f and applying the above reasonings,
it follows Hap11(g) ™) () — HSM (£)(2) < HM, (1 — g]) (), which combined
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with the above inequality gives

[HS, (1) (@) — B (9) ()] < HED (1 — g) (@)

Also, it is immediate that Hén +)1( f) is positive homogenous, that is

2n+1()‘f) = )\HQ(n_‘_)l(f) for all A > 0.
(M)

Now, since it is clear that Hy, /;(eo) = eo, where eg(z) = 1 for all z, from
the identity (for a fixed x € [—1,1])

HID (F)(x) — f(a) = HN (F()) (@) — HED, (F(2))(2)

and from the above proved properties of HQ(n _31( f), it easily follows

|F(@) = Hyp i (D(@)] < Heyd (1) = f(2))(@).

Since for all t,z € [—1,1] we have

1f(t) = f@)] S wi(fs ]t —al) < [t = ol + 1] wi(f;9),

replacing above we immediately obtain the estimate in the statement. O

As in case of the Bernstein type max-product operators, first it will be
useful to exactly calculate \/}/_ hn (x) for x € [—1,1]. In this sense we have
the following result.

LEMMA 2.2. For each j € {0,...,n — 1}, there exists a unique point y, ; €
(@njs Tnj+1), such that we have

\/ hn,k(x) - hn,j-‘rl(x)a fOT’ all x € [yn,jayn,j-i-l] ) .] € {07 ey — 2}

In addition,

n

\/ b () = hpo(x), for allz € [-1,yno],
k=0

and
n

\/ hn,k(x) = hn,n<$)a for all x € [yn,n—lv 1] .
k=0

Proof. First we show that for fixed n € Nand 0 < k < k+ 1 < n, there
exists a unique point y, 1 € (p k, Tn k1) such that we have

0 < hn,kJrl(x) < hn,k($)7
(2.1) if and only if & € [0, yn k] [{an 55 € {0,1,...,n}, 5 # k+1}.
Indeed, the inequality hy, gy1(z) < hpi(z),z € [—1,1] is equivalent to

T721+1(96)
0< )2 (xn,k—i—l _l'n,k) 'Pmk(l’),ﬂ? € [_171])

- (n+1)2(x_xvz,k)Q(x_xn,k+1
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with P, x(z) = 23

—x[2 4+ xnk - Tpgt1] + (Tnk + Tngr1). Therefore, the
inequality Ay, g1 ZE) <

hpi(x),z € [—1,1] is equivalent to the condition that
v € {r € [~ 1) Pug(z) > 0} oy € (0,1, o}, j # k+ 1},

But, since P, k( ) = ( + T, k)(l + mn,k-l—l) >0, Pmk(l) = (xn,k - 1)(1 -
xn7k+1) < 0and P, ;(z) = 0 has the two solutions

_ /24T g Tn ket 240 kT gt
— _ n 3 n ,22 — n 3 n e (

it easily follows that P, j(z) has at z; a maximum point, at 2z a minimum
point, the equation P, ;(x) = 0 has a unique solution y, 1 € (21, 22) and that
P, k(z) >0 on [—1,1] if and only if x € [0, yy, x].
Now we will prove that in fact y, ; € (i, Tnk+1). Indeed, this is immedi-
ate from the following simple calculation
Pn,k(xn,k) : Pn,k+1($n,k+1)
= (fb’%k - fﬁik “Tnk+1 — Tnk + mn,k—&-l)(mi,k—&-l — Tpk xi,k-‘,—l + Tnk — Tnk+1)

= (@nk — Tngr1) (@, — (1 = Tppp1) <0
Therefore, as a first conclusion it follows (2.1).
By taking £ =0, 1,..,n — 1 in the inequality (2.1), we get

hni(z) < hpo(z), if and only if x € [—1, yn.0] U{xn’j;j # 1},
hn,2($) S hn,l(x)a if and Only if x € [_L yn,l] U{l‘n,j;j 75 2}a
hn3(x) < hno(x), if and only if & € [~1,yn 2] | J{zn;:4 # 3},

SO on,
b j1(x) < hy (), if and only if x € [—1,yy, 1] U{xn,ﬁj #k+ 1},

So on,

hn,n—?(w) S hn,n—3<x)7 if and Only if x € [_Lyn,n—S] U{xn,j;j 7é 1}7
hn,nfl(x) < hn,nf2(33)a if and only if z € [_L yn,an] U{$n,j§j #Fn— 1}a
hnn(2) < hpn-1(2), if and only if @ € (=1, ynn1] | J{znj;J # n}.

From all these inequalities, reasoning by recurrence we easily obtain:
if x € [—1,yno] then hy, (x) < hpo(x), for all k =0,1,...,n,
if € [Yn,0, Yn,1] then hy, x(z) < hyi(x), for all k =0,1,...,n
and so on finally
if £ € [Yn,n—2, Ynn—1] then hy, p () < hpp-1(x), forall k =0,1,...,n,
if € [yn,n—1,1] then h, gx(x) < hyp(z), forall k=0,1,...,n

which proves the lemma. O
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For the proof of the main results we need some notations and auxiliary
results, as follows.

Let us denote y,, 1 = —1 and y;,, = 1. Then, for all k,j € {0,1,...,n}, and
for each = € [yn j—1,¥Yn,j], Wwe denote

o
M (@) = R, Min (@) = My (@) [ — ]

We observe that for £ > j+1 we have x,, , —x > xy, j+1—Yn,; > 0 and it follows
that My p, j(2) = mpn j(x)(Tnr — ). Also for j > 1 and k < j —1 we have z —
Tnk = Ynj—1 — Tnj—1 > 0 and it follows that My, j(x) = myp j(2) (2 — T k).

LEMMA 2.3. For all k,j € {0,1,...,n}, and for each x € [yn,jfj,yw»], we
have
Mis,m,j(2) < 1.

Proof. By Lemma 2.2 it immediately follows that
hno(z) < hpi(z) < ... < hy () > hy () > hpn(x)

for all = € [yn j—1,Yn,j]. Multiplying the above inequalities with 1/h,, j(x) we
get

mo,n,j(ac) < mljn’j(x) <.. S mjm’j(m) > mj_;_l’n,j(x) Z Z mn’n,j(x).
Since mjy j(x) = 1 we immediately obtain the desired conclusion. U
LEMMA 2.4. Let k, j € {0,1,....,n} and let € [y, ;1 Yn;l-
(i) fke{j+1,j+2,...,n— 1}, then My (z) > My, , ;(2).
(i) Ifj>1 and k € {0,1,....j — 1}, then My j(z) > My, , :(z).
Proof. (i) We observe that for all k£ > j + 1 we get

Mypj(@) _ hop(®)  @pp—z _ 1-@enk 0 Tpk—® o (ToTpgeg 2 _
M4 1,n,5(x) hokt1(T)  Tppp1— 1—zxy k11 Tprr1—7T T~y
B e N S 7 ' >1
lfzxn,k«l»l T, k=T
which proves (i).
(ii) For all k£ < j — 1 we get
2
Mk,n,j(x) — hn,k(x) LT Tnk — 1_x$n,k¢ L TPk [ TTTnk—1 —
Mkfl,n,j(x) hn,kfl(x) T—Tn k—1 1_an,k71 T—Tn k—1 T—Tn k
I e N S e 10 I | 1
- l—zxpy k1 T—Tpk —
which proves (ii). O

REMARK 2.5. It is of interest to find good estimates for each ¥, ;. For this
purpose we take into account that from x, ; < ¥y, ;j < Yn j4+1, we immediately
obtain the following estimates for y, ;:

min{|zn,; |, [Tn, 1]} < [Yng| < max{|zn s, [#n 1]}, i 2nj - 201 >0,

and y,; = 0, if 2, - Tpj+1 < 0. Indeed, in this last case we necessarily
have x,, j + @y j+1 = 0 (the roots of the Chebyshev polynomial T},41(x) are



7 Max-product Hermite-Fejér interpolation 27

symmetric with respect to the origin), which replaced in the proof of Lemma
2.2 immediately implies y, ; = 0. But by the formula cos(a) = sin(7/2 — «),
we get

Ty = COS (%W) = sin (g . 25;?) ,j=0,1,...,n—1

and by the well-known double inequality (see e.g. [I0], p. 57) (2/m)u <
sin(u) < u, for all w € [0,7/2], we immediately get

[2j—n] , [2j—n| = -
St Slengl < S - 5, forall j=0,1,.n.

0

REMARK 2.6. Note that due to the symmetry of the nodes z,, ;, the “inter-
mediate” nodes vy ; € (Tnj, Tn,j+1), J € {0,...,n — 1} in Lemma 2.2 also are
symmetric with respect the origin. Indeed, since each y,, ; satisfies the equation
y27j—yn,j 242, T j+1]+ (2nj+2nj41) = 0 and since x, j = —Zp pn—j, We get
yz’n_j ~Ynn—j 2+ Tnn—j Tpp_(+1)] + (Tnn—j+Tn (1)) = 0. Adding these
two relationships we obtain yiyj + yf’w_j —24znj Tnj+1](YUnj +Ynn—j) =0,
that is

(Unj + Ynin—3) Wi j = Ung * Yngt1 + Yo ji1 — 2 — Tnj - Tpja1) = 0.
Because it easily follows that the second term above is always < 0, we get

Ynj + Ynn—; = 0, which proves the desired assertion. O

REMARK 2.7. Since HéM)(f)(a;nyj) — f(znj) = 0foralln € Nand j =
0,1,...,n, we note that in the next notations, proofs and statements of the all
approximation results, in fact we always may suppose that € [-1,1] and = #
Tn,j, forall 5 =0,1,...,n. O

3. APPROXIMATION RESULTS

The main result is the following Jackson-type estimate.

THEOREM 3.1. Let f : [—1,1] =Ry be continuous on [—1, 1]. Then we have
the estimate

HSD (£)(@) = f@)] < 1en (f,75), for alln €N, @ € [-1,1).

Proof. By Theorem 2.1 we have
M M
(31 HLLAE) - f@)] < (14 EH () @) wr(f,00),
where ¢, (t) = |t — z|. So, it is enough to estimate

(M) k\i/ohn,k(m)|xn,k7x|
En(l') = H2n+1(¢$>(x) == \7} o 1 () , T E [_171]'
k=0 ok
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Let © € [yn,j—1,Yn,;|, where j € {0,1,...,n} is fixed arbitrary. By Lemma 2.2
we easily obtain

Ey(x) = . lglax {Mk TLJ( )b e [yn,j—hyn»j]'

It remains to obtain an upper estimate for each My, ,, j(x) when j € {0,1,...,n}
is fixed, « € [Yn,j—1,Yn,;] and k € {0,1,...,n}. In fact we will prove that

My p j(x) < 21 for all x € [Ynj—1,Ynjl, k=0,1,...,n,

1
which immediately will imply that
(3.2) E,(z) < 2I17 for all x € [-1,1],n € N,
and taking §, = f—fl in (3.1), since [27] = 6, from the property wi(f;Ad) <

([Nl + Dw1(f; 6) we immediately obtain the estimate in the statement.
In order to prove (3.2), we distinguish the following cases:
1)7=0;2)j=nand 3) j€{1,2,....n—1}.
Case 1) By Lemma 2.4, (i), it follows that E,(z) = ’gn%ﬁ{Mk,n,o(f)} for all

S [_17yn,0]'
If £ =0 then Moy, 0(z) = |zn0 —|. Since € [—1,yn0] C [-1,2p1], we
obtain

2(n—1)+1
|zpo—2| < xp1+1=cos (%TF) +1
o 2 (2(n—1)+1 o - 2(x 2(n—1)+1
= 2cos (%ﬁ = 2sin (5 - %W)
_ -2 3 972
= 2sin (4(nil)> < S(nil)Q'

If £ =1 then M, 0(z) = min,0(2)|zn1 —z|. By Lemma 2.3, it follows that
m1 0 < 1 and we obtain
2

Ml,n,O( )<‘$n1—x‘—l‘n1—a}<:pnl+1<w

In conclusion we obtain E,(z) < W for all z € [—1, yn ]
Case 2) By Lemma 2.4, (ii), it follows that E,(x) = | max {Mj; yyn ()} for
=n—1,n

all € [Ynn—1,1].
If k = n then M, »n(z) = |Tpn — x|. Since = € [Ynn—-1,1] C [Tnn-1,1], we
obtain
71.2
8(n+1)2
where we used the obvious equality 1 — x;, 1 = 2,1 + 1.
If k =n—1 then M, _; nn( ) = Mp—10n(2)|Tpn-1 — x| < |Tpn-1 — 2| =

’xn,n - $’ <1 — Tn,n-—1 < (9

T = Tpn— 1<1_xnn 1<8(n+1)

In conclusion, we obtain F,(z) < St T® +1) for all € [ynn-1,1].

Case 3) By Lemma 2.4 it follows that E,(z) = . max 1{Mkn](az)} for
=j—Lj.j+

all z € [ynj—1,Yn,j)-
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If k= j then Mj,, j(x) = |xn; —x|. For € [Yn j—1,Ynj] C [Tnj—1,Tnj+1)s
we obtain

IN

. : 2n—25+1
Ln,j+1 — Tn,j—1 = 2sin (nil) sSin ( 2(n4ﬁ1) 7T)

s s 2
S 2sin (m) S Py

If k=374 1 then Mj_H’n,j(m) = mj+1,n7j(x) \xn7j+1 — $| < ZTpjr1— 2. Since
T e [ymj_l,yn,j] - [xn,j_l,a:mjﬂ] it follows that

|Zn,j — |

Tpjrl — T < Tpj41 — Tnj—1 < o7
If k£ = j — 1 then Mj—l,n,j(m) = mj_17n7j(x) |$n,j—1 —33| < x- Tn,j—1 <
Tpj41 — Tnj—1 < i
Collecting all the estimates obtained above and taking into account that
9712 /[8(n+1)?] < 2r/(n+1) for all n € N, we easily get (3.2), which completes
the proof. N

REMARK 3.2. The order of approximation in terms of wyi(f;1/(n + 1)) ob-
tained by the proof of Theorem 3.1 cannot be improved, in the sense that the
order of max,¢(o11{En()} is exactly %ﬂ (here E,(x) is defined in the proof
of Theorem 3.1). Indeed, for each n € N we have xop11n + Zontint1 = 0
which by the Remark 2.5 after the proof of Lemma 2.4 immediately implies
Yon+1,n = 0 and (since 0 € [y2n+1,ns Y2n+1,n+1))

o 2(n+1)—(2n+1) _ 1
Mn+1,2n+1,n+1(0) = Tont+in+l = 2n+2 = nr1) 0

4. COMPARISON WITH THE HERMITE-FEJER POLYNOMIALS

Firstly we present a brief history on the order in approximation by the
Hermite-Fejér polynomials, Hop1(f)(x). Denoting A, 1(f) = ||[Hant1 — ||,
where || - || is the uniform norm on C[—1, 1], a famous result of Fejér [7] states
that limy, oo Ap+1(f) = 0, for all f € C[—1,1]. The first estimate of the rate

of convergence, A,+1(f) = O <w1 <f; ﬁ)), obtained by T. Popoviciu [12],

was improved by E. Moldovan to A,,+1(f) = O (wl ( I lnsr;l)

In(n) denotes the logarithm of n. In Xie Hua Sun and Dechang Jiang [17], it
was proved that above, wy can be replaced by the Diztzian-Totik modulus w?.
In a sense, the two previous results are the best possible, because for g(z) =

|x| we have |Ha,+1(g)(0) — g(0)] > cl%,n € N, with ¢; > 0 independent
of n. In fact, by R. Bojanic [6], if f € Lip; then the order O(In(n+1)/(n+1))
cannot be improved.

On the other hand, as it was remarked in the book of J. Szabados and P.
Vértesi [14], p. 168, Theorem 5.1, the above order is not the best possible for
g(x) = |z]%, 0 < 6 < 1, the correct estimate being of order 1/n’. This remark

also follows from the equivalence proved by Theorem 2.3 in [17],

| Hons1(f) = fIl = O(1/n’) iff Enia(f) = O(1/n°)

) in [I1], where
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Other good estimates were obtained, for example, in R. Bojanic [6] for the
uniform approximation, and in J. Prasad [I3], which generalizes the estimate
of P. Vértesi in [16] for the pointwise approximation. Also, the saturation
order 1, was proved by J. Szabados in [15].

Now, from Theorem 3.1, we easily get that the order of approximation

obtained by the max-product interpolation operator HénMJr)l( f)(x) for the pos-
itive function f € Lipi[—1,1], is essentially better than that given by the
Hermite-Fejér interpolation polynomials, Ho,11(f)(x). Indeed, in this case

by Theorem 3.1 we get that ||H2(%r)1(f) — fll £ 355, while by [6] we have

|Honi1(f) — fl ~ l"qgffll). Here a, ~ b, means that there exists ci,co > 0
independent of n, such that c1b, < a, < cgb, for all n € N.

Finally, let us mention that in Hermann-Vértesi [9], some linear interpo-
latory rational operators are constructed, for which a Jackson-type order of
approximation is obtained and, in addition, a saturation result is obtained. It
remains an open question to prove a saturation result for the nonlinear max-
product Hermite-Fejér operator in the present paper, possibly by using some

ideas in [9].
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