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A SEPARATION OF SOME SEIFFERT-TYPE MEANS

BY POWER MEANS

IULIA COSTIN∗ and GHEORGHE TOADER†

Abstract. Consider the identric mean I, the logarithmic mean L, two trigono-
metric means defined by H. J. Seiffert and denoted by P and T , and the hy-
perbolic mean M defined by E. Neuman and J. Sándor. There are a number of
known inequalities between these means and some power means Ap. We add to
these inequalities some new results obtaining the following chain of inequalities

A0 < L < A1/3 < P < A2/3 < I < A3/3 <M < A4/3 < T < A5/3.
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1. INTRODUCTION

A mean is a function M : R2
+ → R+, with the property

min(a, b) ≤M(a, b) ≤ max(a, b), ∀a, b > 0.

Each mean is reflexive, that is

M(a, a) = a, ∀a > 0.

This is also used as the definition of M(a, a).
A mean is symmetric if

M(b, a) = M(a, b), ∀a, b > 0;

it is homogeneous (of degree 1) if

M(ta, tb) = t ·M(a, b), ∀a, b, t > 0.

We shall refer here to the following symmetric and homogeneous means:
- the power means Ap, defined by

Ap(a, b) =
[
ap+bp

2

]1
p , p 6= 0;
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- the geometric mean G, defined as G(a, b) =
√
ab, but verifying also the

property
lim
p→0
Ap(a, b) = A0(a, b) = G(a, b);

- the identric mean I defined by

I(a, b) = 1
e

(
aa

bb

) 1
a−b , a 6= b;

- the Gini mean S defined by

S(a, b) =
(
aabb

) 1
a+b

;

- the first Seiffert mean P, defined in [9] by

P(a, b) = a−b
2 sin−1 a−b

a+b

, a 6= b;

- the second Seiffert mean T , defined in [10] by

T (a, b) = a−b
2 tan−1 a−b

a+b

, a 6= b;

- the Neuman-Sándor mean M, defined in [6] by

M(a, b) = a−b
2 sinh−1 a−b

a+b

, a 6= b;

- the logarithmic mean L defined by

L(a, b) = a−b
ln a−ln b , a 6= b.

As remarked B.C. Carlson in [1], the logarithmic mean can be represented
also by

L(a, b) = a−b
2 tanh−1 a−b

a+b

, a 6= b,

thus the last four means are very similar.
Being rather complicated, these means were evaluated by simpler means,

first of all by power means. For two means M and N we write M < N if
M(a, b) < N(a, b) for a 6= b. It is known that the family of power means is an
increasing family of means, thus

Ap < Aq if p < q.

The evaluation of a given mean M by power means assumes the determina-
tion of some real indices p and q such that Ap < M < Aq. The evaluation is
optimal if p is the the greatest and q is the smallest index with this property.
This means that M cannot be compared with Ar if p < r < q.

Optimal evaluation were given for the logarithmic mean in [5]

A0 < L < A1/3,

for the identric mean in [8]

A2/3 < I < Aln 2,
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and for the first Seiffert mean in [3]

Aln 2/ lnπ < P < A2/3.

Following evaluations are also known:

A1/3 < P < A2/3,

proved in [4],
A1 < T < A2,

given in [10],
A1 <M < T ,

as it was shown in [6] and
S > A2

as it is proved in [7]. In [2] it is proven that

(1) M < A3/2 < T
and using some of the above results, it is obtained the following chain of
inequalities

A0 < L < A1/2 < P < A1 <M < A3/2 < T < A2.

Here we retain another chain of inequalities

(2) A0 < L < A1/3 < P < A2/3 < I < A1 <M < T < A2 < S.
Our aim is to prove that A4/3 can be put between M and T and A2 can
be replaced by A5/3. We obtain so another nice separation of these means by
“equidistant” power means.

2. MAIN RESULTS

We add to the inequalities (2) the next results.

Theorem 1. The following inequalities

M < A4/3 < T < A5/3

hold.

Proof. As the means are symmetric and homogenous, for the first inequality

a−b
2 sinh−1 a−b

a+b

<
(
a4/3+b4/3

2

)3
4
, a 6= b,

we can assume that a > b and denote a/b = t3 > 1. The inequality becomes

t3−1

2 sinh−1 t
3−1
t3+1

<
(
t4+1

2

)3
4
, t > 1,

or

2
3
4 (t3−1)

2(t4+1)
3
4

< sinh−1 t3−1
t3+1

, t > 1.
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Denoting

f(t) = sinh−1 t3−1
t3+1
− 2−

1
4
(
t3 − 1

) (
t4 + 1

)−3
4

we have to prove that f(t) > 0 for t > 1. As f(1) = 0, we want to prove that
f ′(t) > 0 for t > 1. We have

f ′(t) = 6t2

(t3+1)
√

2(t6+1)
− 2−

1
4

3t2(t+1)

(t4+1)
7
4

=
3t2

[
2

3
4 (t4+1)

7
4−(t+1)(t3+1)

√
t6+1

]

2
1
4 (t3+1)

√
t6+1(t4+1)

7
4

and so it is positive if

g(t) =

[
2

3
4
(
t4 + 1

)7
4

]4

−
[
(t + 1)

(
t3 + 1

)√
t6 + 1

]4

is positive. Or

g(t) = (t− 1)4 (7t24 + 24t23 + 48t22 + 68t21 + 112t20

+ 184t19 + 264t18 + 296t17 + 344t16 + 428t15

+ 512t14 + 488t13 + 466t12 + 488t11 + 512t10

+ 428t9 + 344t8 + 296t7 + 184t5 + 112t4

+ 68t3 + 48t2 + 24t + 7)

so that the property is certainly true. The second inequality is a simple con-
sequence of (1) because A4/3 < A3/2. For the last inequality

a−b
2 tan−1 a−b

a+b

<
(
a5/3+b5/3

2

)3
5
, a 6= b,

we can again consider a
b = t3 > 1 and we have to prove that

t3−1

2 tan−1 t
3−1
t3+1

<
(
t5+1

2

)3
5
, t > 1.

This is equivalent with the condition that the function

h(t) = tan−1 t3−1
t3+1
− t3−1

2
2
5 (t5+1)

3
5

is positive for t > 1. As h(1) = 0 and

h′(t) = 3t2

t6+1
− 3t2(t2+1)

2
2
5 (t5+1)

8
5

=
3t2

[
2

2
5 (t5+1)

8
5−(t2+1)(t6+1)

]

2
2
5 (t5+1)

8
5 (t6+1)

,
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we have h(t) > 0 for t > 1 if h′(t) > 0 for t > 1, thus if the function

k(t) =

[
2

2
5
(
t5 + 1

)8
5

]5

−
[(
t2 + 1

) (
t6 + 1

)]5
is positive for t > 1. Or this is obvious because

k(t) = (t− 1)4 (185t28 + 200t27 + 221t26 + 365t24

+ 410t22 + 520t19 + 580t18 + 520t17 + 430t16

+ 400t15 + 410t14 + 440t13 + 365t12 + 284t11

+ 221t10 + 200t9 + 185t8 + 140t7 + 90t6

+ 60t5 + 45t4 + 25t2 + 40t3 + 12t + 3).

�

Remark 2. For the factorization of the polynomials g and k we have used
the computer algebra Maple. �

Remark 3. It is an open problem for us to find a mean N , related to the
above mentioned means, with the property that

A5/3 < N < A2.

For instance, the mean S, which is similar to I, is not convenient as follows
from (2). �

Corollary 4. For each x ∈ (0, 1) we have the following evaluations

1 < x
sinh−1 x

< A4/3 (1− x, 1 + x) < x
tan−1 x

< A5/3 (1− x, 1 + x) .
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