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A VORONOVSKAJA-TYPE FORMULA
FOR THE ¢-MEYER-KONIG AND ZELLER OPERATORS

TIBERIU TRIF*

Abstract. A Voronovskaja-type formula for the g-Meyer-Konig and Zeller op-
erators is presented.
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1. INTRODUCTION AND NOTATION

Starting from the identity
o0
(1— )" Z ("Fyak =1 forall 2 € [0,1),
k=0

W. Meyer-Koénig and K. Zeller [12] defined a sequence of linear positive oper-
ators associating with each continuous real-valued function defined on [0, 1] a
so-called “Bernstein power series”. In the slight modification by E. W. Cheney
and A. Sharma [4], the Meyer-Konig and Zeller operators are defined for every
n € N (the set of all positive integers) and every f € C]0, 1] by

M, f(z) = Zf(ni%)mn,k(x) if 2 € [0,1),
k=0

where
Mg (x) = ("FF)ak (1 - 2)" L
Let ¢ > 0. For every n € {0,1,2,...} the g-integer [n], is defined by
[0],:=0 and [n],:=14q+---+¢"" ifn>1.
The g-factorial [n],! is defined by
0] :==1 and [n]y!:==[1]4[2]q--[n]y ifn>1
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For all nonnegative integers n and k with n > k, the Gaussian binomial
coefficient (or g-binomial coefficient) [z]q is defined by

[n] . [nlg!
klg " [klq!ln—Fklq!
Clearly, when ¢ = 1 we have

nji=n, [ph!=n! and [}, =(}).

Throughout the rest of the paper ¢ denotes a positive real number such
that 0 < ¢ < 1. In order to simplify the notation, whenever it is not necessary
to mention explicitly ¢, we write [n], [n]! and [}] instead of [n]q, [n]s! and
[Z]q, respectively. Likewise, in order to emphasize the analogy with the clas-
sical M,-operators, we make use (for any positive integer n) of the following
notation:

(a+0b)y = (a+b)(a+gb)---(a+ " 'b).

We set also (a4 b)) := 1.
For every n € N one has (see, for instance, G. E. Andrews, R. Askey, R.
Roy [2], Corollary 10.2.2])

oo
(1) L—a)p™ Y ["7F]aF =1 forall z €[0,1).
k=0
Starting from this identity, L. Lupag [9] introduced a g-generalization of the

M,-operators. The g-Meyer-Konig and Zeller operators are defined for every
n € N and every f € C]0,1] by

Mn,qf(w) = Zf ({Jﬂk}) mn,k,q(x) ifz € [07 1)7
k=0

Mnqf(1) = f(1),
where
Mg (@) = [ ]2t (1 =)
The M, 4-operators and other similar ones have been intensively investigated
in the last decade by many authors (see, for instance, [5], [6], [7], [8], [10], [I3],
[14], [15], [16], [19], [20], [2I]). We merely mention here that in [19, Lemma
2.1] it has been proved that for all n € N, n > 3 and all z € [0, 1] one has

My gea() = a? + U0 Ry (@),

where
n—1
0 < Ryg(w) < £t 2(1 - 2)(1 - g2)(1 — ¢"2).

Here e, (k=0,1,2,...) denotes, as usual, the monomial ey (t) := t*.
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2. THE SECOND MOMENT FOR THE Q-MEYER—K(")NIG AND ZELLER OPERATORS

J. A. H. Alkemade [I] was the first who derived an explicit expression for
M, es in terms of a hypergeometric series. More precisely, he proved that

(2) Myes(z) = 2® + 2222 1y (1,2m + 23 2)

for all n € N and all z € [0,1). Moreover, ) holds also for z = 1if n > 2. In
the notation o F(a, b; ¢; x) is used for the sum of the hypergeometric series

(3) oT ke

k=0
where
(yo:=1 and (yk=yly+1) - (y+k-1) ifk>1

The series (3) converges for |z| < 1 and if ¢ —a — b > 0 also for x = 1.
The g-analogue of the hypergeometric series is the basic ¢-hypergeo-

metric series
o0

asq 5 Q)k
(4) Z %q k(G ’

k=0
where
k=1 —y)1—qy) - (1-¢""y) =1-yhk
The series (4) converges for |x| < 1. Its sum is usually denoted by

201 < alyﬁ 5, x>

Set [a] = [alq == % for every real number a. Set also

lalo == [aloq:=1 and [a]y :=[a]pq:=alla+1]---[a+k—1] ifk>1,

and note that
(¢% @ = (1 — q)*[alk
for every real number a and every nonnegative integer k. Therefore one has

a b 0
201 < a (;Cq ) q, .CE) = Z [ﬂ’jb]ﬁ 2% for all x € (—1,1).
k=0

H. Wang [21, Theorem 1] proved that for every n € N and all = € [0, 1] one
has

z(l—2x n 2 2 n
) Mygeala) =+ 75 (1= G0 (G50 nhiz)).

But a simple computation shows that

n+2 [’ﬂ

2
(6) 1— 57520 ( s s a, anJC) = (1—¢"2)2¢n ( 3%32 i 4 qn33> -
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By and @ we get
™ Mygeae) =2+ SO 01 (1 50,7,

a formula which is closer to than .
By using , one can easily derive estimates for the second moment
My, qea(x) — x°. Set
o

OE DI =

k=m
for every m € N and all z € [0,1).
THEOREM 1. For all n,m € N with n > 2 and all x € [0,¢" '] one has

m-+1]! m

and
n 2
(9) Z [’ffr%]k z* < 9y ( 3%22 5 g, fE‘) <
k=0
m—1 2l : ’
2 k m+1]! m
S [n+§}k r + [nfl][n‘i’Q]m—l z
k=0

Proof. We have
_ [m+1]! [m+2]k—m 2k
Pm(z) = [N+2]m ™ Z [n+m+§]k . "
_ [mA1]! [m+2] k
= fn ’”Z fm 2y &
1 m—+2
= [ﬁélm " a1 < O 2 s @
m-+2
S [[ﬁé]m 2¢>1( O s 5 4. q”‘l).
But, for |y/af| < 1 it holds that (see [2, Corollary 10.9.2])

a, B (v/250)o0 (1/ Bi6) oo
2¢)1< ~y P, v/ B) YD) oo (7/Bi0) 00

where
oo

(@)oo = [J (1 = ¢"w).
k=0
Taking this into account, we have

a0, ¢""* -1\ _ @ 9o (¢M59)e0  _ [ntmt]
2¢1 ( qn+m+2 y 4, qn - (qn+7n+2 q)oo(qn—l;q)oo — [n—l] .
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Consequently,

" = n—1][nt2m_1 ©

m+1]! n+m-+1
P (z) < [[n+2]7]n 2 [n—1] ]

The left inequality in @ is obvious, while the right one follows immediately

by . O
By means of Theorem [I| we deduce the following estimates of the second
moment for the M, ;-operators. These estimates are quite similar to those

obtained by M. Becker and R. J. Nessel [3] for the classical M,-operators.

COROLLARY 2. For everyn € N, n > 2 and all z € [0, 1] one has

o(l-2)(1—q"z) (1 n <1+q>q"r> < My gea(z) — 2% <

[n+1] [n+2]
z(1-x)(1—q"z) (1+q)q"x
S T (1 + ) ) :

Proof. By Theorem [I| with m = 1 it follows that

2
1 ) 1
1+ [ni‘é] "z < 2¢n < gnJ(ZQ 4, q"ﬂf) <1+ [nf‘{] q"x.
This inequality and @ yield the conclusion. [l

3. A VORONOVSKAJA-TYPE FORMULA FOR THE (Q-MEYER-KONIG AND ZELLER
OPERATORS

The goal of this section is to establish a Voronovskaja-type formula for the
M, 4-operators. Such a formula is lacking in the literature. In order to derive
it, we need the following auxiliary results whose proofs are postponed to the
end of the section.

LEMMA 3. For everyn € N, n >3 and all x € [0,1] one has

(10) My ges(w) = My ge(w) + 2ULD0CD 4 B (),
where
(11) | R q(2)] < [n_l]’m-

LEMMA 4. For everyn € N, n > 3 and all z € [0,1] one has

2:23 —r —g"x ~
My gea(x) = x My ges(w) + 20000 L R (),

where
5 C
‘Rn,q(x” < [n—1][n+3] ’

C' being an absolute constant (i.e., not depending on n, q or x).

We notice that, for a fixed ¢ € (0,1), the sequence (M, 4f)n>1 does not
converge to f for every f € C[0,1]. For instance, by Corollary 2] it follows
that

M, ge2(x) = 2* + (1 — ¢)z(1 —z) asn — oo.
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In order to obtain a convergent sequence of g-Meyer-Konig and Zeller operators
we must replace ¢ by a sequence (¢n)n>1 of numbers in (0,1). If (gn)n>1
satisfies

(12) gn —+1 and [n]qn=1+qn+~'+qﬁfl—>oo as n — 00,

then the sequence (M, 4, f)n>1 converges uniformly to f on [0,1] for all f €
C10,1] (see [9, Theorem 2] or [19, Theorem 2.2]).

In order to obtain a Voronovskaja-type formula for the M, 4, -operators,
(gn)n>1 must satisfy an additional condition, namely

(13) there exists lim ¢, =: a € [0, 1].
n—oo

It is not difficult to construct a sequence (gy)n>1, satisfying both and
. Indeed, it suffices to take ¢, such that

1—%§qn§1—ﬁ for all n > 3.

1'as n — oco. Moreover, since

Then clearly ¢, — 1 and ¢, — e~
1-2<gq, for1<r<n-—1,
we have
[n]ann—n(gigl):"TH for all n € N.

We notice also that, if (gn)n>1 is a sequence in (0, 1) satisfying (L3)), then

(14) lim e = Jim (e =1,

n—o00 [n_l]Qn n—oo [n+1]Qn
Indeed, if a € [0, 1), then

[n} an — 17(1;’;

tlgy = TgiT —1 asn— o0

and, analogously, [n],,/[n+ 1], — 1 as n — oco. On the other hand, if o =1,
then it is easily seen that

—1 .
=Yan — 1y
n—oo n—oo n—oo

whence holds also in this case.

THEOREM 5. Let (¢n)n>1 be a sequence in (0,1) satisfying and (13).
Then for every x € [0,1] and every function f € C[0,1] which is twice differ-
entiable at x one has

tim (1], (Mg, f(2) = f(x)) = =020 ().

n—o0

[n+1}¢Zn j— 17
n

Proof. For all n € N we have
My g, ex(x) =ex(z), k=0,1.
By Corollary , and it follows that
lim [n,, (Mn,qneg(az) — .CC2> =z(1 —z)(1 — ax).

n—oo
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Further, let ¢, be the function defined by ¥, (t) :=t — x. We have
(Mn’qng/é) (z) = My, 4, e4(2) — 42 M, 4 e3(2) + 62%M,, 4, ea(2) — 32*.
By Lemma Lemma , and it follows that
Tim [n]y, (Mg, 08) () = 0.

Now the conclusion of the theorem is an immediate consequence of a standard
result (for instance [I1, Theorem 3] or [I7, Theorem 1]). O

Proof of Lemma[3 Clearly, the assertion holds for = 1. For z € [0,1) we
have

o0 . 3
Myges(x) = (1—a)itty " 4]k B0
k=1

n+1 - nt+kl k [k+1]2
= x(l—l‘)qu Z[ Z IE: [n[+k+]1}2'
k=0

Following P. C. Sikkema [18] in his proof of Theorem 3, we notice that

k+1)? - (K2 2¢"[n][k] ¢**[n)?
[n+k+1]2 7 [n+k]? [n+k]?[n+k+1] [n+k]2[n+k+1]2 °

Taking this into account, we deduce that

(15) M, qe3(x) = My ge2(x) + Sy q() + Thq(2),
where
n - n k
Sug(@) = 2njz(1—2);™ > "1 (02) prph
k=1
n - n+k n]?
Thg(z) = x(l—z)yt! Z [™F }(QQUC)km-
k=0
Since

Sng(@) = 2Anlaz® (1 = 2)™ > ["i(02)* ey
k=0
and
1 . 1 . qn+k
[n4+E+1] — [n+k] [n+k][n+k+1] °

it follows that

(16) Sng(x) = Ung(x) = Vi g(2),
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where
n S n+k z)* [n
Una(w) = 2001 = )5 3 0] el
k=0
o n ) n k (¢%2)* [n]
Vag(a) = 2¢" " a*( HZ " [n+k][n(ik+1][n+k+2}'
Since .
Una(e) = 202°(1L— 2 3 [ (0) ke
k=0
and

1 . 1 _ [3]qn—1+k
tk+2] — n—1+k] ~ [n—1+k[ntk+2] °

we deduce that

22(1—2)(1—q™x 7:””7100 n—
(17) Un,q(l’) _ 2 (1 )(1[71(1_”)(1 qz)g Z [ z+k] (qx)k
k=0
_Wn,q(ff)
z2(1—z)(1—q"z
= X (1[71_)5]1 's) _ Wiq(z),
where
T k
Wag() = 23]¢"2%(1 ”*12 " i
By , and we get
— M 2gz*(1—z)(1—q"x)
(18) M, qe3(x) = xM,qe2(z)+ =)

—Wh, (z) - Vn,q( )+ qu(x).

Now we have

(19)  0<Wagl@) < mu—m)z*f[”*i*’ﬂ(q%ﬁ
n 1+k
< i ( 2)g D [
k=0
_ 6
= el
n 1 k
(20) 0<Vn,q(-r) S m +1Z + Qx
n— 1+k
< 4[n+1][n+2*] Z
k=0

2
[n+1][n+2] ?
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and
oo
(21) 0< Thgl®) < e (-2 > ["H(¢*)"
k=0
oo
< e - a)g Y et
k=0
_ 1
T [nH1P
By , , and we conclude that and hold. O
Proof of Lemmal4 Since this proof is similar to that of Lemma [3| and follows
the same lines, we omit it. O
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