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the bivariate functions by bivariate operators and GBS (Generalized Boolean
Sum) operators.
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1. INTRODUCTION

In the paper [5], [7] we proved a Voronovskaja-type theorem and approxi-
mation theorem for a class of bivariate operators defined by finite sum, respec-
tively by infinite sum. In the papers [8], and [9] we studied the approximation
of bivariate functions by GBS operators.

The aim of this paper is to demonstrate a general approximation theorem
of bivariate functions by special bivariate operators.

Let N be the set of positive integers and No = N U {0}.

In this section we recall some notions which we will use in this paper.

We consider I C R, I an interval and we shall use the function sets: B(I) =
{fIf : I — R, f bounded on I}, C(I) = {f|f : I — R, f continuous on I}
and Cp(I) = B(I) N C(I). For any x € I, let the functions ¢, : I — R,
Yy(t) =t —ax, forany t € I and ey : I — R, ep(x) =1 for any z € I.

If I C R is a given interval and f € B([I), then the first order modulus of
smoothness of f is the function w(f;-) : [0,00) — R defined for any § > 0 by

(1) w(f;0) =sup {|f(z") = f(a")] : ', 2" € I, |2’ — "] < 6}.

Let I, I, J1, JJo C R be intervals, E(Iy x I), F(J; X J3) which are subsets
of the set of real functions defined on I; X Is, respectively J; X Jo and L :
E(I x Is) — F(J1 x J2) be a linear positive operator. The operator UL :
E(Il X IQ) — F((Il N Jl) X (IQ N JQ)) defined for any function f € E(Il X IQ),
any (w,y) € (Il N Jl) X (IQ N JQ) by

(2) (ULf)(@,y) = L(f(z,%) + f( y) — f( %) (2, )
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is called GBS operator (“Generalized Boolean Sum” operator) associated to
the operator L, where “” and “«” stand for the first and second variable (see
1]).

If f € E(I1 x Iz) and (z,y) € I1 x I, let the functions f, = f(x,x),
fU=fly) r hh x L = R, fo(s,t) = f(x,t), fUs,t) = f(s,y) for any
(s,t) € Iy x I3. Then, we can consider that f,, f¥ are functions of real variable,
fo:Io = R, fo(t) = f(x,t) forany t € Iy and fY : [1 = R, fY(s) = fY(s,y)
for any s € I.

Let I, I C R be given intervals and f : I; x Is — R be a bounded function.
The function wioar(f5 -, %) @ [0,00) x [0,00) — R, defined for any (d1,6d2) €
[0,00) x [0,00) by

(3)  wiotal(f;01,02) =sup {|f(x,y) — f(@", )] : (x,y), (2, y) € 1 x I,
|z — 2| <61,y — ¢ < 02}

is called the first order modulus of smoothness of function f or total modulus
of continuity of function f (see [11]).

The first order modulus of smoothness for bivariate functions has properties
similar to the properties of the first modulus of smoothness for univariate
functions.

If (Ly)m>1 is a sequence of operators, Ly, : E(I) — F(J), m € N, for
m € N and i € Ny define T}, ; by

(4) (TniLim)(x) = m' (Limtty) (2)

for any x € I NJ, where E(I), F(J) are subsets of the set of real functions
defined on I, respectively J.

2. PRELIMINARIES

In this section let p,, = m for any m € N or p,, = oo for any m € N and
similarly is defined ¢, n € N.

Let I1,I5,J1,Jo C R be intervals with I; N J; # @ and I, N Jy # (. For
m,n € Nand k € {0,1,...,pm} NNy, 7 € {0,1,...,¢,} N Ny, we consider
Omi + J1 = R, o p(x) > 0 for any « € Ji, ¢y : Jo = R, ¢y ;(y) > 0 for any
y € Jo and the linear positive functionals A, i : E1(11) = R, By j : Ea(I2) —
R.

DEFINITION 2.1. For m,n € N define the sequences of operators (L, )m>1
and (Kn)n21 by

Pm
(5) (L) (@) = Omn(@) Ami(f),
k=0

(©) (o)) = 3 thn(0) By (0)
=0
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for any f € Fy1(I1), g € E2(I2), x € J; and y € Ja, where Fy([1), E2(I2) are
subsets of the set of real functions defined on I, respectively Is.

PROPOSITION 2.2. The operators (Ly,)m>1 and (Ky,)n>1 are linear positive
on E1(I1 N Jy) and Eo(Iy N Jo) respectively.

Proof. The proof follows immediately. U

In the following let s € Ny, s even. We suppose that the operators (L, )m>1,
(Ky)n>1 verify the conditions: there exist the smallest o, 8; € [0,00), j €
{0,2,4,...,s+ 2}, such that

(7) im0 — ()

for any x € I1 N Jq,
(8) lim (Tn,JI;n)(y) — bj(y)

n—o0 n-J

for any y € I3 N Jo and if we note

(9) fys:max{as,QHgm (e {0,1,...,%}},
then
g9+ Boyo —7s—2<0
(10) Qoo+ Py —7—2<0
Qo2+ Boaga —vs —4 <0
where [ € {0,1,2,...%}.
In the following we consider the set E(I[; x Iy) = {f\f I x Iy — R,
fz € Ea(I3) for any x € I1 and fY € E1(I1) for any y € IQ}.
For m,n € N, let the linear positive functionals A, nx; : E(Iy x Iz) = R
with the property

1) Ay (=206 = 9)") = A (¢ = 2)) Bug (=)
for any k € {0,1,...,pm} NNy, 5 € {0,1,...,¢,} NNg, 3,1 € {0,1,...,s} and
xel,yel.

DEFINITION 2.3. Let m,n € N. The operator Ly, ,, defined for any function
f € E(I; x I) and any (x,y) € J1 x J2 by

Pm  Q4n

(12) (Lrn,nf) (z,y) = Z Z O k() Vn,5 (Y) A ke, ()

k=0 j=0
is named the bivariate operator of LK-type.

PROPOSITION 2.4. The operators (L;'fnn)
E ((Il N Jl) X (Ig N Jg))

are linear and positive on
m,n>1

Proof. The proof follows immediately. O
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In the following we consider that
(13) (Ton,oLm)(x) = Apmo(eg) =1
for any x € I1 N J;, m € N and

(14) (Tn,0Kn)(y) = Bnoleo) =1

for any y € Io N Ja, n € N.
From , it results immediately that

(15) chpmk(x) =1
k=0

for any z € I; N J;, m € N and
dn

(16) D tngly) =1
j=0

for any y € Iy N Jo, n € N.

REMARK 2.5. From and it results that ag = By = 0. O

3. MAIN RESULTS

We recall the following theorem from [5].

THEOREM 3.1. Let I, Iy C R be intervals, (a,b) € Iy x Is, n € Ny and the
function f : I1 x Is = R, f admits partial derivatives of order n continuous in
a neighborhood V' of the point (a,b). According to Taylor’s expansion theorem

for the function f around (a,b), for (z,y) € V we have

n

(1) fe =3k (2@—a+2u-b) fab
k=0
+ o™z, y)u(x — a,y — b)

where

(18) (Z2@-a)+20-0) fab=

I
™=

1=0

k€ {0,1,...,n}, p is a bounded function with  lim
(z,y)—(a,b)

(19) plz,y) =/ (x —a)® + (y — b)>.

(]:) axl?fifayi (a,0)(z — )" (y — ),

p(r —a,y—>b) =0
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Then for any 61,02 > 0, any (z,y) € V we have
(20)  |u(z—a,y—b)| <

n
< % (1—1—51—2(3:—@)2) (1+52—2(y_b)2) Z ("N wiota (ﬁjﬁfayi 301, 62).
i=0
THEOREM 3.2. Let f: I} x I3 — R be a bivariate function.
If (z,y) € (I1 N J1) X (Ia N J3) and [ admits partial derivatives of order s
continuous in a neighborhood of the point (xz,y), then

(21)

m—00

lim m®™ |: (L;kn,mf) (‘T7 y)_

s %
ai
=3 S S (@) (Tt L) () (T o) (9) | = 0.
=0 =0

If f admits partial derivatives of order s continuous on (I1 N J1) x (I2 N Ja)
and there exist the intervals K1 C I1 N J1, Ko C Is N Jo such that there exist
m(s) € N and ag, by, € R depending on K, respectively Ks, so that for any
m € N, m > m(s) and for any (z,y) € K; x Ko we have

(22) %#)(I) S asy,
Tm, Km
(23) TnatFim)) ),

where | € {O, L...,5+ 1}, then the convergence given in is uniform on
Kl X K2 and

24) om0 (L) (2,y)—

s i
- Z mlw Z % (ac, y) (Tm,i—le) (LL’) (Tm,le) (y) <
= =0

=0

(S)w o°f . 1 1
i) Wtotal \ Grs=iprT 0 (/50 0\ Jnds

0
for any (z,y) € K1 x Ko, any m € N with m > m(s), where

(25) 0s = — max {as—Ql + Boryo — s — 2, as_op 42 + By — Vs — 2,

5 (s oryo+ By — s —4) il € {0,1,--.,3}}.
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Proof. Let m,n € N. According to Taylor’s formula for the function f
around (z,y), we have

S

ft,r) =Y 4Gt —2)+ Z(r =) fla.9) + o (6, )plt — 2,7 — ),

i=0
from where
7
(26) %Z tz la.,-l (z,y)(t — x)iil(T - y)l+
i=0 =0
p* ()t =, 7 =),
where p is a bounded function and  lim  u(t — 2,7 — y) = 0. Because

(t,m)—=(z,y)
Apnk,j is linear positive functional and verifies , from we have

Amnbif §:z'§: 57tz @) Am (=)' ™) Bag (=)' )+

=0 [=0

+ Am,n,k,j (PS('a *),U:ch) )
where ppy @ (It N J1) X (TN Ja) = R, pgy(t,7) = p(t —x,7 — y) for any
(t,7) € (I1NJ1) % (IaNJ2). Multiplying by ¢, k(2)1n, ;(y) and summing after
k,j where k € {0,1,...,pm}ﬂN0, j€40,1,...,¢,} NNy, we obtain

(L}, Zz.z goba (@) 5 (TnieiLm) (2)-
=0 =0
Pm gm
"lK +ZZ‘PW< wnd y)A m,n,k,j (ps('v*)ﬂxy)a
k=0 j=0

from which

@) mo [(L%,mf)(ﬂ%y)—

*me aﬁ 57t (@ 9) (Tt L) (@) (T o) () | =
=0
:( m,mf)(xay)v
where
Pm gm
(28) ( mmf)(x y Zzgpmk wm,j ) m,m,k,j (PS(',*)#zy)-
k=0 j=0
Then
Pm  gqm

|( mmf)(x ) ’ <m ZZ‘Pmk wm,] )‘ m,m,k,j (ps('v*)ﬂxy) y

k=0 j=0
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from where

(29) (B m (2, )| <

Pm Qgm

3N ok (@) () A (0 () |ty ).

k=0 j=0

According to the relation (20, for any 61,0, > 0 and for any (¢,7) €
(I1 N J1) x (I2N Jz), we have that

2

ey (t, ) = |t — 2,7 —y)| < F(1+ 6772 —2) + 6, 2(1 — y)*+

+0,26, %t = 2)2(7 = 9)%) Y (D) wrtota (ats i577 01, 52)
i=0

S

2 § 2 2l

and taking p*(t,7) = Z % — )" (7 — y)* into account, (30| results
1=0

(30) Amﬂmﬂkuj (r°(: ’Hmy| S%Z ? A o 21 ( ?31)—'_
+51—2A ( s— 21+2)ij(¢§l) + 65 2Am ( s— 21) (¢21+2)+

+ 5;2552Am,k (17[);_2[+2)B 2l+2 :| Z wtotal (8ts 7,87—2 Y 517 62) :

=0
From and , it results that
|(Rmm ) (2, y)| <
% § Pm gm
< ll Z % Z Pm, k: wm J [ m,k (¢§_2l)Bm,j (wjl)Jr
1=0 k=0 j=0

+51 2Amk‘ Q;ZJS 2[+2) ( 2l) _|_5 2A (ws 2[) (17[)2[—1—2)_1_

s

020 A (027 4) B (037)| Y (ot (72 1,02).
=0
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or

(Rm,mf)(xvy” <
< 1ms— 22: (s 1ln)@) (T2t Kon)(0)

ms—21 m2l

=0

52 (T, s2112Lm) (@) (T 20Km)(y)
+ 04 o212 2l

s
—2¢—2 (Tm,sf 1 L'm(x) (Tm, l K’m)(y) 0% .
+ 51 52 ms2—;l2+2 2m+221+2 Z (f) Wtotal &3—71{97.1'7 51; 92 )
=0

—2 (Tm,s—ZILm)(x) (Tm,21+2Km)(y)
5 |
+ 2 ms—2l m2l+2 B

SO

m%s—21 mbBal

s
2
< 1 Z (?) [(Tm’s_Qle)(:c) (T, 215m) (y) mas_21+521—75+

— (Tm,572l+2Lm)(fE) (Tm,Qle)(y) mas,21+2+521—%—2+
1 ma572l+2 mﬁ2l

-2 (Tm,s—Qle)(I) (Tm,2l+2K7n)(y) o _21+521+2—’Y»—2
2 ms—2l m321+2 mo s s +

—2¢-2 (Tm,572l+2Lm)(x) (Tm,2l+2Km)(y) as_giy2+P242—ys—4
+ 51 62 ms—2042 m521+2 m oS 5 .

' Z (5)wrotar <%; o1, 52)-

=0
We have 0, < _(as—2l + ﬂ2l—|—2 — Vs — 2)7 ds < —(055_214_2 + B — s — 2)7 05 <
—(s—2142 + Pary2 — s —4) forany [ € 1 0,1,..., 5 ¢, from where &s + as_9 +
Bart2—7s—2 < 0, 0s+as_orpatBau—7s—2 < 0, 205 +as o2+ Barya—7s—4 < 0,

for any [ € {0, 1,..., ;} From the relation and from the inequalities
above, we have
m&s—21tB2—7s <1,
mlstas—airatBa—vs—2 <1
mlstas—atBarra—ys—2 <1,

m265 +os_oiy2+Boryo—vs—4 <1,

where [ € {0,1,...,;}.
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Considering 61 = d9 = \/% , we have
(B1)  [(Rmmf)(z,y)] <

(32) <X

+

m Qs 2] mB2l

N
I Mw\m
o

—~

§) [(Tms 21 Lm) (@) (Trn,20Km)(y)

+ (Trn,s—21+2Lm) (@) (Tin,21Km)(y) + (T, s—21Lim ) (x) (T 2042 Km)(y)
m&s—20+2 mB2i m&s—21 mﬁ21+2

4 (Tm,s—2l+2Lm)(x) (Tm,21+2Km)(y) .
mo‘s—21+2 mﬁ21+2

S
s o°f . 1 1
' Z (i)wtotal (ats—iaTz‘ " Vmds m)
i=0
Taking , into account and considering the fact that

. of .1 1 _ o°f . —
rr%l—rg})o Wtotal (8t3—i87i ' mds m) = Wtotal <8ts—i87—i »an) =0,

i€{0,1,...,s}, from we have that
(33) hm ( mmf)(z,y) = 0.

From and (33 ‘follows

If in addltlon 24)) take place, then becomes

(34) |(Rinm ) (2, y)| < % ? as—a1 + as—2142) (bar + bart2):

Mw\

(s)w o°f . 1 1
;) Wtotal A= 0T 7 \/mds ’ \/mds

M-

for any m € N, m > m(s) and for any (z,y) € K; x Kb, from which, the
convergence from is uniform on K7 x Ky. From and ,
O

follows.

COROLLARY 3.3. Let f: 17 X Is — R be a bivariate function.
If (x,y) € (LN J1) x (12N J2) and f is continuous in (x,y), then

If f is continuous on (Iy N J1) X (Ia N Ja) and there exist the intervals K; C
IiNJy, Ko C IyN Jy such that there exist m(0) € N and ag, by € R depending
on K, respectively Ko, so that for any m € N, m > m(0) and any (z,y) €
Ki x K9 we have

(36) (Tm,:ni?)(m) < ag,
(37) (Tm,inf;;n)(y) < by,
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then the convergence given in is uniform on K1 X Ko and

(38) (i) (:9) = F(@,9)| S (1 + @)U+ bo)roa (£ 7 s )
for any (x,y) € K1 x Ko, any m € N, m > m(0).

Proof. Tt result from Theorem 3.2 for s = 0 and one verifies immediately
that (67} :ﬁo =% = 0, aq :bo = 1, 50 — —Inax {,32—2, 052—2, % (052—|-62—4)}. ]

In the following, in addition we suppose that

(39) Qotr < s+ 2, Bspo < fs+2

and for any f € E(I; x I3) we have

(40) Amnkj(fz) = Bnj(fz),

(41) Amnk([Y) = Am i (fY),

(42) Amnkj(f) = Amk(Bn,j(f)) = Bnj(Am s (f¥))

foranyz € I,y € I, k € {0,1,...,pm}NNy, j € {0,1,...,¢,} NNy, m,n € N.
In [9] are given the following results, where if P,,, = L,,, m € N then I = I,
J=Ji, nj = aqj, k‘j =a;, j € {s,s+ 2} and if P,, = K,;,, m € N then I = I,
J=Jo, n; =B, kj =bj, j € {s,s+2}.
THEOREM 3.4. Let f : I — R be a function. If x € INJ and f is a s times
differentiable in x with f©) continuous in x, then

(Puf) (@) = S L@ (T, P, (@)

=0

(43) lim m® "

m—r 00

=0.

Assume that f is s times differentiable function on I, with f) continuous in
I and there exists an interval M C I NJ such that there exist m(s) € N and
k; € R depending on M so that for any m > m(s) and any x € M we have

where j € {s, 3+2} Then the convergence given in s uniform on M and
m* | (P ) (@)= 3 L2 (T P} ()| < & (k) (10— —
mlz' myt m — gl \'vs 5+2 ! \/m
for any x € M and m > m(s).
Now, let (UL;“mm) , be the GBS operators associated to the (L, n) 1
operators. -

LEMMA 3.5. If m,n € N, then ULy, ,, have the form

45)  (ULpnf) (@,y) = (Knfo) () + (Linf¥) (@) = (L nf) (2,9)
for any (z,y) € (ILNJ1) x (IaNJ2), any f € E(I; X I3).
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Proof. We have
(UL f) (2,) = (L n(f (%) + f( ,y) - f( *)) (,9)

Pm Qqn
—ZZQ@mk wnj ) mn,k,j(fz)+
k=0 j=0
Pm  QGn
=+ Z Z Pm, k(w wn,j Y)Am n,k,j(fy) - (L:mnf) (z,y)
k=0 j=0
and taking , into account, we obtain
Pm  QGn
(UL f) @) = D > oma(@bns () Boj (fo)+
k=0 j=0
Pm  Qqn
+ Zzgpm E\T wn,J ) mJﬁ(fy) - (L:(n,nf) (xay)
k=0 j=0

Pm
= (Z‘pm,k > an] nj fx) +
k=0

pm
+ (ZSOm,k( mk fy ) Zd}ng - m,nf) (l’,y)
k=0
From , (@, and , the relation is obtained. ([l

THEOREM 3.6. Let f : I; x Is — R be a bivariate function.
If (x,y) € (I1 N J1) X (I2N J2) and f admits partial derivatives of order s
continuous in a neighborhood of the point (xz,y), then

m—r0o0

-3 [(

- Z 8tl laTl (z,y) (Tni—1Lm) () (T Kom) (y)]} = 0.

(46) lim ms—%{ (UL, o f) (z,y)—

5L (@,y) (TniBom) (4) + G @,9) (T L) () ) -

If f admits partzal derivatives of order s continuous on (I3 N Jy1) x (12 N Ja)
and there exist the intervals K1 C I1 N J1, Ko C Is N Jo such that there exist
m(s) € N and ag, by € R depending on K, respectively Ky, so that for any
m €N, m >m(s) and any v € K1, y € Ko we have

Ton 01 Lm ) (T
(47) Onatln)@ g
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(48) (T, 21Km) (y) < by

m32l

where | € {0, L...,5+ 1}, then the convergence given in s uniform on
K1 x Ko and

(49)
m® (UL o f) (2, )~
- Z i [aﬂ 2, 9) (T i Kon) () + %k (2,9) (T L) ()
- Z gty (2, 9) (T i1 L) (2) (T Ko) (9) || <
< (b5+bs+2)w(%sfs” ; Vﬁ) +(as+asyo)w (8;5]? ; \/m2+als—a5+2 >+

s

5,
+ Z ? as—o1 + as_2142)(bar + bary2) Z ()

=0 1=0

W o°f . 1 1
total B=1077 7 \/mds 7 /mos

for any (z,y) € K1 x Ka, any m € N, m > m(s), where & is given in ([25).

Proof. From @D, it results that vs > ag, vs > Bs, and then s — v5 < s — @
and s —vs < s — Bs. We use the relation from Theorem 3.4 for the
functions f, and K,,, n € N operators and for the function fY and L,,, m > 1
operators, the relation from Theorem 3.2 for the function f and then we

obtain the relation. If we note by S the left member of relation, we
can write

+ [(mey><x> =3 ok 5 @) (TniLm) (2)] +
=0

[Z i 2 ()l (2:9) (i) (@) (T o) ()
1=0

— (L) <z,y>} <
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< 77"L8_Oéé mf:]c Z miil 87’1 l‘ Y (Tm’iKm)(y)’+
+m® s (L fy Zmlz' ot (.’L‘ y) (TmZL )( )’+
| (L) (ov) = 3 b 3 () e (2.0)

(Tt Lom) (@) (T o) (9]

and taking Theorem 3.4 and relation into account we obtain the first
inequality from . From the uniform convergence for results. [

COROLLARY 3.7. Let f: 11 x Is — R be a bivariate function.
If (z,y) € (I1 N Jy) x (Ia N J3) and f is continuous in (x,y), then
(50) lim (UL, f) (2,9) = f(2,y).

m—o0

Assume that f is continuous on (I1 N Ji) x (Ia N J2) and there exist the
intervals K1 C I1 N Jy, Ko C Iy N Jy such that there exist m(0) € N and
ag, by € R depending on Ky, respectively Ko so that for any m € N, m > m(0)
and any x € K1, y € Ka, we have

(51) (Tm’ff(;;)(x) < ay
and
(52) (Tm,infg;z)(y) S b2.

Then the convergence given in s uniform on K1 x Ko and

< (14 bo)w (fm;%ﬁ)—i-( + ag)w (f m)
+ (1+a2)(1+b2)wiotal (fa ) \/7) (1+bo)w < T %) +
+ (14ag)w ( . ) (1+a2)(14b2)wiotar <f7 b0 \/17)

for any (x,y) € K1 x Ko and any m € N, m > m(0), where

dp = —max{ﬁg — 2,9 —2,%(0(24—62 —4)}
Proof. 1t results from Theorem 3.6 for s = 0. O

Because every application is a simple substitute in the results of this section,
we won’t replace anything.
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APPLICATION 3.8. If I} = J; = [0,1], I, = Jo = [0,
E2(12)202([07 OO))} pm:m; Gqn =00, (Pm,k(x):pm,k(x z

Unj(y) = e W AL () = f(E.y), Bu(f) = f ax%);
Amnjk(f) = f fwn> for any (z,y) € [0,1] x [0,00), m,n € N,
ke {0,1,....,m}, 7 € Ny and f € E([0,1] x [0,00)). Then starting from
(Bm)m>1 the Bernstein operators and (Sy)n>1 the Mirakjan-Favard-Szdsz op-
erators, we obtain the operators (Li,w)mn>1 and (UL;fnm)ﬂm>1 defined for

any function f € E([0,1] x [0,00)), any (z,y) € [0,1] x [0,00) and m,n € N
by

(54) (Linf Em: i K1 — aymkemnw (8) ¢ (% : %) :

k=0 j=0

(55) (UL f) (,y) = (Sufa)(y) + (B fY) () = (Lynf) (2,9)-
In this case ag = P =1, 6g = 1, K1 = [0,1], Ko = [0,b], b > 0, az = %,
by =b and m(0) =1 (see [3]).

APPLICATION 3.9. If I} = J; = [0,00), Is=J2=0, 1], E1(I1)=Cs(
By(I) = L1([0,1]), pm = 00, gn = 1, pmi(@) = (1 + )~ (™)
Q/Jn,J( ) ( )y](l— )

7nk(fy%;f6%7 )7

ﬂ
Bug(fa)=n+1) [ 7 .ty
A+
o
A5 =+ 1) [ 771 (50,
n+1

for any (xz,y) € [0,00) x [0,1], m,n € N, k € Ng, j € {0,1,...,n} and
f € E([0,00) x [0,1]). Then with the aid of (Vim)m>1 Baskakov operators

and (Kp)n>1 Kantorovich operators, we obtain the operators (L’fnn)m sy ond
(UL;"mn)nML>1 defined for any function f € E(]0,00) x[0,1]), (z,y) € [0,00) X
0,1] and m,n € N by

(56)

(Lonnf) (@

n L

= > (" ()t (ﬁ)kyj(l — )" /Tl f(E.t) dt,

k=0 5=0 n+1

67 (ULyaf) (@,y) = (Knfo)(y) + Vi f) (@) = (Lyynf) (2,9)-
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In this case ag = B2 =1, g = 1, K1 =[0,b], b > 0, Ko =[0,1], ag = b(b+1),
by =1 and m(0) = 3 (see [2] and [3]).

APPLICATION 3.10. If I, = I, = J; = J = [0,
Es(I3) = L1([0,1]), pm = o0, @n =1, @ i(T) = ( R
Pnj(Y),

1], Ev(fh) = C([o,1]),
1 m+1 k} wn (y) —_
Am,k(fy) :f (mLJrk 7y> 5

1
Buj(fe) =(n+1) /0 Py (B (2, ),

Amn i (f) =(n+ 1)/Olpn,j(t)f (m+k , )dt

for any (z,y) € [0,1] x [0,1], m,n € N, k € Ny, j € {0,1,...,n} and f €
E([0,1]x[0,1]). Then with (Zm)m>1 the Meyer-Konig and Zeller operators and

(My,)n>1 the Durrmeyer operators, we construct the operators (Lfn’n)m’n21

and (UL* )m n>1 defined for any function f € E(]0,1] x [0,1]), any (z,y) €
[0,1] x [0, 1] and m,n € N by
(58)

(Lynf) (z,y) =
o0 n 1
:Z (n+1)(mljk)( )(1—a)™Hakyd (1) g/ Pni(t)f (ﬁt) dt,
0

(59)  (ULnnf) (@,y) = (M fo) (@) + (Znf") (@) = (Lyynf) (2,9).

In this case ag = B2 = 1, 09 = 1, K1 = Ky = [0,1], ag = 2, by = % and
m(0) = 3 (see [2] and [3]).
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