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DOUBLE INEQUALITIES FOR QUADRATURE FORMULA
OF GAUSS TYPE
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Abstract. Double inequalities for the remainder term of the Gauss quadrature
formula are given. These inequalities are sharp. It also will consider particular
cases forn = 1, 2.
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1. INTRODUCTION

In this work we will consider Gauss’s quadrature rule(see [2])
b n
(1.1 [ fate =Y Cirta + B
@ i=1

where the remainder term for f : [a,b] — R, f € C?"[a, ], has the representa-
tion

b
(12) Rlf) = [ o(a)f® @)
a
The nodes x;, i = 1,n from quadrature formula (1.1) are given by the
relation
9 s = ot + b0t

where &; is replaced by the roots &1, &, ..., &, of Legendre polynomial
dn(1— 2\n
(1.4) Xa(8) = g T

and the coefficients C;, i = 1,n, from Gauss’s formula shall be determined by
putting the conditions that the quadrature formula must be accurate for any
polynomial of degree 2n — 1.
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The function ¢(z), from remaining term expression, being symmetric to
the line z = 2% is sufficient to provide the equation y = ©(x) in the inter-
vals [a, z1], [x1, x2], [x2, 23]... to middle of interval (a,b). So the function ¢ (z)
coincide on all the the intervals [a, z1], [x1, z2], [z, 23]..., with the relations:

z r—s 2n—1
P1(7) = / o ds
z _<)2n—1 _ 2n—1
(1.5) ?2() :/a ot ds — C1 UG

2n—1 2n—1

v x—s)2n—1 r—x T—x
p3(x) :/ e ds — O gty - Gl

In the next paragraph we will establish double integral inequalities for the
remainder term of the Gauss quadrature formula. We will also establish condi-
tions under which the results are sharp. At the end of the paper we will analyze
the particular cases of Gauss formula with one respectively two nodes.

2. MAIN RESULTS
In this section we prove the following theorems:

THEOREM 2.1. If f € C*"[a,b] then

a4 (b—g)2n+1
(2.1) M(y = Son-1)(b — a) — i Uiy <

n b
<> Cif(w:) —/ f(z)de <
i=1 a
n! 4 —a 2n+1
< M(I' = Sop—1)(b—a) — %%

wherey,T € R,y < f®")(z) <T, forallz € [a,b] and Sz, -1 = e D)/ (@)

b—a
Moreover,

(2.2) v = min f®(z), T = max f®(z)
x€[a,b] z€[a,b]

the inequalities (5) are sharp.

Proof. Using and , we obtain
b b n
(23) [ e@rei@s = [ saae -3 Cif ).
@ a i=1

But it is well-known from [3] pp 283 that

b
n)*  (b—a)@nt1D)
(2.4) /a p(z)dz = [((gngl]s( (271+1) :
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From and it follows
b b n
(2.5) /wmm—mmm:/fmm—Z@mm
@ @ i=1

Y (b-a)Crt)
T 23 (2ntl)

and

b b n
@0) [T @l = - [ st Y )
@ e i=1

r'(n)?* (b—a)@nth)
[2n) ]2~ (2n+1)

On the other hand, we have

b
(2.7) j/[f@”Mx>—-v1< o < ma (o y/i|f2”> —A|de.

By calculating the right member of the mequahty-, we get

b b
(2.8) /|ﬂ%km—vmm—/kﬂ%km—vmx
= FOn 4y — () (b a)

From ({2.7)), (2.8) and noting

(2.9) Jnas lo(x)] = M,
we obtain
b
(2.10) /Wﬂ%km—vwWMwSAﬂ&mq—ww—ay

From (2.5)), by using previous relation, result

b n nh4 a)(@n+1)
(2.11) /a f(x)dz — Zczf(ﬂfi) < M(Son—1—7)(b—a)+ [(2(n;2]3 ¢ (27)z+1)
In the same way we have

b
(2.12) /W—WWH(WmeWI/W £ () de

a

and

b b
@13) [ e@lde = [0 e @)ds

a a

=T(b—a)— fE70) + "V (a)
= (F — SQn_l)(b — CL)
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Using (2.6), (2.9), (2.12) and (2.13)) we obtain the inequality

b n
(2.14) —/ fl@)dz + ) Cif ()
a i=1

4 (b—g)2n+1)
< M(T = Sz0-1)(b — @) = [t “Tonrr—

The inequalities (2.1)) follow from the inequalities (2.11]) and (2.14)).

To prove the second part of the theorem we consider the function f(x) =
(x —a)?®. Thave f(z) = (2n)!,y =T = (2n)! and Sy,_1 = (2n)!. It is easy
to show that all the three members of the double inequality are equal.
This completes the proof. ]

The following theorem offer us R[f] and analogous inequality with the one
given by Theorem

THEOREM 2.2. Under the assumptions of Theorem 2.1, we have

n)* (b—a)?nt!
(2.15) M(y = S20-1)(b — @) + st Gy~ <

n

b
< / f(z)dx — ZCZf(CUz) <
a i=1
n! 4 —a 2n—+1
< M — Spu1)(b— a) + Hbf oo
Moreover,

v = min f®(z), T = max f®(z)
z€|a,b| z€[a,b]

the inequalities (18) are sharp.

Proof. By using the relations (2.3)), (2.5)), (2.7) and (2.8) it follows
b n
(2.16) _ / f@)dz+ 3 Cif ()
a i=1

nl 4 —a 2n+1
< —M(y = Son-1)(b—a) — %%

Analogous by using the relations (2.3)), (2.6)), (2.12) and (2.13]) we obtain

b n
(2.17) JRECIED STy
a i=1

n4 (hb—g)(2n+1)
< M(T = Son1)(b— @) + (e Uty

From the relations (2.16)) and (2.17)) result the inequalities (2.15)). To prove
that the double inequalities (2.15)) are exact we follow the steps of the proof
from Theorem 2.1] O

Theorem [2.3] gives us the inequalities which do not depend on S.
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THEOREM 2.3. Under the assumptions of Theorem 1, we have

a4 (h_g)2ntl
(2.18) IM(y=T)(b—a) - - [((2731]3 o

n b
< ZC’J(%) - f(z)dz
=1 a
a4 (b—g)2n+1
< IM(T =) (b—a)— [((273!]3 %

If
v = min f®(z), T = max f®(z)
z€[a,b] z€[a,b]

then the inequalities (21) are sharp.
Proof. Multiplying the inequality (2.15)) with (—1) we obtain

a4 (b—g)2n+l
(2.19) = ML = S20-1)(b— 0) = G Gy <

b n
< _/ f@)de + 3 Cif () <
a =1

a2 (b—g)@n+1)
< _M(’Y - S2n—1)(b - a) - [’(YQ(H;)'P ® (27)1_;'_1)

From the inequalities (2.1)) and (2.19) we have

(n!)4 (b_a)2n+1

(2.20) M(y=T)(b—a)— (v+ 1) {250

n b
Cif(z;) — f(a:)dx]
Yt - |

(n!)4 (b—a)2"Jrl

<MI—=v)(b—a)—(y+T) )P~ 2nt1

<2

Multiplying {' with % results the double inequality 1| Considering
the function f(z) = (z — a)?" we will show that the inequality is sharp. This

completes the proof.

3. PARTICULAR CASES

Using the results of the before paragraph, we will present the following
double inequalities for the rest of Gauss quadrature formulas in the cases

n=1, n=2.

The Gauss’s formula with a single node (n = 1), also called the mid-point,

has the form

b
(3.1) ‘/fwmx—w—aHfW?H+RUL

where

b
(3.2) Rmz/wmﬂ@m,
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The function ¢(z) is given by the relation

L_;F, if xe€ [a, “TH’]
G2 i e [ofp],

Applying Theorem 2.1 for n=1, we get a result established by Ujevic [3].

(3.3) p(r) =

THEOREM 3.1. Let f : [a,b] = R, f € C?(a,b), then we have the inequality

(3.4) %(b —a)?

< (- ‘/f

< 20— 351 (b a)

where v, T € R, v < f@)(z) SF, V x € [a,b] and
g, = L0)="(a)

b—a

If v = m[lnb f@(z), T = m[aui]f )(x) then inequalities (25) are sharp.
zEla x€|a

Similar with Theorem 2.2 and 2.3, the Gauss’s formula with a single node
are given in the next theorems :

THEOREM 3.2. Under the assumptions of Theorem 3.1 we have
(3.5) =35 (b a)® <

If v = HI[II})} f@(z) and T = m[a>g] f@(z) then inequalities (26) are sharp.
xre|a xE|a,

THEOREM 3.3. Under the assumptions of Theorem 3.1 we have

—a)3
(3.6) G2e)(y —2T) <

b
<G-a)f (44) - [ flans <

b—a)?
< B5h (- 2y).

Ifv = m[ln} f@(z) and T = m[zuli] f@(x) then inequalities (27) are sharp.
z€la,b re|a
Similar results, we obtain in the case of Gauss formula with two nodes. The
results was established by the author in the paper [1].
Let f : [a,b] = R, f € C*[a,b] and z1, 22 € [a,b] so that z = %2 — 252 . ¢

zy = 250 where § = Z= = 0,57735027 . ...
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Gauss’s quadrature formula with two nodes has the following form

b
(37) [ e = b (# ) + faz)] + RIS
The error R[f] from the formula (3.7) is given by
b

(39 RS = [ ol ),
where the function ¢ has the form

%, if z € la,z]
(3.9) pla) =1 ool b-alemm)® e g gggy g

(b—x)* i

R e if x € [xe,b]

In this case we obtain the following theorems:
THEOREM 3.4. If f € C*[a,b] then
(3.10) e (b — a)®(41y — 4553 + 180€° S5 — 180&%)

b
< B[ f(zy) + flas)] - / f(z)da
< 155 (b — @)’ (41T — 4585 + 180¢7 S5 — 180£°T)
where v, T € R, v < fW(x) < T, for all x € [a,b] and S5 = W.
Moreover,

(3.11) v= min fY(z), T= max f¥()
x€[a,b] z€[a,b]

the inequalities (31) are sharp.
THEOREM 3.5. Under the assumptions of Theorem 3.4 we have

(3.12) 17355 (b — @)°(49y — 4553 + 180£° 95 — 180¢%y) <

b
< [ f@de — 5200 + 1) <
< 175 (b — @) (49T — 4555 + 180¢ 55 — 1806°T)

If

v= min fP(z), T= max f@(z)
x€[a,b] z€[a,b]

the inequalities (33) are sharp.
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THEOREM 3.6. Under the assumptions of Theorem 3.4 we have
(3.13) aingo (b — @) (41y — 49T — 180&3 + 1806°T) <

b
< Belf(en) + flaa)) - [ fla)do <
< 31250 (b — @)’ (41T — 49y + 180y — 180¢°T)

If
y= min fP(z), T= max f@(zx)
x€[a,b] z€[a,b]

the inequalities (34) are sharp.

REFERENCES

[1] | M. HELJ1U, Double Inequalities for quadrature formula of Gauss type with two nodes,
Rev. Anal. Numér. Théor. Approx., XXXVII, no. 1, pp. 53-57, 2008. [*

[2] D. V. IoNEScU, Numerical Integration, Ed. Tehnica, Bucuresti, 1957 (in Romanian).

[3] N. Ujsevic, Some Double Integral Inequalities and Applications, Acta Math. Univ.
Comenianae, 71(2), pp. 187, 2002.

[4] N. Usevic, Double Integral Inequalities of Simpson Type and Applications, J. Appl.
Math. & Computing, 14, Nos. 1-2; pp. 213-223, 2004.

Received by the editors: September 13, 2011.


http://ictp.acad.ro/jnaat/journal/article/view/2008-vol37-no1-art6
http://ictp.acad.ro/jnaat/journal/article/view/2008-vol37-no1-art6

	1. Introduction
	2. Main results
	3. Particular cases
	References

