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THE FIRST ABSOLUTE MOMENT FOR SOME OPERATORS

OVIDIU T. POP' and PETRU 1. BRAICA*

Abstract. In this paper we will determinate the first absolute moments for
Bernstein, Szdsz-Mirakjan, Bleimann-Butzer-Hahn, Meyer-Konig and Zeller op-
erators. For the Szdsz-Mirakjan operators we give some properties with the
absolute moment of high order.
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1. PRELIMINARIES

Let N be the set of positive integers and Ng = NU {0}. For any m € N, let
B,, : C([0,1]) — C([0,1]) be the Bernstein operators, defined by

(1.1) (Bmf)(@) =) pmr(@)f (£),
k=0

where p, (x) are the fundamental Bernstein’s polynomials, given by

(1.2) p(z) = ()2 (1 —a)™F,
for any z € [0,1] and any k € {0,1,...,m} (see [3] or [11]).
For any m € N, let Sy, : C2([0,+00)) — C([0,+00)) be the Szdsz-Mirakjan
operators (see [4], [7], [11] or [12]), defined by
= mx k
(1.3) (Smf)(@) = ey CEEf (k)
k=0

for any z € [0, +00).
The operators Z,, : B([0,1]) — C([0,1]) defined by

(14) (Zmf)(@) = (1= ()b s ().
k=0
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for any x € [0,1) and (Z,,f)(1) = f(1), m € N, are called Meyer-Ko6nig and
Zeller operators (see [6] or [11]).
For m € N, let the operators L, : Cg([0,+00)) = Cp([0,+00)), defined by

(15 (Lo f)@) = (1) 3 ()t ().

k=0

for any = € [0,00). These operators are called Bleimann-Butzer-Hahn opera-
tors (see [2] or [11]).

In what follows, let I C R be an interval. We recall that the functions
Yz, Wy : I —R are defined by

or(t) =t — x|, Yz(t) =t—ux,
for any (x,t) € I x I. For a sequence of operators (L, )m>1, define T}, ; by
(1.6) (TiniLim)(x) = m' (Lmty) (2),
for any x € I, any m € N and any 7 € Ny.

2. MAIN RESULTS
In [5] is proved the following result contained in Theorem 2.1.
THEOREM 2.1. Let m € N and 0 <z < 1. Ifi = [mz], then
(2.1) (Bngs) () = 22(1 = 2)pp -1, (7).
THEOREM 2.2. Let m € N and 0 < z. If i = [mx], then

(2.2) (Smepe) (z) = 2ze—me (M2

4!

1
Proof. From i = [mz] it results i < mxz < i+ 1, equivalent with — < x <

m
,+ 1
' . We get
m
> k
(Smepa)(x) = ey LIl |k g
k=0
i k 0 k
=27y W (o — K)oy A (kg
k=0 k=0
d ma)* : maz)* 1
=207 gy UL 2N GO 4 (Smer) (2) = 7 (Smeo) (@)
k=0 k=1
= 2xe*mx—(mm)i

[1N

so (2.2) is obtained. O
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THEOREM 2.3. Letm € N and 0 < x <m. Ifi = [(mﬂ)x], then

x+1
(2.3) (L) (@) = 2(1+2)"™ (2(7)2" = 2™).
In the case when m € N and & > m, then
(2.4) (L) (x) = 2™ (1 + 2)~™.
Proof. From i = [(72111)1} it results 7 < (W;ill)x < 1+ 1, equivalent with
zi+i<mx+z<zi+zx+i+ 1, from where m_ii+1 <z< %_11 Taking that

. . . | (m4+1)z (m+1)x
x < m into account, one obtains ¢ = [ 1| S 1 <m
We get

(Lmpe)(z) = (1+2)7™ Y (7)2" ‘ﬁm _ x‘
k=0

k=0

FL ™Y (7)o (ke o)
k=0

(14 <x (1) — ($>ka_i+1>+<Lme1><x>x(Lmeo><x>
k=1 k=1

satn (o <z:>xk—wz<kml>x’f—l) o)

so (2.3) is obtained. If z > m, we have that

m+k+1 < z, for any k €
{0,1,...,m} and then

(L)) = (14 2) ™ 3 (1) (2 - k)
k=0
=T (Lmeo) (x) - (Lmel) (x) = xm+1(1 + x)—m,
o0 (2.4) holds. O

THEOREM 2.4. Letm €N and 0 <z < 1. If i = [m

mx
11—z

], then

(2.5) (Zmps)(z) = 22" (1 — )™ (™).

7
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Proof. From ¢ = [%] it results i < "% mZ—H <

r < o We get

(Zmpz)(r) = (1 - x)m—&-l Ei: (mljk)x ’x o mLJrk
=2(1 — )™t Zl: (m,jk)xk (ac - mij%)
7)™+ Z (™) (m+k 95)

) 7
k k
=2(1- l’)m+1 (m m+ Z m+ m+k> +
k=0 k=1

+ (Zmer) (@) — 2(Zmeo) (z)

= 20(1 =)™ (1 (GRS <m,:kﬁ>wk‘1))

k=1
— 21,1’-&-1(1 _ l’)m+1 (m+z)’

(2

0 (2.5) is obtained. O

It is known the result contained in Lemma 2.5.

LEMMA 2.5. If m,n € No,m # 0, then (B,¥2) (x), with z € [0,1] is a
polynomial in variable x.

LEMMA 2.6. If m,n € N and n is even, then
(2.6) (Bmpz) () = 2(1 = 2)qmn (@),

for any x € [0,1], where gmn () is a polynomial in variable x and ¢ n(x) > 0,
for any x € [0,1].

Proof. For m =1, we get

1
(Bigy) () =Y (k= )" p1i()
k=0
=a"pio(x) + (1 —2)"p11(z) = 2(1 — z)q1 n(2),
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where q1 ,(7) = 2" 1+ (1 — z)" L.
For m > 2, we get

(Bmel) (2) =Y (£ —2)" pmi(x)

k=

o

+ (ﬁ _ x)" (?)xkil(l _ x)mfkfl + (1 B x)nflxmfl'

For any z € [0, 1], every summand from g, »(z) is positive. But for £k =1 and

k = m — 1, which means (% — J:)n (T)(l — 2)™2 respectively
(Tfl — x)n (m_l):vm_2 cannot be simultaneously null.
Taking the above remark into account, it results
(Bmgy) (x) = (1 — 2)qmn(z)
is a polynomial in variable x and ¢, ,(z) > 0, for any = € [0, 1]. O

COROLLARY 2.7. If m,n € N, with n even, then
(2.7)
(TnnBm) (x) = m"™ (Bm¥y) (x) = m"™ (Bmy) (x) = m"z(1 — @) gmn ().
For the Szasz-Mirakjan operators, we get
s k
(28)  (TmsSm) () = m* (Smt}) () = mPe™™ Y~ e (& —a)”,
k=0

where m € N, s € Ny and z € [0, +00).

LEMMA 2.8. If m,s € N, with s > 2, then the following

N

S—

(2.9) ((Tm,ssm)(m))/ =m (f) (TM,iSm) ()

i

I
=)

holds, for any x € [0,+00).
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Proof. From (2.8), we obtain

((Tmssm)(x))/ = <msemx (772;79?16 (% - $)3>

k=0
= et 3 Ut (g el 3 Gl (k)
k=0 k=0
— sm®e” "™ (m,j)k (% — x)#l
k=0
(Ton5Sim) () = ms (Tyn,s-18m) (x) + m*+e -m‘z (ma) (&£l _ g)°
= 1 (Tin,sSm) (&) — ms (T s-15m) () e Z ma)® (£ g)+1)°
= —m (Tn,sSm) () — ms (Tr,s—15m) ()
—mx = mx k ® S s—1 7
+m e Y I N () (1) (B - )
k=0 =0
=1 (Tyn,sSm) (2) — 18 (T s1Sm) (2)+>_ (§)m e ™oy ot (1 _
=0 k=0
= =m (Tin,sSm) (€) = ms (Tn,s-19m) (@) +m > (§) (TrniSm) (@)
1=0
from where, the relation (2.9) follows. O
LEMMA 2.9. If m,s € N, with s > 2, then
(2.10) (Tyn.sSm) mz / (Tyn.iSom) (£)dt

holds, for any x € [0, 00).

Proof. 1t yields immediately, taking that (7}, +5,,)(0) = 0 into account and
integrate the relation ([2.9)). O

For any m € N and any x € [0, 00), it is well known that (T3, 05,)(z) =1,
(Tom,15m)(x) = 0, then the following holds:

COROLLARY 2.10. If m,s € N, with s > 4, then

(2.11) (T s S) (& mm—l—mz / (T sSi) (£)dt

for any x € [0, 00).
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Let m € N and z € [0,00). We obtain

(Tn,05m) (@) =(Smeo)(z) = 1,
(Tn,15m) () =m(Smtpz)(z) = m((Sme1)(x) — 2(Smeo)(x)) = 0,

(TonaS) (o) =m(3) [
(Trn,35m)(z) =m <(3) /0 (Tin0Sm)(t)dt + (%) /0 (Tm,lsm)(t)dt> — maz,

(Tn,aSm)(x) =ma + m(g) /Ox(Tm,QSm)(t)dt = mx + 3m2z?.

Trn,05m)(t)dt = muz,

LEMMA 2.11. If m,s € N, with s > 3, then exist ag ),aés),... aES;Q]
5/2] %0, such that

[s/2]
(2.12) (Ton,sSm)(x ma:+m2as) k)

for any x € |0,00), where al® depends of m and k € {2,3,...,|5]|}.
k 2

Proof. We prove by mathematical induction.
For s = 4 we get (Tpn,45m)(x) = mz + 3m?z?, so that a§4) =3m > 0.
We assume that
/2]
(Tom,jSm)(x mx+m2a]) K
for agj),aé, . .,a[(]].}ﬂ >0, ag/z] # 0, for any j € {4,5,...,s}. Taking relation

(2.11]) into account, we obtain
(Ton,s+15m) () =

:mx+m<(sgl) /0 (Trn2Sm)(B)dt + (1) /0 (Trm3Sm) (£)dt

o1 . /2
+ Z (Stl) / (mt +m Z a,(;)tk> dt)
i=4 0 k=2
s—1 /2
:mx+m<(sgl)m2 *h ) ma? +Z (*th (mx +mzk+1xk+1>)

1= k=2

=ma+ 3 (m(3h) +m(3h +. +m<s+l)> ma?

#(me) :

o Lt 4 m(gj})a%;‘”> ma s
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s+1
+...+m-a([‘i11)]x[82 ]
2
where:
e if s is even,
thzn for k € {2,3,...,[%]} we get k41 < [%] +1= [%] +1= [%]
an

(s+1) +1 {% +1 a[%
(st _ L2 ] s+1y_| 2 ] )
a[%] =m(;5,) [S;QQ]H +m(5) [%}H > 0;
e if 5 is odd,
then for k € {2,3..., [55%]} we get k+1 < [551] +1 = [#5] and
Q5=
(s+1) s+1 [%
CL[%] = m(sfl)m >0
And now, the proof is done. O
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