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MINMAX FRACTIONAL PROGRAMMING PROBLEM INVOLVING
GENERALIZED CONVEX FUNCTIONS
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Abstract. In the present study we focus our attention on a minmax fractional
programming problem and its second order dual problem. Duality results are
obtained for the considered dual problem under the assumptions of second order
(F, o, p,d)-type 1 functions.
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1. INTRODUCTION

We consider the following minmax fractional programming problem:

. _ f(=@y)
(P) Minimize ¢ (z) = ;;Ph(:n,y)

subject to
g(x) <0, zeR",

where Y is a compact subset of R!, f(-,-) : R* x Rl - R, h(-,-): R" x Rl —
R are C? mappings on R” x R! and g () : R® — R™ is C? mapping on R”. It
is assumed that for each (z,y) in R x R, f (x,y) > 0 and h (z,y) > 0.

In recent years, optimality conditions and duality for generalized minmax
fractional programming have received much attention by many authors (see,
for example, [1, 3, 8, 10-12, 14-17]). In particular, Crouzeix et al. [5] showed
that the minmax fractional programming reduces to solving a minmax nonlin-
ear parametric programming. In [3], Bector et al. used a parametric approach
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to obtain duality for the generalized minmax fractional programming involving
differentiable pseudoconvex and quasiconvex functions.

Mangasarian [13] first formulated the second order dual for a nonlinear
programming problem. Hanson [7] established second order duality theorems
for nonlinear mathematical programming problem under defined second order
type-I functions.

Zhang and Mond [18] introduced the concept of second order (F,p)-convexity
and obtained some duality results concerning with nonlinear multiobjective
programming problems. Ahmad and Husain [1] extended (F, «, p, d)-convex
functions which were introduced by Liang et al. [9] to second order (F, a, p, d)-
convex functions. Hachimi and Aghezzaf [6] further extended it to second order
(F,a, p,d)-type I functions.

Husain et al. [8] established duality theorems for two types of second order
dual models related to minmax fractional programming problem (P) under
the assumptions of n-bonvexity/generalized n-bonvexity.

Motivated by the earlier works and importance of the second order gener-
alized convexity, in this paper we establish the second order duality theorems
for the dual problem related to minmax fractional programming problem (P)
under the assumption of generalized second order (F, «, p,d)-type I functions.

The paper is organized as follows. Some definitions and notation are given in
Section 2. Under the assumptions of generalized second order (F, a, p, d)-type
I functions, second order weak, strong and strict converse duality theorems re-
lated to problem (P) are given in Section 3. Concluding remarks are presented
in Section 4.

2. NOTATION AND PRELIMINARIES

Let R™ be the n-dimensional Euclidean space and R’} its non-negative or-
thant. Let X be a nonempty open subset of R™. For z,y € R"™, we let
r<ysey—czeRl;z<y e y—xecR}\ {0}

Throughout this paper, we denote by S = {z € X : g (z) < 0} the set of all
feasible solutions of problem (P). For each (z,y) € R® x R!, we define

J(x)={jeM={1,2,...m}: gj(z) =0},

Y (2) = {y €5 fley) /h(o.p) = supf (5) <x,z>} ,

and K (z) = {(s,t,j)) ENxRL xR*: 1 <s<n+1,t=(t,ts,...,ts) €RL
with

S
> ti=1,9= (1,2 Us), with ; € Y (z),i =1,2,..., 5}
i=1
DEFINITION 2.1. A functional F : X x X X R™ — R is said to be sublinear
in its third argument, if for any x,T € X,
(i) F(z,z;a1 +a2) < F(z,T5a1) + F (z,T;a2) Vai, ag € R
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(i) F(z,z;00a) =aF (z,7;a) Va € Ry,Va e R

y (ii) it is clear that F (z,z; 0) = 0.

ow, we let F' be a sublinear functional and d(-,-) : X x X — R. Let
e (al,a2), where a!, a? : X x X — R\ {0}, p = (pl,pQ), where p! =
(p1,P5, - py) € R® and p* = (pi,p3, .., p7,) € R™. Let f () : XxY (z) > R
and g () : X — R™ be two twice differentiable functions.

I Z ™

——

DEFINITION 2.2. [2] For each j € M, (f,g;) is said to be second-order
(F,a, p,d)-type I at & € X if for all x €S and y; €Y (x), we have

f@oy) — f@y) + 5" V() p >
> F (.ﬁ,i’; ol (J"?j) [Vf (‘i.v yl) + v2f (jayl)p] ) + pzldQ (‘T;:‘T) y1=1,2,..,s,
— 95 (%) + 30" V?g; (%) p >
>F (x,ij;aQ (z,T) [ng (Z) + V2gj (a?)p] ) + p?d2 (z,z), 7=1,2,...,m,

where p € R™.

If the first inequality in the above definition is satisfied under the form
flay) = F(@y) + 50" V2 f (Z,9:) p >
> F (20,3501 (2,2) [V (@50) + V2 (3,00 9] ) + phd? (@,2), i =1,2,..5,

then we say that for each j € M, (f, g;) is second-order strictly (F, o, p, d)-type
Iat Z.

DEFINITION 2.3. [2] For each j € M, (f,g;) is said to be second-order
pseudoquasi (Fy o, p,d)-type I at = € X if for all x € S and y; € Y (x), we
have

f(@yi) < f (@) — 50" V2f (Z,9:)p
= F (xaj;al (l’,i’) [vf (jvyl)—i_va (jvyz)p] )< _pzldQ (l’,f), 1=1,2,..,s,
—g; (2) + 5p" V?g; ()p < 0
= F (a:,:E;aQ (x,z) [ng (Z) + VQQJ‘ (:E)p] ) < —pjzd2 (x,z), 7=1,2,...,m,
where p € R™.

If the first implication in the above definition is satisfied under the form

= f (xayl) > f ('fmyl) - %pTVQf ('fz'ayl)pa 1=1,2,..s,
then we say that for each j € M, (f,g;)is second-order strictly pseudoquasi
(F,a, p,d)-type 1 at .
The following result will be needed in the sequel.
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THEOREM 2.1. [4] Let «* be a solution of problem (P) and let Vg; (z*),j €
J (x*), be linearly independent. Then there exist (s*,t*,y*) € K (x*), \* €
Ry, and u* € R:’_‘ such that

Vzt* (", 57) =N"h (2", 57) +V ) ujg; (x%) =0,
j=1
f@*g7) = Ah(z%,y7)=0,i=1,2,..., 5,

3. DUALITY
In this section, we consider the following dual model [8] for (P).
(MD) max sup A,
(s:t.9)€K(2) (z,u,),p) € H (5,4,7)
where Hj (s,t,7) denotes the set of all (z,u,A,p) € R" x RT x Ry x R”
satisfying

(3.1) vz — Ah (2, 7)) +v22t F(z,5:) — Ah (7)) p+
=1

+V Zujgj (2)+ V> g (2)p =0,

Jj=1 Jj=1
(3:2) Y _ti(f (z.5:) — Ah (2, %) QpTv2Zt — M (2,3)) p > 0,
(3.3) Zujgj (2) - EPTVZ Z 1395 () p = 0.
=1 j=1

If, for a triplet (s,t,y) € K (z), the set Hy (s,t,y) is empty, we define the
supremum over it to be —oo.

REMARK 3.1. If p = 0, then (MD) becomes the dual problem considered in
[11]. O

THEOREM 3.1. (Weak duality) Let x and (z,u, \, s,t,y,p) be feasible solu-
tions to (P) and (MD), respectively. Assume that
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(i) (;tz (f (5 9:) =Ah(-3)) Z) ]gj(')> is second order (F,a,p,d)-
type I at z,
1 2
(11) alfé,z) + a2l();,z) > 0.
Then

&.‘

(zy
h(y

v

> A

sup
yey

=

Proof. Suppose contrary to the result that

f(zy)
sup <A
yey h(x,y)

Therefore, we have
f(z,9i) = Ah(z,y;) <Oforal g, €Y (x), i=1,2,...,s.
It follows from t; > 0, ¢ = 1,2, ..., s, that

ti (f (xvgl) —Ah (xvgl)) <0,

with at least one strict inequality, since t = (¢1,ta, ..., ts) # 0. Taking summa-
tion over i, we have

zt (2 53) ~ N 50)) < O,

which together with (3.2) gives

S

STt (f (0, 5) — A (2,5)) < 0 <
=1

<Y i (f(2,5) = A (2 00) QpTvzzt (2,5:) = A (2, 9)) p-

i=1
That is,

S

(3.4) Zt (f (2, 56) = M (2,56) = >t (f (2,5) — A (2,5)) +

=1

TV2 Zt — M (z,9i))p <O.
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Using (3.3), (3.4) and hypothesis (i), we obtain
0> th‘ (f (@, 5:) — A (2, 3:)) — th’ (f (2,9:) = Ah (2, 5:))
' i=1
TVZZt (2,51) = A (2,5:)) p

> F (xuz;al(x’z)<vzti(f (Z’ gl)_)‘h (Zv gl))+v22tl (f (Za gl)_Ah (Z’ %))p))

i=1 i=1
+pid® (2, 2),

and
0>— Z,ujgj (2) + %pTVQ Zﬂjgj (2)p
=1 =
>F (x,Z; o’ (x, 2) (VZngj (2)+V* ) pig; (2) )) +pid* (z,2).
=1 =1

Since a! (z,2) > 0 and o? (x,2) > 0, by using the sublinearity of F, the
above two inequalities imply

(3.5) F (x z; VZt (f (z,5:)—Ah(2,9)) +V22t —Ah (z, %))P)
2
<= écll(g(fz’;)
and

= = 2d2(z,z
(3'6) F x,Z;VZ;ujgj (z) +VZZMj9j (Z)p < _péz(g(c7z))-
= —

From (3.1), (3.5), (3.6) and the sublinearity of F', we get

<szZt — Ah (2, 5i) +V22t (2,9:) = A (2, 43)) p

=1

VY g (2) + V2D g (2)p
=1 j=1
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<F (az 5V 2 6 (f (2 50) = M2 30)) + V2 Yt (F (2,5) = M (2 gi))l")

=1 =1

+F (:v 5V D) wigi (2) + VY pg; () p)

j=1 j=1

1 2
<= (alfcz,z) + a?(z, z)) d? (IE Z) <O0. (by(ll))

Thus, we have a contradiction. Hence, the proof is complete. ]

THEOREM 3.2. (Weak duality) Let x and (z,u, \, s,t,y,p) be feasible solu-
tions to (P) and (MD), respectively, Assume that

1) [ ot (fCogi) = ARG mi), 20 1ig; ()) 18 second order pseudoquasi
i=1 j=1
(F,Ct,p, d)-typ@ I at Z,
1 2

NP P
(11) al(:){",z) + az(aly,z) > 0.
Then

&.‘

(@9) > ),

SUD h(z.y

yey

\_/

Proof. Following the lines of proof of Theorem 3.1, we have:
Zt (,5i) — Ah (2, 51)) <

<Zt2 2, 0) — Ah (2, TVQth (2,5i) — A (2,5i)) p-

Using (3.3), (3.7) and hypothesis (i), we obtain

F (5672;041(‘,1772) <vztl (f (z7§i)_>‘h (z7gi))+v2 Zti (f (Za gl)_)‘h (Za gl)) p) )

i=1 =1
< _p%dz ((13, Z)

and

F (m, z;a? (x,2) (V Z 1igi (2) +V* Z [ig; (z)p) ) < —pid* (z,2).
j=1 j=1
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Since a' (x,2) > 0 and o (z, z) > 0, and the sublinearity of F' in the above
inequalities, we summarize to get

(3.8) (szth 2,5i) = Ah (2, 5i)) VZZtZ (2, 50) =M (2,5:)) p+

V) gy (2) + V2D gy (2)p

j=1 j=1

<_(a (mz)+a( ))dZ(wjz)<0.

. p
Since Wl) + a2( ) > 0, by inequality (3.8), we have

T,z

F <SU,Z; vztz (f (Z7gi) — Ah (273;2)) + v2 Zti (f (ngi) — Ah (Z7gi))p+

i=1 i=1
m
+VZM]‘Q] ) +V? Zu]g] z)p| <0,

which contradicts (3.1), as F' (z,2;0) = 0. This completes the proof. O

THEOREM 3.3. (Strong duality) Assume that x* is an optimal solution
to (P) and Vg; (z*),j € J(x*), are linearly independent. Then there exist
(s*,t*,y*) € K (z*) and (z*,pu*,\",p*=0) € Hy(s*t*,y*) such that
(x*, w*, N, s*,t*, g%, p* = 0) is a feasible solution to (MD) and the two ob-
jectives have the same values. Further, if the hypotheses of weak duality The-
orems 3.1 or 3.2 hold for all feasible solutions (z, u, A\, s,t,4,p) to (MD), then
(x*, w*, \*, s*, t*, g%, p* = 0) is an optimal solution to (MD).

Proof. Since z* is an optimal solution to (P) and Vg, (z*),j € J (z*), are
linearly independent, then by Theorem 2.1, there exist (s*, t*,gj ) € K (x¥)
and (z*, p*, \*,p* = 0) € Hy (s*,t*,¢") such that (ac*,u*,)\*,s*,t*,y ,p* =0)
is a feasible solution to (MD) and the two objectives have the same values.
Optimality of (.CC*,M*,)\*, sty pt = O) for (MD) thus follows from weak
duality Theorems 3.1 or 3.2. g

THEOREM 3.4. (Strict converse duality) Let x* be an optimal solution to
(P) and (z*,u*,)\*,s*,t*,gj*,p*) be optimal solution to (MD). Assume that
are satisfied the conditions:

(i) Vg;(z*),j € J(x*), are linearly independent,
(ii) (th? (f C57) = Xh (5 57)) Zlu}fgj (')) is  second  order
1= j=
(F,a,p,d)- type Iatz*
1
(111) al(gi’z*) + a2(3:* *) > 0
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Then z* = x*, that is, z*is an optimal solution to (P).

Proof. Suppose to contrary that z* # z* and exhibit a contradiction. Since
x* and (2, pu*, A*, s*,t*, g*, p*) are optimal solutions to (P) and (MD), respec-
tively, and Vg; (*),j € J («*), are linearly independent, by Theorem 3.3 we
have

f(w* ) _ N

sup
Jey h(z*,y*)

Therefore, we have

F@5) — Nh(a5g!) <0forall * € Y (%), i=1,2,..,5"

It follows from t; > 0, i = 1,2, ..., s, that
ti (f (2%, 57) = A"h (2%, 7)) <0,

with at least one strict inequality, since t = (¢1,ta, ..., ts) # 0. Taking summa-
tion over ¢, we have

Dot g = AR (@) <0,
which together with (3.2) gives

Zt (2%, 55) — Nh (2", 57)) < 0 <

< Zt 25,97) — AR (2", 97) *TVQZt 259;7) = ANh (2%, 9;)) p”
That is
(3.9) D ot (f @ m) = N E)) - D>t (f T = AR 5))
i=1 1=1

+ 50 TV (f (L0 — N () <0,
i=1
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Using (3.3), (3.8) and hypothesis (ii), we obtain

0> Zt AT aNT) Zt 2 g5) = N2, )
TV Z 6 (f (255 = Xh (2%, 57)) p*
> F (x*,z*;a (th 200) — Nh(2,5)))

+V2Zt* *,g;k —\h (z*,yf))p*>> _i_p%dQ (IL'*,Z*),
and

m m
0> = g (z°) + 2" "V2Y  pigs (2%)p*
j=1

j=1
m
> F | 2%, 2% a2 (%, " VZ:U']g] )+ V2> igs () p*

j=1
+pid? (a7, 27).

Since o' (x,2) > 0 and o? (x,2) > 0, by using the sublinearity of F, the
above two inequalities imply

(3.10) F(xz <VZt (2%, 57) = Nh (2%, 5}))

142 ¥ 2*
+V2Zt* (z*, ) /\*h(Z*,yE‘))P*>> < —%

and
* ok - * * - * * * 242 2"
(3.11) F|a*, 2" VZNjgj (2 )+V2§Njgj (z9)p* | | <-4
From (3.1), (3.10), (3.11) and the sublinearity of F', we get
(ac z* VZt 2 00) = Xh (2, 5))

+v22t* S50 — N () P
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+V Y pigp () + VY g (2
=1 =

<F (x*,z*;vzt: (F (.50~ X0 (=, 57)

=1

+v2zt* 2, 50) A*h(z*,y:>>p*>

m m
+F 2,5V g () + V2D g (2

j=1
1 2
<~ (et + aizmy ) € (0, 27) < 0 by i)
Thus, we have a contradiction. Hence z* = x*. ]

THEOREM 3.5 (Strict converse duality) Let z* be an optimal solution to
(P) and (z*,u*,A*,s*,t*,g*,p*) be optimal solution to (MD). Assume that
are satisfied the conditions:

(1) ng( *),j € J(z*), are linearly independent,

m
(ii) Zt*( = Nh(P5)) s 20 1595 ()) is second order strictly
j=1
pseudoquasz (F,a, p,d)-type I at z*,
1 2
(111) al(iii,z*) + a2(£>~1=’z*) Z 0
Then, z* = x*; that is, z*is an optimal solution to (P).

Proof. We proceed as in the proof of Theorem 3.4 and obtain
Zt F@*,55) = Nh(a*,55) Zt (2%, 57) = Nh (2", 57))

(3.12) - *TVQZt (=%,57) = Xh(z%,5) p*
From (3.3), and the second part of the hypothesis on

<S§1tr (f (55 = AR (55)) i gj ()) at z*, we have

j=1

m
F|a* 2" al(@", 2" VZMJQJ VD wigi () pt | | <—pid? (a7, 27).
j=1
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As o? (z*,2*) > 0 and as F is sublinear, it follows that

m m
* * * * * * * 2d2 *7 *
(3.13) F|a*, 2% [ VY wig () + V> wig; (2)p < —%

From relation (3.1), (3.13) and the sublinearity of F', we obtain
F (:L‘*,z*; (th (2*,57) — Nh (2%, 57))

2 72 ¥ o2*
+V22t* &5 A*h(z*,yz‘))p*» > agles)

1 2
In view of al(gi,z*) + a2(:rpi,z*) >0, o' (z*, 2*) > 0 and the sublinearity of F,

the above inequality becomes

F (z*,z*;a (VZt 25 y7) = AR (25, y7))

—|—V2Zt 25, y5) A*h(z*,yf))p*) > —pld? (z*, 2%).
Using the first part of the hypothesis on
(E t(fCg)-Nh(0), 2 g4 ()) at z*, it follows that
i=1 j=1

Zt (@*,g7) = A"h (2%, 47)) >Zt (=%, 57) = Nh (25, 57))

*TVQZt* 20N (2, 5)) p*
which is a contradiction to (3.12). Hence, z* = z*. O

4. CONCLUSIONS

In this paper, we have discussed the second order duality for dual model
of minmax fractional programming problems under the assumptions of gen-
eralized (F,a,p,d)-type I convexity. It will be interesting to see whether or
not the second order duality results developed in this paper still hold for the
following nondifferentiable minmax fractional programming problems:

)1/2

l’T x
(P1) Min sup daw)+ (" B

D @) (T De) 2 subject to g (z) < 0, x € R",
ye
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where Y is a compact subset of R™,¢(.,.), ¥ (.,.) : R" x R™ — R and
g(.,.): R"™ = R are continuously differentiable functions, and B and D are
two positive semidefinite n X n symmetric matrices.

Re[¢(£,v)+(zTBz)1/2]
Re[y(&,0)— (2T D2)1/2]

(P2)  Min sup
veW

, subject to —g () € 8%, £e O™,

where ¢ = (2,2), v=(w,w)for z€C", weC, ¢(-):C"xC" = C

and 9 (-,-) : C?" x C% — C are analytic with respect to &, W is a specified

compact subset in C?, SO is a polyhedral cone in C™ and ¢ : C** — C™ is

analytic. Also B, D € C™*" are positive semidefinite Hermitian matrices.
This would be task of some of our forthcoming works.
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