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1. INTRODUCTION

Based on the Open Problem 5.5.4, pp. 324-326 in [15], in a series of recent
papers we have introduced and studied the so-called max-product operators
attached to the Bernstein polynomials and to other linear Bernstein-type oper-
ators, like those of Favard-Szdsz-Mirakjan operators (truncated and nontrun-
cated case), see [1], [3], Meyer-Konig and Zeller operators, see [4], Baskakov
operators, see [6], [7] and Bleimann-Butzer-Hahn operators, see [5].

For example, in the recent paper [2], starting from the linear Bernstein
operators By, (f)(z) = > p_q buk(2) f(k/n), where b, x(z) = (7)a*(1 — z)"7F,

written in the equivalent form

NgE

b,k () f(k/n)
i bn,k: (:)3)
k=0

and then replacing the sum operator ¥ by the maximum operator \/, one
obtains the nonlinear Bernstein operator of max-product kind

¥ k
V bas@)r (&
BM(f)(x) = =" ( )
k\:/Obn,k(z)
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where the notation \/}_ by x(2) means max{b, x(z); k € {0,...,n}} and simi-
larly for the numerator.

For this max-product operator, nice approximation and shape preserving
properties were found in the class of positive valued functions, in e.g. [2], [14].

In other two recent papers [11] and [12], this idea is applied to the Lagrange
interpolation based on the Chebyshev nodes of second kind plus the endpoints,
and to the Hermite-Fejér interpolation based on the Chebyshev nodes of first
kind respectively, obtaining max-product interpolation operators which, in
general, (for example, in the class of positive Lipschitz functions) approxi-
mates essentially better than the corresponding Lagrange and Hermite-Fejér
interpolation polynomials.

Let I = [a,b], a < b and f : [a,b] — R. The max-product Lagrange
interpolation operator on equidistant knots attached to the function f is given
by (see [13])

\7} ln,k(z)f(xn,k)
(1.1) LM (f)(z) = =5——— z €, nEN,
V ln,k(x)
k=0
where 2, , = a+ (b—a)k/n for all n € Nand k € {0,1,...,n} and
(1.2) ln,k(x) = (_1)n_k (H(m - xnﬂ)) ) x—olcn,k

=0

forall z € I, n € Nand k € {0,1,...,n}. Note that L%M)(f) is a well defined

function. Indeed, using the fundamental Lagrange polynomials,

_ (z—n,0)(—n,1)-(T—Tn k—1)(T—Tn k+1)--(T—Tn,n)
(Zn,k=2n,0) (Tn,k=Tn,1) - (Tn ke —Tn,k—1)(Tn ke —Tn kt1) - (Tn,k—Tn,n)’

pn,k(w)

we observe that we can rewrite I, ;(2), « € I, in the form
lnk(z) = cni - Pog(2)

where
Cnk = (Tnk — Tn0) (@ngk — Tn1) o (Tnk — Tng—1) (Tnks1 — Tnk) - (Tnn — Tn k)
Then, since for any x € I we have Y ;" p,i(x) = 1 it follows the existence of
i(z) € {0,1,...,n} such that p, j»)(z) > 0 and noting that c, ;) > 0 it easily
results that [, ;) () > 0 and this implies that k\T}O lnk(x) > 0 for all z € I,

which means that indeed LT(IM)( f) is a well defined function on [a, b].
The max-product operator L%M)( f)(z) is continuous on [a,b] and has the

interpolation properties L%M)(f)(a?mj) = f(zn ) for all j € {0,1,..., }.
Also, according to Corollary 3.2, (i), in [I3], for positive valued functions,
i.e. for f:[a,b] — R4, it satisfies the Jackson-type estimate

LMD (F)(2) — f(@)] < 2w (f; 250

P )[ab], for all x € [a,b], n € N,
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where wq ( I l’_T“)[mb] denotes the modulus of continuity of f on [a,b]. This

estimate for the Lagrange max-product operator essentially improves for pos-
itive valued functions the order of approximation by the classical Lagrange
interpolation polynomials on equidistant nodes, when as it is well-known, we
can also have a very pronounced divergence phenomenon in [a,b] (see e.g.
Chapter 4 in the book [17], see also [16], [10]).

The goal of the present paper is to determine for L&M) the saturation order
together with its special class of functions and to obtain a local inverse result.

The plan of the paper goes as follows. In Section 2 the saturation order
together with its special class of functions are obtained. Section 3 contains a
local inverse approximation result.

2. THE SATURATION ORDER

Firstly, we need three simple auxiliary results, Lemmas 2.1-2.3, where [,
denote the fundamental Lagrange polynomials attached to the knots x, ; =
k/n, k€ {0,1,....,n}, n € N.

LEMMA 2.1. Letn €N, j€{0,1,...n—1} and z € [j/n,(j +1)/n]. We
have

\/ bnk(z) =1, j(x), forallx e {%, #}
k=0
and

\/ lnk(x) =1y j41(x), forall xz e [#,%]

Here lp i, k € {O7 1,...,n} are given by (1.2).
Proof. Let us denote Jy(x) = {k € {0,1,...,n} : [, x(x) > 0}. This implies

that .

= keJn(x)
We observe that {j,j + 1} C Jn(x). Indeed for @ = 0 and b = 1, by using
(1.2) we have sign(l, ;(z)) = (=1)"7 - (- 1)" J =1 and szgn(lmﬁl( x)) =
(=1)»J=1. (=1)"79=1 = 1. Then, we denote Q,(z) = [[I-y(@ — zn;). The
definitions of I, ;(z) and J,(x) imply I, x(x) = |LQ I(x)|’ for all k € J,(z). We

thus obtain that \/ [, x(z) = |Q,(z)|- V Since {j,j+1} C Jp(x)
k=0

kE€Jn(2) ’x o]
o : 12
it is immediate that for z € {%, ﬁn/ } we have \/ L —_ 1  and
|z—zni| 2= Tnl
k€Jn(z)
j+1/2 j+1 .

T = = . F her il

for x € [ L= 2| we have '/ omong] = swgea]- From here we easily

keJn(x)
get the desired conclusion. O
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LEMMA 2.2. For any function f :[0,1] — R, and for allm € N, n > 1, and
j€{0,1,....,n}, j <n/2, we have:

@) LG/ (1)) = £ /n);

(i) Ly (£)G/m) = G/ (n+1)).
Proof. (i) Firstly, by Lemma 2.1 we observe that for x € [%, %} we

n
have \/ I, x(x) = 1, j(z). Now, if j < n/2 then it is easy to check that z :=
k=0

n )

j/(n+ 1) € [SUEL2 1] swhich implies \/ k(G (n + 1)) = bui(i/ (n + 1)),
k=0
This implies that

VGl mr)f ()

LG/ (n+1)) = LG/ )
zn,j<j/<n+1>>f(%) .
_ J
> ot =1 (3)-

(ii) Since j < n/2, one can easily prove that j/n € {n%rl, J:JIF/IQ] . Therefore,

n+1
by Lemma 2.1 we obtain \/ l,,41%(j/n) = l,41,;(j/n). This implies that
k=0

nt1 ) k j
V ln+1,k(]/n)f<7) ln+1 ‘(j/n)f(i>
(M) ) _ v n+1 »J n+1
Lyi(f)@/m) = == Int1,;G/m) 2 TG

= 1(:H).

LEMMA 2.3. For any function f :[0,1] — R, and for alln € N, n > 1, and
j€{0,1,....,n}, j >n/2, we have:
(i) Lgf‘ﬂ?(f)((]’ +1)/(n+1)) = f(i/n);
@) LG /) = F(G+ 1)/ (n+1)).
Proof. (i) Since j > n/2 by elementary calculus it is easy to prove that

. . n
(G+1)/(n+1)€ [l jH/Q} and by Lemma 2.1 this implies that \/ 1, x((j +
k=0

n’ n

1)/(n+1)) =1,;((7+1)/(n+1)). We obtain

O

A V LG/ s (£)
Ly (G +1)/(n+1) = In(G+D)/(nt1D)

b (G0 s (1) )
G = (2)-

n
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(ii) Since j > n/2, again it is easy to check that j/n € [jH/Q M} and by

n+1 > n+1
n+1
Lemma 2.1 this implies that \/ l,41%(j/n) = lnt1,+1(j/n). We obtain
k=0
L(M) . _ k=0 n+1,k\J/ T n+1 n+1’j+1(_]/n)f(n7+1)
n+1(f)((]/n) N lnt1,5+1(5/n) = lnt1,5+1(3/n)
1(#3).

O

We are now in position to determine the saturation order and the associated

special class of functions for the truncated max-product operator L,(lM).

THEOREM 2.4. Denote Cy[a,b] = {f : [a,b] = Ry; f continuous on [a,b]}
and ||f|| = sup{|f(x)|;x € [a,b]}. Then for the max-product L operator,
the saturation order in Cya,b] is L, that is HL%M)(f) — fll = o(1/n), implies
that f is a positive constant function on [a,b).

Proof. We begin with the particular case when a = 0 and b = 1. By hy-
pothesis, there exists a, € R, n € N with the property a, ~\, 0 as n — 400,
such that

LD (F)(z) — f(x)’ < forallze0,1] and n € N.

Let us choose arbitrary € > 0. Since a,, \ 0 as n — +00, it follows that there
exists ng € N such that a, < ¢ for all n € N, n > ng. Noting the above
relation we get

(2.1) ‘L%M)(f)(x) - f(x)’ < £, forall z € [0,1] and n € N, n > ny.

Then, from the uniform continuity of f it results the existence of n; € N such
that

(2.2) |f(z)— f(y)| <eforallz,ye[0,]]andn e N, |z —y| <1/n,n>n;.

We will obtain the desired conclusion in two steps: (A) we prove that f is
constant on any interval [a,b] with 0 < a < b < 1/2; (B) we prove that f is
constant on any interval [a,b] with 1/2 < a < b < 1. Indeed, if (A) holds then
thanks to the continuity of f we easily obtain that f is constant on [0, 1/2].
Similarly, if (B) holds then we obtain that f is constant on [1/2, 1]. Then, from
the continuity of f it easily follows that f is constant on [0, 1]. So, we start by
proving that (A) and (B) hold.

(A) Let us choose arbitrary a,b € R such that 0 < a < b < 1/2. Further
one, let zg and yy be the points where f attaints its minimum and maximum
respectively on the interval [a, b]. Without any loss of generality we may sup-
pose that zy # yo (contrariwise it follows that f is constant on [a, b] and there
is nothing to prove). We have two subcases: A;) z¢ < yo and Az) xg > yp.
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Subcase Aj) Let n € N be with n > max{ng,n1,2/(yo — z0)}. By
relation (2.1)) it follows that

L)/ (n+1)) = f(/(n+1)) < £ for all j € {0,1,...,n}.

Moreover, combining the inequality in Lemma 2.2 (i) with the above inequality,
we get

(2.3) fG/n) = f(G/(n+1)) < £ forall j €{0,1,...,n},j <n/2

Further one, let us choose j; € {0,1,...,n—1} such that j1/n < yp < (ji+1)/n
and xg < j1/n. Note that there exists such an index j;, because the previous
inequalities are equivalent to nyp — 1 < j1 < nyo, nrg < j1 < nyp, while the
condition n > 2/(yp — xp) is equivalent to the condition nyy — nxg > 2.

Also, from ji/n <y < b < 1/2 it easily follows that j; < n/2.

As a first consequence, from the relation we obtain

(2:4) |f(1/n) — f(yo)| <e.

Then, since llim n%l =0, by 29 > 0 and x¢ < ji/n it follows that there exists
— 00

lo € N such that #(I)H << #110

It is worth noting here that indeed, the above [y cannot be equal to 0,
because if we would have [y = 0, then we would obtain ji/(n+1) <z < yp <
(j1+1)/n < (j1+2)/(n+1), which would imply yo — x0 < 2/(n+1) < 2/n,
in contradiction with the supposition that n > 2/(yo — xo).

The inequality #(1)“ <xp < nillo and 1' also implies that
(2.5) (1) (n+1o)) — flxo)| <e.

Since j1 < n/2, applying successively relation (2.3]) we obtain

fGu/n) = fGi/(n+1)) < 2,
fOi/(n+1)) = f(/(n+2)) < 75,

fGr/(n+1o = 1)) = f(G1/(n+ o))
Taking the sum of all these inequalities we get
fGr/n) =G/ (n+1lo) < T4+a53+ -+ a5
< loe
Then, by relations f we obtain ’
f(yo) = f(@o) =
= (f(yo) = f(r/n)) + (f(Jr/n) = fUr/(n+ 1)) + (f(j1/(n+10)) — f(z0))
< |f(yo) = fUr/m)| + f(/n) — f(i/(n+1o)) + [f(1/(n+ o)) — f(zo)]

< 2 4 ke

&
n+lp—1-°
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and since 0 < f(yo) — f(xp), we obtain
(2.6) 0 < f(yo) — f(xo) < 2¢ + 2.

On the other hand, since 0 < zy < j1/(n+lp), after some simple calculations
we get (note that j1 < n/2)

l() < jl/xo —n < n(l/(2x0) - 1)
Using this information in relation (2.6 we obtain
0 < f(yo) — flwo) <e(2+1/(2x0) — 1)

where € > 0 was chosen arbitrary. Therefore, passing in the previous inequality
with € N\, 0, we obtain f(z9) = f(yo) (here, it is important that xo > 0 ).
Since on the interval [a, b] the maximum value and the minimum value of the
function f coincide, we obtain that f is a constant function on the interval
[a, b] and hence we obtained the desired conclusion for this case.

Subcase Ay) Let us choose arbitrary n € N, n > max{ng, n1,2/(z¢ —
yo)}. By relation it follows that

LM (N G/n) = F(G/n) < 557 for all j € {0,1,...,n}.

Moreover, combining the inequality in Lemma 2.2 (ii) with the above inequal-
ity, we get
@7)  FG/(n+ 1)~ f(G/n) < 25 for all j € {0,1, .0}, ) < n/2

Let 71 and [y be chosen as in the previous case, with the difference that now we
have ji/(n+1lo+1) <yo < j1/(n+1y) and ji/n < zo < (j1 + 1)/n. Applying
successively the above inequality (2.7) we get

fG1/(n+1)) = f(G1/n)

£

< =
fGi/(n+2) = fi/(n+1) < 55,
fGr/(n+b) — fGi/(n+tl—1) < .

Taking the sum of all these inequalities and then reasoning as in the previous
case we obtain that

FGr/(n+1o)) — f(ji/n) < ;5.
Now, reasoning again as in the previous case we obtain
0 < flyo) — f(z0) < ;55 + 26 < 5 426 <e(2+1/(20) — 1).

Again, we easily obtain that f(xg) = f(yo) which implies that f is constant
on [a,b]. Summarizing, we obtain that (A) holds.

(B) Let us choose arbitrary a,b € R such that 1/2 < a < b < 1. Further
one, let zg and yy be the points where f attaints its minimum and maximum
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respectively on the interval [a, b]. Without any loss of generality we may sup-
pose that zy # yo (contrariwise it follows that f is constant on [a, b] and there
is nothing to prove). We have two subcases: B1) xg < yo and Ba) ¢ > yp.

Subcase Bj) Let us choose arbitrary n € N, n > max{ng,n1,2/(yo —
xo)}. By relation ([2.1)) it follows that

M . . .
LA/ = FGifn) < 757 for all j € {0,1,...,n}.

Moreover, combining the inequality in Lemma 2.3 (ii) with the above inequal-
ity, we get

(2.8) f((H+1)/(n+1))—f(5/n)) < nil for all j € {0,1,....,n},5 > n/2.

Further one, let us choose j; € {1,2,...,n} such that (j; —1)/n < 29 < j1/n
and 71/n < yo. Note that there exists such an index j;, because the previous
inequalities are equivalent to nzg < j1 < nzg + 1, nxg < j1 < nyg, while the
condition n > 2/(yo — x) is equivalent to the condition nyg — nxg > 2.

Also, from 1/2 < 29 < %, it easily follows that j; > n/2.

As a first consequence, from relation we obtain

(2.9) [f(G1/n) = f(zo)| <e.

Then, since llim jﬁill =1, by yo < 1 and j1/n < gy it follows that there exists
— 00

lp € N such that % <y < ]ﬁillgill.

It is worth noting here that the above [y cannot be equal to 0, because if
we would have /g = 0 then we would obtain (j; —1)/n < xo < ji/n < yo <
(j1+1)/(n+1) < (j1+1)/n, which would imply yo—x¢ < 2/n, in contradiction
with the supposition that n > 2/(yo — o).

The inequality % <o < jﬁ:llé’:ll and 1) also implies that

(2.10) £ (G +1o)/(n+10)) = fyo)| <e.

Since by ji > n/2 it is very easy to verify that for [ € {0,1,...,lo} we have
Jj1+1>(n+1)/2, applying successively relation (2.8)) we obtain

F(Gr+1lo)/(n+10)) = f((Gr +lo—=1)/(n+ 1o = 1))
fG1+lo=1)/(n+1lo = 1) = (U1 +lo = 2)/(n+1o = 2)))

g
S m’
<

&
n—+lg—1

fi+1D/(n+1)) = flr/n) < 355

Taking the sum of all these inequalities and then reasoning as in the previous
cases we obtain that

F((G1 + 1)/ (n+10) = f(j1/n) < 755,

and then
(2.11) 0 < fyo) — flwo) < o5 + 2¢.
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On the other hand, by % < yp it follows (note that yo < 1)
lo < 7”%3251 < 1o
Using the above inequality in relation we easily obtain 0 < f(yo) —
f(zo) < e(yo/(1 —yo)+2). Now reasoning as in the subcase A;) we obtain
f(zo) = f(yo) and we immediately conclude that f is constant on [a, b].
Subcase Bg) Let us choose arbitrary n € N, n > max{ng,n1,2/(zo — v0)}.
By relation it follows that

LG +1)/(n+1)) = F((G+1)/(n+1)) < £ forall j € {0,1,...,n}.
Moreover, combining the inequality in Lemma 2.3 (i) with the above inequality,
we get
(212)  f(G/n) = f((1+1)/(n+1)) < Eforall j€{0,1,..,n},j >n/2.
Let 71 and [y be chosen as in the previous case, with the difference that now we

have (j1 —1)/n < yo < j1/n and jﬁﬂg <z < ]ﬁillgill Applying successively

the above inequality (2.12) we get

f(Gi+lo—1)/(n+1l—1)) = f((G1+1)/(n+h) < 75
fli+l—=2)/(n+1l—2) = f(G1+l—-1)/(n+l—1)) < 7=
fGi/n) = (i +1)/(n+1)) < 2.

Taking the sum of all these inequalities and then reasoning as in the previous
case we obtain that

FGi/n) — F((Gr + 1)/ (n+ o)) < b=

Now, reasoning again as in the previous case we obtain

0 < f(yo) = f(z0) < 125 +2¢

and since by the same method like in the previous case we have Iy < 1"_”;30,
we easily obtain 0 < f(yo) — f(zo) < e (xo/(1 — o) + 2). This easily implies
that f(zo) = f(yo), which means that f is constant on [a, b]. Summarizing, we
obtain that (B) holds.

Now, by the discussion just before the beginning of the case (A), we conclude
that f is constant on the whole interval [0, 1].

At the end, we discuss now the general case when the Lagrange max-prod
operator is attached to functions defined on an interval [a,b] with a < b.
To make distinction between the general case and the particular case of the

interval [0, 1] in what follows we denote with fflM) the Lagrange max-product
operator attached to functions defined on the interval [0,1]. In addition, in
what follows, for all all n € N and k& € {0,1,...,n} we denote with l}lk the

fundamental Lagrange polynomials defined on the interval.[0, 1]. Suppose now
that for a function f € C([a,b]) we have HL%M)(f) —fll = o(1/n). Let us define
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the function g : [0,1] — [a,b], g(y) = a+ (b—a)y. It is immediate that for any
x € [a,b] there exists an unique y(z ) € [0,1] such that f(x) = (f o g)(y(x)).
Then we observe that for any = € [a, b] we have
Lyg(x) = (b—a)" -1 1 (y(x), n €N, k€ {0,1,...,n}.
The above equalities imply
V z)f(z —a)"- V 1L T ) k
LDy — k\z/ozr;,u )f (201 _ G k\:/Oln,:(m )(fog) (%)
V (@) (b—a)- V 1 1 (y(@))
k=0 k=0
—(M
= L (f o) ().

for all = € [a, b]. This last formula together with the previous relation

I () = £l = o(1/n),

easily implies that

I (F 0 9)(w(x)) — (F o )@ < I1LPD(F) = £l = o(1/n)

for all z € [a, b] which now easily implies that \|f§LM)(fog) —(fog)|l =o(1/n).
Consequently, we can apply the conclusion of the particular case considered
at the beginning of the proof and we thus conclude that f o ¢ is a constant
function. This easily implies that f is a constant function and now the proof
is complete. ]

REMARK 2.5. Because it is easy to check that L%M) reproduces the constant
functions in C4 [a, b], it follows that the special saturation class in C' [a, b] for

L%M) is exactly the class of positive constant functions.
Note that in fact Theorem 2.4 holds for any f € Cla,b] = {f : [a,b] —
R; f continuous on [a,b]}. We have considered f € C4a,b] only because the

Jackson-type estimate in the approximation of f by Lf(lM)( f) (mentioned in
Introduction) holds for all f € C4a,b]. O

3. LOCAL INVERSE RESULT

According to Corollary 3.2, (i) in [L3], the saturation order 1 in the above
Theorem 2.4 is attained for positive Lipschitz functions on [a, b].
Conversely, we can present the following local inverse result.

THEOREM 3.1. Let f : [a,b] — [0,+00) and a < o < < b be such that
f is continuous on [, 5]. If there exists a constant M > 0 (independent of n
but depending on f, a and ) such that

ILED(f) = Flljag < M/n, for alln € N,

then flia,g € Lip[a, 8] , that is f is a Lipschitz function on [a,]. Here
[/ llfa,5) = sup{|f(z)|; = € [, B]} and

Lip (o, B] = {g : [, B] = R [g(x) — g(y)| < Clz —yl, for all z,y € [a, B]}.
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The proof of Theorem 3.1 requires the following three lemmas.

LEMMA 3.2. Let f:[0,1] =R, ne N and 0 < o < < 1/2 be such that f
is continuous on [, 5]. Also, denote
8}

Ma(a, 8) = max {|f (&) = f (757) ]+ ke {0 nba<iby <t
limsupn - wi(f, /n)ja,5 = 00 if and only if limsupn - My(a, 3) = oo.

Then
n—oo n—0o0

IN

where

wl(fa 6)[a,ﬁ] = sup{]f(:n) - f(y)lvxay € [au@]a ‘iL' - y‘ < 5}

Proof. We prove only the direct implication since the converse one is im-
mediate. Since f is continuous on the interval [a, ], it easily follows that
for each n € N, n > 2, 1/n < 8 — «, there exist z,,y, € [a, ] satisfying
[T — yn|l < 1/n and wi(f,1/n)a,8 = [f(zn) — f(yn)|. Clearly that by hy-
pothesis and without any loss of generality, we may suppose that z,, # y, and
Tp < Yn, for all n € N,

Let us consider the sequences (an)n>1 and (bp)n>1, an = nw1(f, 1/n)a,5 =

n|f(zn) = f(yn)| and by =n - My (o, B).

Let us fix n € N. Since f is uniformly continuous on [«, 5], it follows that
there exists m € N such that for all z,y € [0,1] satisfying |z —y| < 1/m we
have | f(z) — f(y)| < 1/n. In addition, we may choose sufficiently large m € N
such that y, — z, > 2/m, that is m > 2/(y, — xy).

Since 0 < a < y, < B < 1/2, clearly there exists j € {1,...,m — 1}
(depending on m and n) such that j/m <y, < (j+1)/m.

Since llim j/(m+1) =0 and since z,, > a > 0, it results the existence of

o0

lo € N (depending on j and m) such that j/(m +1lp + 1) <z, < j/(m+ o).
By the inequalities @, < j/(m +1lp) < j/m < yn, we get
|f(@n) = fyn)] <
< | flan) = FG/mA T+ 1F G/ (m+10)) = f(G/(m+ 1o — 1))
o G/ m+ 1)) = FG/m) + [ f(G/m) = fyn)]
< |f(zn) = G/ mA L)+ 1f(G/m) — f(yn)]
+lo|fG/(m+p+1)) = f(5/(m+Dp))|
where p € {0,1,...,lp} is such that
1fG/(m+p+1) = f(G/(m+p))| =
=max{|f(j/(m+k))— f(j/(m+k+1))|: ke{0,1,....,0lo0—1}}.

On the other hand, we observe that max{|j/(m + lo) — zn|,|j/m — yn|}

<
1/m, which implies |f(z,) = f(5/(m +1o))| < 1/n and [f(5/m) = f(yn)| <
1/n. We thus obtain that

(3.1) [f(@n) = flyn)| < 2/n+ 1o [f(5/(m+p)) = f(G/(m+p+1))].
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By the inequalities x,, < j/(m+1ly) < j/m < y, we get j/m — j/(m+1y) <
Yn — T, < 1/n and this implies jlo/(m(m + lp)) < 1/n and then Iy < m/j -
(m+1ly)/n<1/a-(m+ly)/n. (Here we used that a < z,, < j/m).

Then, by the inequalities 0 < a < z, < A :=j/(m+lp) < B:=j/m <y, <
B we easily get B/A < [3/a, which immediately implies j/(m+1ly) > j/m-a/p.
From here we get m + Iy < mfB/a, that is lp < m(8/a — 1). Replacing this
last inequality in the inequality Iy < 1/a - (m + lp)/n just proved above, we
conclude that Iy < B/a? - m/n.

Replacing now in relation and then multiplying with n, we get

ne|flan) = flyn) <24 B/ -m-|f(j/(m+p)) — f(§/(m+p+1)| <
<24 B/a” - (m+p)-|f(§/(m+Dp)) — f(i/(m+p+1))]

and clearly this implies that a, < 2+ 3/a? m+p( , #). Summarizing, for
any n € N there exist m + p € N such that a,, § B/a? “by4p + 2. Since m >
2/(yn —xyn) and y, — x, < 1/n, we get m > 2n. Therefore, by lim sup a,, = oo,

n—oo
it easily follows that lim sup b, = oo and the lemma is proved. ([l
n—oo

In an absolutely similar manner we obtain the following.

LEMMA 3.3. Let f:[0,1] 2R, ne€Nand1/2 <a < <1 be such that f
is continuous on [, 5]. Also, denote

Po(a, ) :max{)f(g) _ (7’%)‘ Lk e{0, . nha<k <l < 5}.
Then

limsupn - wi(f,1/n)g =00 if and only if limsupn - Py(a, ) = oo

n—oo n—oo

where

wi(f,0)(a,z = supflf(z) = fF(W)]; =,y € [a, B], [z —y[ < 5}

Also, we can prove:

LEMMA 3.4. Let f : [0,1] — [0,00) and 0 < a < B < 1 be such that f is
continuous on |« B]. If

limsupn - wi(f,1/n)[q,5 = oo,
n—oo

then

limsupn - L(M fH

n—oo

Here || f||[a,5) = supf{[f(2)]; = € [a, 5]}

Proof. If @ < 1/2 < [ then by the hypothesis it is elementary to prove
that either limsup n - wi(f,1/n)[4,1/29) = 00 or limsupn-wi(f,1/n) /2,5 = o0
n—oo

n—oo
Therefore, without any loss of generality we may suppose that we have only

two cases: (i) 0 <a<f<1/2and (ii) 1/2<a<f <1

,B]
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Case (i) For fixed n € N with n > 1/(8 — «), let us choose k(n) € {1,...,n}
such that a < n(Jrf < 7:) < B and

Ma(a, 8) = | (H22) - 7 (E)|.
Note that such an index k(n) exists, because the inequalities o < k(n)/(n +
1) < k(n)/n < B imply a(n+ 1) < k(n) < pn, where fn —a(n+1) > 1.
Since 8 < 1/2, it results that k(n) < n/2 and hence we can use the conclu-
sion of Lemma 2.2. This means that we have

LD (f)(k(n)/(n+ 1)) > f(k(n)/n)
and

LM (P (kn)/n) > f(k(n)/(n+1)).
If f (k(n)/n) = f(k(n)/(n + 1)) then

n (LD () (k()/ (0 +1)) = f(k(n)/(n + 1))
> - (f(k(n)/n) = f(k(n)/(n+1)) = n My (e, B)

and this implies
n-Mp(a,8) <n-
If f (k(n )/n) < f(k(n)/

(
1 - (LA ) /) = (k) /)
) (Fm)/(n+ 1) = £ (k(n)/n)) = 0 - Ma(a, B).

M0 (f) - 5|

o8]
n+ 1)) then

(n+1

and this implies

ne Ma(a, 8) < (n+1) - |28 — 1

o8]
In conclusion, for any n € N with n > 1/(8 — «), we have

n - My (e, ) < max {n HL%M)(f) N L) fH[aﬁ }

Since by Lemma 3.2 we have lirn supn M, (a, B) = o0, it easily follows now

(n+1)- ‘

that limsupn - ‘ fH[ P
n—oo
Case (ii) The proof is similar with that of the Case (i), which proves the
lemma. O

Now we are in position to prove Theorem 3.1.

Proof of Theorem 3.1. Using the same type of reasoning as in the proof of
Theorem 2.4 it suffices to deal only with the particular case when a = 0 and
b = 1. Firstly we prove that f is a Lipschitz function on [a, 8] if and only if
lim sup n-w1 (f, 1/n)[q,5) < 00. Indeed, if f is a Lipschitz function on [, 5] then

n—oo
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evidently that there exists M > 0 such that we have n - wi(f,1/n)5 < M,
which implies limsupn - w1 (f,1/n)q,5 < M < occ.

n—oo
Conversely, limsup n-w1(f,1/n)jq,5 < M < oo implies wi(f,1/n)[,5 < %,
n—oo
for all n € N. For arbitrary h € (0,1), let n € N be such that n%rl <h<
%. It follows wi(f; h)[aﬁ] < wl(f,l/n)[aﬂ < % < 5—% < 2Mh, that is
w1(f;P)[a,8 < 2Mh, for all h € [0,1], which obviously is equivalent with the
fact that f is a Lipschitz function on [« 8] (indeed, for fixed z,y € [a, ] we
have |f(z) — f(y)] < wi(f3]2 — Y (a5 < 2M |z — y]).

Now, by the hypothesis it follows n - HL,(lM)(f) — fllja,3) £ M, for all n € N.
Supposing that f is not a Lipschitz function on [«, f], by the above consider-
ations it follows that limsupn - wi(f,1/n)j,g = co. But then by Lemma 3.4

n—oo

we get
limsupn-HL%M)(f)—f = 00,
n—o0 [e,8]
which is a contradiction. The theorem is proved. O
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