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INDEPENDENT SETS OF INTERPOLATION NODES

OR

“HOW TO MAKE ALL SETS REGULAR”

MARCEL G. DE BRUIN∗ and DETLEF H. MACHE∗∗

Abstract. Hermite-Birkhoff interpolation and Pál-type interpolation have been
receiving much attention over the years. Also during the previous 15 years
the subject of interpolation in non-uniformly distributed nodes has been looked
into. There are, however, not many examples known where lacunary problems
(the orders of the derivatives for which data are given, are non-consecutive)
are regular. Here lacunary Pál-type interpolation is looked into “the other way
around”: the interpolation points are given and the orders of the derivatives to
be used are derived from the number of points.
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1. INTRODUCTION

Let ΠN be the set of polynomials of degree at most N with complex coefficients
and consider for an arbitrary integer q ≥ 0 the following problem:

given q + 1 sets of different points {z[j]
i }

nj

i=1, (0 ≤ j ≤ q) (nodes),
given q + 1 natural numbers 0 = d0 < d1 · · · < dq (orders)

given complex numbers {c[j]
i } (1 ≤ i ≤ nj , 0 ≤ j ≤ q) (data),

find PN ∈ ΠN , N =
∑q

j=0 dj − 1 with P
(dj)
N (z

[j]
i ) = c

[j]
i (1 ≤ i ≤ nj , 0 ≤

j ≤ q).
This interpolation problem is called regular when the solution PN (z) is

unique for any set of data; this is equivalent to the statement:
if all data are zero, then the problem has the trivial solution PN (z) ≡ 0 only.

When the numbers nj and nodes z
[j]
i do not depend on j (just one set of

nodes is used), this type of problem is called Hermite-Birkhoff interpolation,
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a well known subject (cf. the excellent book [5]). When the nodes do depend
on j, one usually speaks of Pál-type interpolation, cf. [6].

In both cases the problem is called lacunary when the orders of the deriva-
tives are not consecutive.

There are few general examples of regular lacunary problems, for Hermite-
Birkhoff see [4], for lacunary Pál-type see [1].

After it has been established that a set of nodes and orders leads to a regular
problem, it is (sometimes) possible to solve it explicitly, using the so called
fundamental polynomials. These polynomials Pi,j(z) are defined for all values
of i, j as the solution of the interpolation problem with all data zero except

for c
[j]
i = 1.

The solution to the full interpolation problem is then given by

PN (z) =

q∑
j=0

nj∑
i=1

c
[j]
i Pi,j(z).

Usually in these type of problems, the nodes and orders are given at the
beginning, along with the fact that the problem is indeed regular.

The first steps to approach the problem from another direction were taken in
[2], [3]: there, starting from given nodes for the order 0, conditions were given
on a second set of nodes to find a regular (0, 1) or (0, 2) Pál-type interpolation
problem.

Here this method will be taken to the extreme: for q + 1 fixed sets of
nodes given, q orders will be exhibited that make the (d0, d1, . . . , dq) Pál-type
interpolation problem regular.

The layout of the paper is as follows: in section 2 the main results are
stated–along with two examples–followed by the proofs in section 3. Finally
some references are given.

2. MAIN RESULTS

Consider q + 1 (q ≥ 0 an integer) sets of complex interpolation nodes

(1) Sj = {z[j]
1 , z

[j]
2 , . . . , z[j]

nj
}, (0 ≤ j ≤ q).

The nodes in Sj are pairwise different for fixed j, but nodes may appear in
different sets; moreover, the nj ≥ 1 are completely arbitrary positive integers.

Let the orders dj be positive integers satisfying

(2) 0 = d0 < d1 · · · < dq.

The (d0, d1, . . . , dq) Pál-type interpolation problem is then formulated as
follows.

Given a set of data

(3) c
[j]
i (1 ≤ i ≤ nj , 0 ≤ j ≤ q),

find a polynomial PN of degree at most N = n0 +n1 + · · ·+nq−1, satisfying



44 Marcel G. de Bruin and Detlef H. Mache 3

(4) P
(dj)
N (z

[j]
i ) = c

[j]
i (1 ≤ i ≤ nj , 0 ≤ j ≤ q)

The problem is denoted regular when (4) has a unique solution for arbitrary
data (3). This is equivalent to

(5) (4) with c
[j]
i = 0 (1 ≤ i ≤ nj , 0 ≤ j ≤ q) has the trivial solution only.

Then we have

Theorem 1. The (d0, d1, . . . , dq) Pál-type interpolation problem (4) with
nodes (1) and orders

(6) d0 = 0; dj =

j−1∑
k=0

nk, 1 ≤ j ≤ q,

is regular.

Also we have ‘the other way around’:

Theorem 2. Let the integer orders dj (0 ≤ j ≤ q) be given as in (2) with

0 = d0 < d1 < · · · < dq.

Then for any sequence of arbitrary sets of nodes S0, S1, . . . , Sq with Si consist-
ing of

(7) ni = di+1 − di (0 ≤ i ≤ q − 1), nq arbitrary,

pairwise different nodes (for a set of fixed index) we have that the
(d0, d1, . . . , dq) Pál-type interpolation problem on {S0, S1, . . . , Sq} is regular.

This section will be concluded with two examples, one for each of the the-
orems given above.

Example 3. Given the sets of interpolation nodes

(8) S0 = {x1, x2}, S1 = {y1, y2, y3}, S2 = {z1, z2},

where the Sj contain pairwise different points.
According to Theorem 1, the (0, 2, 5) Pál-type interpolation problem on

{S0, S1, S2} is regular. �

Indeed, putting

(9) P6(z) =

6∑
k=0

akz
k,
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the set of equations that determines the ak has coefficient-matrix

(10) A =



1 x1 x2
1 x3

1 x4
1 x5

1 x6
1

1 x2 x2
2 x3

2 x4
2 x5

2 x6
2

0 0 2 6y1 12y2
1 20y3

1 360y4
1

0 0 2 6y2 12y2
2 20y3

2 360y4
2

0 0 2 6y3 12y2
3 20y3

3 360y4
3

0 0 0 0 0 5! 6!z1

0 0 0 0 0 5! 6!z2


,

with

detA =

∣∣∣∣1 x1

1 x2

∣∣∣∣×
∣∣∣∣∣∣
2 6y1 12y2

1

2 6y2 12y2
2

2 6y3 12y2
3

∣∣∣∣∣∣×
∣∣∣∣5! 6!z1

5! 6!z2

∣∣∣∣ 6= 0.

Thus the interpolation problem is regular.

Example 4. A (0, 1, 4) Pál-type interpolation problem is, according to The-
orem 2, regular on {S0, S1, S2} with S0 having 1− 0 = 1, S1 having 4− 1 = 3
point(s) and S2 having arbitrary many points. �

Indeed, put for instance

(11) S0 = {x1, x2}, S1 = {y1, y2, y3}, S2 = {z1, z2, z3},
and use P6(z) as in (9),then the coefficient matrix is

(12) B =



1 x1 x2
1 x3

1 x4
1 x5

1 x6
1

0 1 2y1 3y2
1 4y3

1 5y4
1 6y5

1

0 1 2y2 3y2
2 4y3

2 5y4
2 6y5

2

0 1 2y3 3y2
3 4y3

3 5y4
3 6y5

3

0 0 0 0 4! 5!z1 360z2
1

0 0 0 0 4! 5!z2 360z2
2

0 0 0 0 4! 5!z3 360z2
3


,

with

detB =

∣∣∣∣∣∣
1 2y1 3y2

1

1 2y2 3y2
2

1 2y3 3y2
3

∣∣∣∣∣∣×
∣∣∣∣∣∣
4! 5!z1 360z2

1

4! 5!z2 360z2
2

4! 5!z3 360z2
3

∣∣∣∣∣∣ 6= 0,

and the problem is regular.

3. PROOFS

Introduce for c ∈ C the descending factorial (Pochhammer symbol) by

(13) [c]0 = 1; [c]m = c(c− 1) · · · (c−m + 1) (m = 1, 2, . . .).

Putting

(14) PN (z) =

N∑
j=0

ajz
j ,
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we get

(15) P
(k)
N (z) =

N∑
j=k

[j]kajz
j−k =

N−k∑
j=0

[k + j]jak+jz
j .

Proof of Theorem 1.
Because of the values of the orders (6), the polynomial (14) can be written

as

(16) PN (z) =

q∑
j=0

nj−1∑
k=0

adj+kz
dj+k.

The equations (4) for the homogeneous interpolation problem then are for
j = 0:

(17) 0 =

q∑
j=0

nj−1∑
k=0

adj+k

(
z[0]
r

)k
, 1 ≤ r ≤ n0.

The derivative of order di with fixed i, (1 ≤ i ≤ q) leads to the equations:

(18) 0 =

q∑
j=i

nj−1∑
k=0

[dj + k]diadj+k

(
z[j]
r

)k
, 1 ≤ r ≤ nj .

Introduce the vectors

(19) ~bi = (adi , adi+1, . . . , adi+ni−1)T (0 ≤ i ≤ q), ~b = (~bT
0 ,

~bT
2 , . . . ,

~bT
q )

and the (N + 1)× (N + 1) block matrix

(20) A =


A0,0 A0,1 · · · A0,q

A1,0 A1,1 · · · A1,q
...

...
. . .

...
Aq,0 Aq,1 · · · Aq,q


with Ai,j for 0 ≤ i ≤ j ≤ q given by ni × nj blocks of the form
(21)

Ai,j=


[dj ]di

(
z
[i]
1

)dj−di
[dj+1]di

(
z
[i]
1

)dj−di+1
· · · [dj+nj − 1]di

(
z
[i]
1

)dj−di+nj−1

[dj ]di

(
z
[i]
2

)dj−di
[dj+1]di

(
z
[i]
2

)dj−di+1

· · · [dj+nj − 1]di

(
z
[i]
2

)dj−di+nj−1

...
...

. . .
...

[dj ]di

(
z
[i]
ni

)dj−di
[dj+1]di

(
z
[i]
ni

)dj−di+1

· · · [dj+nj − 1]di

(
z
[i]
ni

)dj−di+nj−1

,

and from the values of the di in (6) and the Pochhammer symbols (13) in the
blocks, it is immediately clear that the blocks Ai,j with 0 ≤ j � i ≤ q consist
of zeroes only !

Then the equations (17) and (18) for 1 ≤ j ≤ q can be written as

(22) A~b = ~0.
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where A has “upper triangular” block form

(23) A =


A0,0 A0,1 A0,2 · · · A0,q

O1,0 A1,1 A1,2 · · · A1,q

O2,0 O2,1 A2,2 · · · A3,q
...

...
. . .

...
Oq,0 Oq,1 Oq,2 · · · Aq,q

 .

Using Laplace expansion and the block structure of A, we find

(24) det(A) =

q∏
j=1

nj−1∏
k=0

[dj + k]dj

× q∏
j=0

V (z
[j]
1 , . . . , z[j]

nj
),

where V (x1, . . . , xs) denotes the ordinary Vandermonde determinant on
x1, . . . , xs.

From (24) we see that det(A) 6= 0, thus PN ≡ 0 and the problem is regular.
�
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