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Abstract. We prove a “collage” theorem for a generalized contractive type op-
erators.
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1. INTRODUCTION

Let X be a real Banach space, T : X — X be an operator. The following
result of Barnsley, see [I], became “a classic”.

THEOREM 1. (Collage Theorem) Let x € X be given and T : X — X a
contraction with contraction factor L € (0,1), (i.e. ||Tx —Ty| < L|z—1y],
Vx, y€ X), and fized point x*. Then

o — " < 127 fl — T

Kunze et. al., see [2], [3], [4], were able to apply the Collage Theorem to
inverse problems in ODE , that is to reconstruct the field of an ODE, from a
given “target” (trajectory). Our aim is to generalize the above Collage result
to a larger operatorial class than contractions. Recently, similar results were
introduced for other operatorial classes, see [5] and [6].

We shall consider the following class of operators: let T' be such that there
exist a, 8,7 € [0,1), not simultaneous zero, satisfying,

(1) 0<a+pB+v<1
and for each x,y € X,
(2) [Tz =Tyl < allz =yl + Blly = Tl + v llo =Tyl .

For simplicity, let us denote this class by W R.

REMARK 2. Clearly, the contractions are included in this class Let F/(T)
denote the fixed point set with respect to X for the operator 7. O
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If an operator belongs to the above operatorial class and it has a fixed points
then the successive approximation converges to the unique fixed point.

THEOREM 3. Let X be a real Banach space and o, 3,7 € [0,1), not simul-
taneous zero, such that conditions and are satisfied, then the successive
approzimation iteration converges strongly to the unique fized point of T

Proof. Let x* be the fixed point.

Jons —2* < T, — Ta'|
< allzp =2+ Bllz" = Tan| + v |[[T2" — |
= (a4 llen — 2™+ B|Tz" — Ty
= (a+) lzn =2+ Bz — zniall,

st — | < 955l — 27|

oty _ g _ l-a—f—y
-8 — -5

Therefore,
n
e =o' < (1= 592572) g — 2" = 0 as m — o,

since % € (0,1). Uniqueness easily results from condition (1)) and (2) .
O

REMARK 4. It is straightforward to see that the above result holds in a
complete metric space. ]

2. THE INVERSE PROBLEM

Suppose that z* € F(T). Kunze et. al., see [2], [3], [4], have considered
a class of inverse problems for ordinary differential equations and provided a
mathematical basis for solving them within the framework of Banach spaces
and contractions. We shall consider the same framework of Banach spaces and
the larger class of operators which satisfy .

A typical inverse problem is the following, as formulated in [2]:

PROBLEM 5. For given € > 0 and a “target” z, find T, € WR such that
‘f — H < e, where ., =T (x}g) 1s the unique fized point of the operator
-

Consider now the following problem which we shall fit in our framework

and which is very useful for practitioners, see [2].

PROBLEM 6. Let & € X be a target and let § > 0 be given. Find Ts € WR,
such that ||z — Tsz|| < 6.

In other words, instead of searching for W R maps whose fixed points lie
close to target x, we search for W R maps that send Z close to itself.
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THEOREM 7. (Collage theorem for WR Operators) Let X be a real Ba-
nach space and T an operator satisfying with contraction factors o, B,y €
[0,1), and fized point x* € X. Then for any x € X,

* 1
o™ = 2l < =gy e = Tl

Proof. The condition assures that the fixed point z* is unique. If x = z*,
the above inequality holds. If z # x*,Vz € X, then one obtains

[ — 2| <[[T2” — Tzl + || T2 — x|
<alz® —afl+ Blle — 2| +y[la” = Ta| + [ Te — =
=afz® =zl + Bl — 2| + v lla” = zf| + v [Te — zf| + [ Tw — x|
=alz® =zl + Blle — 2" + 2" -zl + (v + 1) [Tz — 2|
=(a+ B+ " =z + (v + DTz — =

From which one gets the conclusion by using . ([l

The above “Collage Theorem” allows us to reformulate the inverse Problem
in the particular and more convenient Problem [6]

THEOREM 8. If Problem [6] has a solution, then Problem [ has a solution
too.

Proof. Let e > 0 and € X be given. For § := ((1—(a+8+7)) /(v + 1)),
let T5 € WR be such that ||z — T52| < 4. If 7, is the unique fixed point of
the C'L mapping Ty, then, by Theorem [7}

- Can) R () s

O

Note that shrinking the distance between two operators, one of them from
WR, reduces the distance between their fixed points.

PROPOSITION 9. Let X be a real Banach space and Ty € W R with contrac-
tion factor oy, 1,71 € (0,1) and Ty : X — X a map such that x5, 25 € X are
distinct fized points for T1 and Ts. Then,

ok (y1+1) .
[T — @3] < T (o1 +B1 1) 222 [Tz — Toxl| .
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Proof. One obtains
2] — @3] = [[Thz} — Toms||
< |[They — Thas|| + [[Thwy — Toas||
< an[la] — a5 + B lloy — Taayl| + et — Thas || + ([ Thas — Toxs)|
< ay[lzt — 23l + Bu [le — 27 + 1 |2t — 23] +
+ ey — Thzgl| + | Thas — Toxs|
= o ||z — 23] + B [z — 21l + 7 et — a5 +
+ (4 1) [[Thzy — Toxs||
< o |2y — a5l + B llay — 27| + 7 |7 — 25|+

+ (1 + 1) sup | ThiaTox|,
zeX

from which we get the conclusion. O

THEOREM 10. Let X be a real Banach space, T : X — X, x = TZ and
suppose there exists Ty € W R such that sup,cx ||Tix — Tz| < e. Then

= = +8 (y+1)
Iz~ 7izll < (1+ 922) =ty

Proof. Let x* = Thz*, and by use of Proposition [9] we obtain

7ot < —aFD <sup Tz —Tx )
i = ="l < =l (sup ||
We have
|z =Tzl < ||z — 2| + [|[=* — Thz|]
<z — 2| + [ Tha" — Thz|,
and
|Thz* =Tz < alz—2"+8|z—Tw™|| + 2" —Thz|
= al|z — 2|+ Bz — Tva™ || + v |Tha™ - Thz|,
7.e.
[Thz™ — Tzl < ﬁ“%f |z — 2.
Thus

Iz -Twz| < ||z -2+ F |z — o

+8\ |1~ * +8 (y+1)
< (1+ )l -wl= (14 ) e
O
REMARK 11. The quantity (14—%“5) % can be written as
1y (I4y)+(a+h) 0

1—y (1—y)—(a+8)"
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