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NECESSARY AND SUFFICIENT CONDITIONS FOR OSCILLATION
OF THE SOLUTIONS OF EVEN ORDER DIFFERENTIAL
EQUATIONS!
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Abstract. In this paper, we establish several necessary and sufficient conditions

for oscillation of the solutions of the following even order differential equation
2™ (t) + q(t)z”(t) =0, n is even,

where q(t) € C([to,o0), RT) and 7 is the quotient of odd positive integers.
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1. INTRODUCTION
Considering the n-order differential equation
(1) 2™ (@) + q(t)27(t) =0, nis even,

where ¢(t) € C([tg,00),RT) and v is the quotient of odd positive integers.

In the recent past, the asymptotic and oscillatory properties of the solutions
of n-order differential equations have been researched by many authors (see
[1-3, 7-9]).

A solution of Eq.(1) is said to be oscillatory if it has arbitrarily large zeros.
Otherwise, the solution is said to be nonoscillatory.

We say that Eq.(1) is strictly superlinear if v > 1, strictly sublinear if
0 <~ < 1, and linear if v = 1.

In particular, if n = 2, then Eq.(1) reduced to

(2) 2" (t) + q(t)27(t) = 0,
Eq.(2) is the well-known Emden-Fowler equation (see [10-12]).
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Many remarkable results have been established for the oscillation of solu-
tions of the second and higher order functional differential equations. For
example, the following well-known Theorems A-C are presented in [4-6].

THEOREM A (see [4, 6]). Ifv > 0, then Eq.(2) has a bounded nonoscillatory
solution if and only if

e.9]
/ sq(s)ds < oo.
to

THEOREM B (see [4, 5]). Ify > 1, then all solutions of Eq.(2) are oscillatory
if and only if

/ sq(s)ds = oo.
to
THEOREM C (see [6]). If0 < v < 1, then Fq.(2) is oscillatory if and only if

/ s7q(s)ds = oco.
to

For Eq.(1) with v = 1, the following Theorem D is presented in [7].
THEOREM D. If v = 1, then every bounded solution of Eq.(2) oscillates if

and only if
/ s"1g(s)ds = .

to

Due to some obstacles of theoretical and technical character in handling with
higher order nonlinear differential equation, and there are a few results which
presented the necessary and sufficient conditions for the oscillatory behavior
when v # 1. So there are a lot of problems worth to be considered further for
the Eq.(1).

The main aim of this paper is to prove the following Theorem 1.1:

THEOREM 1.1. If v #£ 1 is the quotient of odd positive integers and n is
even, then the following statements are true:

(a) If
(3) / s"1q(s)ds < oo,

to
then Eq.(1) has a bounded nonoscillatory solution;
(b) If v > 1, then every solution of Eq.(1) oscillates if and only if

(4) / h s"1g(s)ds = oo

to

(c) If 0 < v < 1, then every solution of Eq.(1) oscillates if and only if

(5) / h s D7g(s)ds = oo.

to

We clearly see that Theorems A-C are the special case of our Theorem 1.1.
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2. PROOF OF THEOREM 1.1

In order to prove Theorem 1.1 we need the following Lemma 2.1.

LEMMA 2.1 (see [1-2, 7]). Let x(t) be a positive and n-times differentiable
function on [tg, c0), and =™ (t) be nonpositive and not identically zero on any
subinterval [t1,00). Then there exist T > to and integer k € {0,1,...,n — 1},
such that n + k is odd and

(1) x(i)(t) >0 fort>T,i=0,1,....k —1;

(i1) (=1) k@O (#) >0 fori=k k+1,..,n;

(i3) (t — T)|z*k=D ()] < (14 i)|a*=D(@)| fort > T,i=0,1,....k — 1,k =
1,...,n—1.

Proof of the Theorem 1.1.

(a) Assume that (3) holds, we first prove that Eq.(1) has a nonoscillatory
solution.

Observing that if z(t) satisfies the equation

(6) x(t) =1- ﬁ /too (s — )" Lq(s)27(s)ds,

then x(¢) is a solution of Eq.(1). Therefore it suffices to show that Eq.(6) has
bounded nonoscillatory solution. To this end, choose sufficient large ¢t > T
such that

(7) max /s”lq(s)ds,ny/s"lq(s)ds < i(n—1)L
t t

Next, we consider the functional set
M ={z e C([T,00),R): 3 <z(t) <1}
and define the operator S : M — C([T,c0),R) as follows:

®) Sut) =1 - gty [ (5= 0" a(s)a7 (5)ds.

We clearly see that z(¢)Y <1 and

oo
(Sx)(t) >1— ﬁ / (s — )" 1q(s)ds > 3 fort>T.
t
Therefore, (Sz)(t) < 1land S : M — M. Now, we claim that S is a contraction
on M. In fact, let f(z) = 27, then for z1,z2 € (3,1) one has
2] — 23] = [f'(§)lzy — 2], where £ € (min{z1, 22}, max{wz1, z2}),
where
v, ify=1,

' . -1
/() =1 < {2% if 0<~vy<1.



4 Oscillation of the Solutions of Even Order Differential Equations 21

Therefore
|o] — 29| < 2y|@y — xy|, for x1,m3 € (%,1).

Let x,w € M, then for n > N one has

|(S2)(t) = (Sw)(t)] < s)|z7(s) — w’(s)[ds

t
7 s)|z(s) — w(s)|ds

< Zplle(s) = w(s)| / (s — )" Lg(s)ds < 3Jz — wll.

Hence
(9) 1Sz — Swl| < 3||lz — wl|

and S is a contraction on M. The (unique) fixed point of 7" is the desired
bounded, nonoscillatory solution of Eq.(1).

(b) Sufficiency. Assume that v > 1 and ftzo s"1q(s)ds = oo, we prove that
every solution of Eq.(1) oscillates. Otherwise, Eq.(1) has a nonoscillatory
solution z(t). Without loss of generality, we assume that z(t) > 0 for t > ¢.
Then Lemma 2.1 implies that there exist odd integer k € {1,...,n — 1} and
Ty > to such that

(10) 2D(t) >0, for t>T,0<i<k,

(11) (=1)**e®O ) >0, for t>Tik<i<n.

The proof is divided into two cases.
Case 1 k =1. That is

(12) 2/ (t) > 0,2"(t) < 0,23 (t) >0, ...,2"(t) < 0.

From (10) and (11) together with the Taylor expansion we get

T

S (r)(r = 1)1+ G [ (5= 0 2 (5)ds.
t

(13)  2'( z_:

7=0

Using (12) we have

s— n—2
(14) 20> [ Sl ()
t
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which implies

15 2> / s

From inequality

t S u—k n— n—
/T<u—s>”—k—1ds= BT A W O

o0

ds > / (s)dsz7(t).

t

we obtain

du.
Therefore
¢ t
u—T)n—1 2'(s
(16) / ( (nji)l)! q(u)du < / x’Y((s)) ds
T T
or
t
(17) / ("(:L:C){;!_lq(u)du < x:jl(t) < 00,
T
which contradicts with
/u”lq(u)du =00
T
Case 2 k > 1. It follows from (éi7) of Lemma 2.1 that for t > Ty,
(18) () > Ik ),

For sufficient large ¢, we have

_ (k—1) _ _ k—1 _
21() > ERH (@D (@) > R (e @) 7,y > 1.

Let z(t) = ¥~V (t), then
2(t) > 0,2'(t) > 0,2"(t) <0,...
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and so
(19) 2R (1) (1) S (1) <.

Making use of the same method as in the proof of case 1, we get

/ SnikQ(S) (3_(37))71@71d8 < 00
to

or

(20) / s"g(s)ds < oo,
to

which also contradicts with
/snlq(s)ds =00
to

Conversely, we prove that (4) holds if every solution of Eq.(1) oscillates and
~ > 1. Otherwise (3) holds, then from Theorem 1.1(a) we get the contradiction
that Eq.(1) has a nonoscillatory solution.

(¢) Sufficiency. For 0 < v < 1, there are two cases as follows.

Case 1 k£ = 1. That is

z(t) > 0,2'(t) > 0,2"(t) <0, ..., 2™ (t) < 0.

Making use of the same method as Case 1 in Theorem 1.1(b), we have

o0

(21) ) > / 2 g(s)a(s)ds.

t

Integrating (21) from 7" to t yields
x(t) > x(t) — 2(T)

o0

(
t
u n—1 uw n—2
>/ (nT)l)' q(u)z? (u)du + (t = T) %q( )z (u)du
T t

u n—2
> (t—T) %q( )27 (u)du

or

T u n—2
(22) 2 /%q( )27 (u)du.
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Let

oo

u— n—2

(23) a0 = [ D5 g (u)d

t
then 2/(t) < 0,0 < z(t) < t_(t% and

_ n—2 _ n—2+4
(24) (1) = —YeEnra27 () < - S a®)2 (1),
2! _myn—2+

(25) =G <)

for 75 > T'. Then we get
t

t
2 (u u—T)" 2+
(26) /zw((u))duﬂ _/WQ(U)dU,
T

T

t
(27) ﬁ[zlw(t) — 2T ()] < _ﬁ / (u — T2 g(u)du.
Ty
Therefore
t
(28) /(u — )" g (u)du < 4oc0.
T

Inequality (28) and (n — 1)y < n — 2 + v leads to
t
(29) / (u—T)" " Dg(u)du < +oo,
Ts

which contradicts with the assumption.
Case 2 k > 1. That is

o(t) > 0,2'(t) > 0,..., 25 V(@) > 0,20 ) > 0,2* V(1) <0,..., M () < 0.

Lemma 2.1 implies
o(t) > a0 ()
(30) () 2 R V@)
Let z(t) = 2= (t), then 2(t) > 0,2/(t) > 0,2"(t) <0,...,2 "%+ < 0 and

(31) 2 (1) 4 g () I (1) < 0,
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where n — k + 1 is also even. Making use of the same method as in Case 1, we
conclude that

e T ) (k—1)
(32) /s( k”q(s)%ds < 400
to
or
(33) /s("_l)vq(s)ds < 400,
to

which also contradicts with the assumption.

Necessity. For 0 < v < 1 and (5) holds, we prove that Eq.(1) has a nonoscil-
latory solution. Otherwise, from (33) we know that there exists ¢ > T such
that

(34) /s("l)“’q(s)ds < 3.
t

Let M be a set defined by

M = {z € C([T,00),R) : girtqyy (t = T)" ' < a(t) < gy (¢t = T)" Lt > T}

and the mapping 7" on M defined by

(35) Sx(t) = /tdsl7d32 72[; + 7 q(u)x7 (u)du]ds, ;.
T T T Sn—1

Then (Sx)(t) > m(t — T)"! for x(t) € M and t > T. Moreover, from
the definition of the operator S we get (Sx)(t) < ﬁ(t — T)"~ 1. Therefore,
TM C M.

Next, we define the function u, : [T, 00) — R as follows
(36) up = (Sup—1)(t), neN

and

uo(t) = gyt =T)" ", t>T.

A straightforward verification leads to

m(t — )" <y (1) S up(t) < (n_ll)!(t L

Therefore, there exists the limit ILm un(t) = u(t) for t > T. It follows from

the Lebesgue convergence theorem that u € M and u(t) = (Su)(t). It is easy
to see that u(t) is the solution of the Eq.(1).
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